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Announcements

e Next lecture (Wed 9/13): Lubrano
e Matlab / CS accounts

e Books

o (CS241
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Review

e Learning by estimating parameters w* that minimize empirical loss Ly(w) =
N
% D iz L (f(xi5w), y:)

o Expected loss (risk) R(W) = E(x, yo)~pxy) L (f(X0; W), yo)]

e Least squares: f(x;w) = wg + 2?21 W3,

1 N

wh o= argminNZ(f(xi,w) — )’ = (X'X)

w i=1

1 XTy

— Prediction errors y; — f(x;; w) have zero mean and are uncorrelated with any
linear function of the inputs x.
— As N increases, Ly goes up but R goes down.
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Today

e The optimal regression function
e Error decomposition for parametric regression

e Statistical view of regression
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Best unrestricted predictor

e What is the best possible predictor of ¥y, in terms of expected squared loss, if
we do not restrict F at all?

f* — a’rgmin E(XO,yO)Np(x,y) (f(XO) o y0)2

f:X—R
(0]
.OQ.OQ)xS
°aQ o
(o] <
.0 (9 op,o’do O\OO .
0 olo 9800 O Any f: X — R is allowed.
900 3
O-O/O
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The product rule of probability: p(x, y) = p(y|x)p(x)
By definition: E,, x) g = /[ f g(y, x)p(y|x)p(x)dydx

Etxpasoptx) | (Fx0) = 90)°| = Bxgpe) |Buptur | (£ (%0) = 90)* 0]
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Best unrestricted predictor

Elsoanpixay | (F(%0) = 0)°| = /X { Eygmpioo) | (F(x0) = 90)* | 0] } plx0)dxo

e If we minimize the inner conditional expectation for each x( separately, we will
necessarily minimize the whole integral (outer expectation).

— Must predict optimally y for any x.

Foubo [(100) — 90)° [%0] = 2Bp(yp0 17 (x0) — 0 0]

5f(x)"
= 2 (f(x0) — Ep(ylx) [Yo|x0]) =0

e We minimize the expected loss by setting f to the conditional expectation of y:

[ (x0) = p(y|x) [%o|X0]
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Generative versus discriminative learning

e A generative approach:

— Infer the joint probability density p(x,y)
— Normalize to find the conditional density p(y|x)

— Given a specific x5, marginalize to find the conditional expectation ¢ =

Ey(y1x) [Yolxo)-
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Generative versus discriminative learning

e A generative approach:

— Infer the joint probability density p(x,y)
— Normalize to find the conditional density p(y|x)

— Given a specific x5, marginalize to find the conditional expectation § =

Ep(y|x) [y()’XO]'

e A discriminative approach:

— Estimate/infer the conditional density p(y|x) directly from the data; don't
bother with p(x,y).

— Marginalize and obtain .
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Generative versus discriminative learning

e A generative approach:

— Infer the joint probability density p(x,y)
— Normalize to find the conditional density p(y|x)
— Given a specific x5, marginalize to find the conditional expectation § =

Ep(y|x) [y()’XO]'

e A discriminative approach:

— Estimate/infer the conditional density p(y|x) directly from the data; don't
bother with p(x,y).

— Marginalize and obtain .

e Non-probabilistic approach: ignore probabilities, estimate f(x) directly from the
data.
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Decomposition of error

Let's take a closer look at the expected loss:

o W = [0, w1]? are LSQ estimates from training data (assuming 1D case).

*

o W = [wg, wi]"

are optimal linear regression parameters (generally unknown!)

o y— Wy —wr = (y—wi—wizr)+ (w§ + wir —wy — Wwix)
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Decomposition of error

Let's take a closer look at the expected loss:
e W = [0, w1]? are LSQ estimates from training data (assuming 1D case).
o w* = [w§,w}]! are optimal linear regression parameters (generally unknown!)

o y—wy—wzr = (y—wi —wix) + (w§ + wirx — Wy — W1x)

~ ~ 2 * * 2
Ep(a.y) (y — wo — wyx) } = Ep.y) [(y — wy — wiT) }
+ 2Ep(2.4) (y — w — wiz) (wy + wix — Wy — wyx)]

+ By [(w§ + wiz — g — w1z)7] -

(CS195-5 2006 — Lecture 3



Decomposition of error

Let's take a closer look at the expected loss:
e W = [0, w1]? are LSQ estimates from training data (assuming 1D case).
o w* = [w§,w}]! are optimal linear regression parameters (generally unknown!)

o y—wy—wzr = (y—wi —wix) + (w§ + wirx — Wy — W1x)

~ ~ 2 * * 2
Ep(a.y) (y — wo — wyx) } = Ep.y) [(y — wy — wiT) }
+ 2Ep(2.4) (y — w — wiz) (wy + wix — Wy — wyx)]

+ By [(w§ + wiz — g — w1z)7] -

e The second term vanishes since prediction errors yo — wy — wjx are uncorrelated
with any linear function of x including wj + wