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1 In tro duction

A k-smoothing network is a distributed data structure that acceptstokenson
input wires and routes them to output wires. It ensuresthat no matter how
imbalancedthe tra�c on the input wires, the numbers of tokensemitted on
the output wires are approximately balanced,lying within k of one another,
wherek is a constant, independent of the number of active tokens.Smoothing
networksarewell suited for load balancingapplicationswheretokensrepresent
requestsfor service.Clients sendtokensto arbitrary input wires; thesetokens
are routed to servers in such a way that all servers receive approximately the
samenumber of tokens.

In a real distributed system,network switches may be rebooted or replaced
dynamically, and it may not be feasibleto determine the correct initial state
for each switch. Hence,an attractiv e approach to fault-recovery is simply to
initialize the new switch to a random state, thus eliminating the needfor a
global coordination. In this paper, we analyze the smoothnessproperties of
randomized balancing networks, whoseconstituent balancersare initialized to
random states. Randomizednetworks are easy to maintain and can recover
from faults without a global recon�guration.

We show that randomized networks produce outputs that are remarkably
smooth. We consider the block smoothing network initialized to a random
state; we assumethat an o�-line adversary, onethat doesnot know the initial
state, choosesan input sequence.We show that the output of the network is
2:36

p
logw-smooth with high probability. As a direct consequence,we show

that the output smoothnessof a randomly initialized bitonic or a periodic
network is alsoO

� p
logw

�
with high probability.

In prior work [7] we showed that certain well-known 1-smoothing networks,
when started in an arbitrary initial state (perhapschosenby an adversary),
produceoutputs that are at worst (log w)-smooth, wherew is the number of
input and output wires. This bound is tight for each of the networks that
we consideredthere. Thus, our results show that the outputs of randomized
networks are signi�cantly smoother than the worst-caseoutputs of the same
networks initialized deterministically.

Our results lead to extremely practical smoothing networks. If an application
requiresapproximate smoothing, then a block network with randomizedbal-
ancerswill work very well. The block network of width w has depth exactly
logw (there are no hidden constants), and the smoothnessbound grows very
slowly with w. For example,if the width w = 224, then the output smoothness
is lessthan 12 with overwhelmingprobability.
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Fig. 1. A balancing network of width 4 and depth 3. Horizontal segments are wires
and the vertical segments balancers.

We conclude this article with a brief discussionof informal but suggestive
experimental results. By feeding random sequencesto randomized smooth-
ing networks, we observed a degreeof smoothnessworse than constant, and
consistent with our bound. On random input sequences,we discovered that
randomized networks were dramatically smoother than the same networks
initialized to the default initial state.

1.1 Model

1.1.1 Balancers and Smoothing Networks

A balancer is an asynchronous switch with two input wires and two output
wires, labeled\top" and \b ottom". A balanceracceptsa stream of tokenson
its input wires. A balancer has two states: it is oriented up or down. If the
balancer is oriented up, then the next input token leaves on the top output
wire and the balancerbecomesoriented down. If the balanceris oriented down,
then the next input token leaveson the bottom output wire and the balancer
becomesoriented up. The above de�nition appliesto balancersof width two.
All the balancersthat we considerin this paper have a width of two.

A balancing network is an acyclic network of balancerswhere output wires
of somebalancersare linked to input wires of others. An example is shown
in Figure 1. The network's input wires are not linked to the output of any
balancer, and similarly the network's output wires are not linked to the in-
put of any balancer. In this paper, we considerbalancing networks with the
samenumber of input and output wires, called the network's width. Tokens
enter the network on the input wires, typically several per wire, propagate
asynchronously through the balancers,and leave on the output wires, typi-
cally several per wire. A balancing network is quiescent if every token that
hasentered the network hasalso left. Becausebalancingnetworks are acyclic
(as directed graphs), each balancercan be assigneda unique layer, which is
the length of the longestpath from an input wire to that balancer.
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De�nition 1 A sequence of natural numbers X = x0; : : : ; xn� 1 is k-smooth
if jx i � x j j � k, for any 0 � i; j < n.

De�nition 2 A balancingnetwork is a k-smoothing network if, starting from
its initial state, the overall distribution of output tokensacrossthe output wires
in any quiescent state is k-smooth.

Note that if a network is k-smooth, it is also `-smooth for any ` > k. In this
paper, we will be concernedwith the block network [6] (which is isomorphic
to the popular butter
y network), the periodic network [6,3] and the bitonic
network [4,3].

We now prove a simple but useful lemma.

Lemma 3 If a sequence X = x0; : : : ; xn� 1 is k-smooth, then the result of
passingX througha balancing network is k-smooth.

PR OOF. We show that the result of passingany two elements of X through
a balancer leads to a sequencethat is k-smooth, and the lemma follows by
induction. Let Z bethe result of passingtwo elements of X through a balancer.
The smallestelement in Z is greater than or equal to the smallestelement in
X , and the largest element in Z is lesserthan or equal to the largest element
in X . SinceX is k-smooth, Z is alsok-smooth. 2

Lemma 3 leadsto the following corollary.

Corollary 4 If a balancingnetworkN contains anothernetworkM embedded
inside it, and M is a k-smoothing network, then N is also a k-smoothing
network.

1.1.2 Randomized Balancers and Networks

De�nition 5 A randomizedbalanceris a balancer which hasbeen initialized
to a random initial state, i.e. up or down with equal probability.

De�nition 6 A randomizedbalancingnetwork is a balancing network whose
component balancers are independentrandomized balancers.

Let x denote the total number of input tokens to a randomizedbalancer b,
and y1; y2 denotethe number of tokensrouted to the top and bottom output
wires respectively. Let xb = D(x)rb, where:

� rb is a random variable speci�c to balancerb, which can take values+1=2
or � 1=2 with equal probability.

4



� D is the odd-characteristic function: D(x) = 1 if x is an odd number, and
0 otherwise.

By the de�nition of the randomizedbalancer:

y1 = x=2 + xb

y2 = x=2 � xb

(1)

Note that if x is even, then the input tokensare divided equally among the
output wires. The randomnesscomesinto play only when x is odd. In such a
case,the excesstoken is routed to a randomly chosenoutput wire.

1.2 Our Results

We askthe following question.What are the smoothnessproperties of random-
ized balancing networks?We show the following results in response.

� The output of a randomized block network of width w is (2:36
p

logw)-
smooth with probability at least 1 � 4=w.

� Weshow that the bitonic network contains a block network embeddedinside
it. The periodic network consistsof many pipelined block networks, hence
trivially contains a block network embeddedinside. Hence,the outputs of
periodic and bitonic networks of width w arealso(2:36

p
logw)-smooth with

probability at least 1 � 4=w.

1.3 Related Work

Aiello, Venkatesanand Yung [1] build smoothing networks using a di�erent
kind of randomizedbalancer:odd-numberedinput tokensto the balancerleave
on a randomly chosenwire, while even-numbered input tokens leave on the
oppositewire from their immediate predecessors.It can be easilyveri�ed that
our result for the smoothnessof the block network still holds if we replace
our random balancerswith theirs. Using a combination of deterministic and
randomizedbalancers,Aiello et al. [1] construct smoothing networks whose
outputs are 2-smooth with high probability. In our model, however, an ad-
versary could set the orientations of the deterministic balancers,and their
analysisdoesnot hold under theseconditions.

Klugerman and Plaxton [10] show the existenceof counting networks (which
are 1-smoothing networks with other additional properties) of depth O(logw)
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Analysis of

width w network Depth Balancers Global Initialization Smoothness

Klugerman and

Plaxton [10,9] O(logw) Det. Required 1

Aiello et al. [1] O(logw) Det. and Rand. Required 2 (w.h.p.)

Herlihy et al. [7] logw Det. Not required logw

This paper logw Rand. Not required 2:36
p

logw (w.h.p.)

Fig. 2. Comparisonof various analysesof smoothing networks. Note: w.h.p. = \with
high probabilit y", det. = \deterministic" and rand. = \randomized".

which usedeterministic balancers.They also give an explicit construction of
a counting network of depth O(clog� w logw) (where c is a constant) using de-
terministic balancers.Klugerman [9] extends this to give a polynomial time
construction of an O(logw) depth counting network of width w. The above
networksusethe AKS network [2] asa subnetwork, and arehencenot practical
sincethe constants in O(logw) are huge. For a survey of work on low-depth
counting networks and related topics, we refer the reader to Busch and Her-
lihy [5].

In earlier work [7], we showed that the worst caseoutput smoothnessof the
block, periodic and bitonic networks of width w is exactly logw when the
switchesare initialized adversarially. Our results in this paper show that ran-
domization helps signi�cantly to reducethe output smoothnessof the block
network. A comparisonof various analysesof smoothing networks appearsin
Figure 2.

Roadmap: The restof the paper is organizedasfollows.Section2 contains the
analysisof the block network. Section 3 contains the analysisof the bitonic
network. Section 4 contains the experimental results, and we conclude by
listing someopen problemsin Section5.

2 The Perio dic and Blo ck Net works

The periodic smoothing network [3] is isomorphicto the periodic sorting net-
work of Dowd et al. [6]. At its heart is a component Block [w] network, de�ned
inductively as follows.
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Fig. 3. A Block [8] Network consistsof two Block [4] networks: onewith balancers
denoted by solid lines, and the other with balancersdenoted by dashedlines. The
outputs of the Block [4] networks are fed into an EvenOdd [8] network, shown
inside the box.

The Blo ck Net work: The Block [2] network is a single balancer. The
Block [2w] network is constructed from two Block [w] networks as follows.
Given an input sequenceX of length 2w, represent each index (subscript) as
a binary string. The A-cochain of X , denotedX A , is the subsequencewhose
indexeshave low-order bits 00 or 11. For example, the A-cochain of the se-
quencex0; : : : ; x7 is x0; x3; x4; x7. The B-cochain xB is the subsequencewhose
low-order bits are 01 and 10.

The input sequenceX is fed into two parallel Block [w] networks, which
we will call the A-block and the B-block. SequenceX A goes to the A-block,
and X B to the B-block. Supposethe output sequenceof the A-block is Y A =
yA

0 ; yA
1 ; : : : ; yA

w� 1 andthe output sequenceof the B-block is Y B = yB
0 ; yB

1 ; : : : ; yB
w� 1.

These are fed into an EvenOdd [2w] network, which simply balanceseach
element of Y A with the corresponding element of Y B . More formally, Even-
Odd [2w] consistsof w balancersnumbered 0 to w � 1, and the i th balancer
balancesyA

i with yB
i . Figure 3 shows a Block [8] network.

The Block [w] network consistsof logw layersof balancers,numberedfrom 1
(input layer) to logw (output layer). The output wires of a balancerin layer
` belong to layer `. The input wires to the network belong to layer 0. Each
layer consistsof w=2 balancers,so that the network hasa total of (w logw)=2
balancers.

The Perio dic Net work: The Periodic [w] network is the cascadeof (logw)
Block [w] networks.Sincethe Periodic [w] network trivially contains a Block [w]
embedded inside it, becauseof Corollary 4, our upper bounds for the block
network directly carry over to the periodic network.
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2.1 Smoothnessof the Randomized Block [w] Network

Consideran executionof the randomizedsmoothing network, taking it from
a random initial state to a quiescent state, where a total of M tokens have
entered and left the network.

We considerBlock [w] asa tree. Each node in this tree is a set of oneor more
balancers,as described below.

� The root of the tree is the set of all the w=2 balancersat the input layer of
the network (layer 1). This node is labeledv1;1, sinceit is the �rst node in
layer 1.

� For each i = 2: : : logw, the i th layer is divided into 2i � 1 nodes,numbered
from vi; 1 till vi; 2i � 1 , with each node consistingof w=2i balancers.Given the
nodesin the (i � 1)th layer, the nodesin the i th layer are de�ned asfollows.

The node vi; 2k� 1 consistsof all the balancersthat the top output wires of
the balancersin node vi � 1;k point to. Similarly, the node vi; 2k consistsof all
the balancersthat the bottom output wires of the balancersin node vi � 1;k

point to. In the tree, there is an edgefrom node vi � 1;k to nodesvi; 2k� 1 and
vi; 2k .

� The leavesof the tree are the balancersat the output layer.

Let mi;j denotethe total number of tokensentering nodevi;j . Sincethe tokens
on the top output wires of the balancersin vi;j enter vi +1 ;2j � 1, the number of
tokensentering node vi +1 ;2j � 1 is (using Equation 1):

mi +1 ;2j � 1 =
mi;j

2
+

X

b2 vi;j

xb (2)

We will now expressthe number of tokensthat are output at the top output
wire of vlog w;1 as a function of the number of input tokens and the random
variablescorresponding to the di�erent balancers.The tokensthat exit from
the topmost output wire must follow the path v1;1 ! v2;1 ! v3;1 ! : : : !
vlog w;1 and further exit on the top output wire of balancervlog w;1.

The number of tokens entering v1;1 is M . Let X 1 denote the number of to-
kensexiting the top output wire of vlog w;1, which is a singleoutput balancer.
Applying Equation 2 repeatedly, and �nally Equation 1, we get:
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m2;1 = M
2 +

P
b2 v1;1

xb

m3;1 = m2;1

2 +
P

b2 v2;1
xb

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

X 1 = m log w ;1

2 +
P

b2 vlog w ;1
xb

Combining the above, we get:

X 1 =
M
w

+
P

b2 v1;1
xb

w=2
+

P
b2 v2;1

xb

w=4
+ : : : +

P
b2 vlog w � 1;1

xb

2
+

X

b2 vlog w ;1

xb

Rewriting the above: X 1 = M =w+ V where

V =
log wX

i =1

X

b2 vi; 1

2i xb

w
(3)

Wewill now analyzeV. The main problemis that V is not the sumof indepen-
dent random variables.Clearly the various random variablesxb (for di�erent
balancersb) are heavily dependent on each other, since the event that the
number of tokens entering balancerb is even (resp., odd) dependsupon the
corresponding events for balancersat earlier layers.

Recall that xb = D(nb)rb. We consideran alternate random variable W, de-
�ned as follows.

W =
log wX

i =1

X

b2 vi; 1

2i rb

w
(4)

Sincethe random variablesr b for di�erent balancersb are independent, W is
easierto handle than V.

We rewrite Equations 3 and 4 as follows:

V =
X

f (b2 S)^ (D (nb)=1) g

cbrb (5)

W =
X

f b2 Sg

cbrb (6)

S is a set of balancers,cb denotesa constant speci�c to balancerb, and r b is
the random variable corresponding to balancerb. The set S and the cbs can
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be derived from Equations 3 and 4, but their exact nature is not important
here.

We now prove a key lemma, showing that in order to bound the probability
that V deviatessigni�cantly from its expected value, it is enoughto bound
the probability that W deviatesfrom its expectedvalue.

Lemma 7 For any � > 0, Pr fj V j > � g � 2Pr f jWj > � g.

PR OOF.

Considerthe conditional probability

� = Pr f W > � jV > � g

From Equations 5 and 6,

Pr f W � � jV > � g � Pr

8
<

:

X

f (b2 S)^ (D (nb)6=1) g

cbrb < 0

9
=

;
� 1=2

The right hand side inequality (� 1=2) is true because:for each balancerb,
the random variable r b is distributed symmetrically aroundzero,and is chosen
independent of nb. Thus, we have � � 1=2.

Pr f W > � g � Pr f (W > � ) ^ (V > � )g

� Pr f W > � jV > � g � Pr f V > � g

� Pr f V > � g=2

Similarly, wecanshow the other direction, that Pr f V < � � g � 2Pr f W < � � g,
and the claim follows. 2

We will usethe following lemma in further proofs.

Lemma 8 [Hoe�ding's bound [8]]
SupposeSn = Y0 + Y1 + : : : Yn� 1 where the Yj 's are independentrandomvari-
ables,and for each j = 0: : : n � 1, Yj 2 [aj ; bj ]. Then, for any � > 0,

Pr f Sn � E [Sn ] > n� g � exp

8
<

:
� 2n2� 2

P n� 1
j =0 (bj � aj )

2

9
=

;

10



Lemma 9
Pr

�

jV j > 1:177
q

logw
�

<
4

w2

PR OOF. We will �rst bound the probability that jWj is large,and then use
Lemma 7 to bound the probability that jV j is large.

SinceW is the sum of independent random variables,we useHoe�ding's in-
equality (stated in Lemma 8) to bound the probability that W is large. For
i = 1: : : logw, the number of balancersin node vi; 1 is w=2i . Thus, W is the
sum of (w=2 + w=4 + : : : + 1) = w � 1 independent random variables.

The expectation of W: E[W] = 0, sinceE[r b] = 0 for every balancerb.

Next, the rangesof various random variables.For i = 1: : : logw,

2i rb

w
2

"
� 2i � 1

w
;
+2 i � 1

w

#

In Lemma 8, the term
P

(bj � aj )
2 is:

w
2

� 2
w

� 2

+
w
4

� 4
w

� 2

+ : : : + 1 = 2 �
2
w

Setting � =
p

2 ln w
w� 1 in Lemma 8, we get

Pr
n
W >

p
2ln w

o
� expf� 2 ln wg =

1
w2

(7)

SinceW is the weighted sumof r bs, each of which is symmetrically distributed
around zero,W is alsosymmetrically distributed around zero.Hence

Pr
n
W < �

p
2ln w

o
= Pr

n
W >

p
2ln w

o
�

1
w2

(8)

Equations7 and 8 combined with Lemma7 yield the claim. Note that we have
stated our lemma using logarithms to base2. 2

Theorem 10 The output sequence of Block [w] with randomized balancers
is 2:36

p
logw-smooth with probability at least 1 � 4=w.

PR OOF. Let X 1; X 2; : : : ; X w denotethe output sequenceof Block [w] with
randomizedbalancers,whereX 1 corresponds to the topmost output wire.
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From Lemma 9, we have

Pr
�

jX 1 � M =wj > 1:177
q

logw
�

� 4=w2

The random variables X 1 : : : X w all have the samedistribution, due to sym-
metry, and a similar equation holds for all of them. Using the union bound
on probabilities, the probability that for somei the value jX i � M =wj exceeds
1:177

p
logw is not greater than 4=w. Thus, with probability at least 1 � 4=w,

all outputs X i are within 1:177
p

logw of M =w, and hencewithin 2:36
p

logw
of each other, as needed. 2

3 The Bitonic Net work

MERGER[4]

MERGER[4]BITONIC[4]

BITONIC[4]

MERGER[8]

Fig. 4. Recursive Structure of a Bitonic [8] Counting Network.

The Bitonic [w] smoothing network [3] is isomorphic to the bitonic sorting
network of Batcher [4].This network hasa simpleinductivestructure, shown in
Figure 4. The Bitonic [2] network is a singlebalancer.The Bitonic [2w] net-
work is constructedby feedingthe 2w input wiresinto two parallel Bitonic [w]
networks, and feedingtheir outputs into a Mer ger [2w] network.

The Mer ger [2w] network takes two input w-sequencesX and Y and pro-
duces an output 2w-sequenceZ . The Mer ger [w] network is also de�ned
inductively. The Mer ger [2] network is a single balancer. We construct the
Mer ger [2w] network from two Mer ger [w] networks and a EvenOdd [2w]
network which wasdescribedin Section2. Let X E denotethe evensubsequence
x0; x2; : : : ; xw� 2 of X , and X O denote the odd subsequencex1; x3; : : : ; xw� 1.
Similarly de�ne Y E and Y O.

The input to the �rst Mer ger [w] network is the w-sequenceformed by the
concatenationof X E and Y O, denotedby X E � Y O. Call that network's output
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sequenceU. Symmetrically, the input to the secondMer ger [w] network is the
w-sequenceX O � Y E . Call that output sequenceV. The �nal layer of the net-
work, EvenOdd [w], simply joins the each output wire of the �rst Mer ger [w]
network with the corresponding output wire of the secondMer ger [w] net-
work.

Two networks N and M are isomorphic if the underlying directed graphsare
isomorphic.

Lemma 11 The Mer ger [w] network is isomorphic to the Block [w] net-
work.

PR OOF. We argueby induction on w. When w is 2, both networks consist
of a single balancer. Assumethat Mer ger [w] is isomorphic to Block [w],
and considerthe Mer ger [2w] and Block [2w] networks.

In the Block [2w] network, the �nal layer connectsthe i -th wire of onecom-
ponent Block [w] network with the i -th wire of the other. Likewise,in the
Mer ger [2w] network, the �nal layer connectsthe i -th wire of onecomponent
Mer ger [w] network with the i -th wire of the other, preservingthe isomor-
phism. 2

Lemma 11, Theorem 10 and Corollary 4 together lead to the following corol-
lary.

Corollary 12 The Mer ger [w] network,and hence, the Bitonic [w] network
are 2:36

p
logw-smooth with probability at least 1 � 4=w.

4 Exp erimen ts

To develop an intuition about whether our bound can be improved, we con-
ducted a number of simple experiments testing the behavior of randomized
block networks of di�erent sizes.Theseresultsdo not proveanything, but they
are suggestive. The results are shown in Figure 5.

In our experiments, the number of tokens input into each wire is randomly
chosenbetween1 and 100000,and the output smoothnessis averagedover 10
runs. We simulated networks of width up to 224. The results show that when
logw changesfrom 1 to 24, the (average)output smoothnessincreasesvery
gradually, from 0:7 to 3:2. Wedo not expect to beableto simulate much larger
networks.
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To comparewith the randomizednetwork, we simulated a block network ini-
tialized in the standard state; all balancerswere initialized to up. Using the
samesetup as for the random network, (the number of tokensinto each wire
is a random number between1 and 100000,averagetaken over 10 runs), the
results obtained are shown below. It can be seenthat the output smoothness
is very nearly equal to log w

2 .

While we know that the worst casesmoothnessof a block network initialized
by an adversary is logw, theseexperiments suggestthat the smoothnessof
the network over random inputs when initialized very regularly (not by an
adversary) is no better than logw=2. In other words,theseexperiments suggest
that the averagesmoothnessof the block network initialized to the standard
state is O(logw), while we have shown that the smoothnessof a block network
initialized randomly is O(

p
logw).

We concludethat for applicationsneedingapproximate load balancing,a ran-
domizedblock network works much better than a deterministic one.
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Fig. 5. The observed smoothness of a Block [w] network with randomized and
deterministic balancers

5 Op en Problems

We concludeby listing someinteresting open problems.

14



(1) Our boundsfor the smoothnessof the block network doesnot make use
of structure that may be present in the input sequence.Can we obtain
better boundsif the input is already fairly smooth?

(2) Can we get better boundson the output smoothnessof the randomized
periodic or bitonic networks?

(3) How tight is the O(
p

logw) upper bound for the block network? Can we
get a matching lower bound?
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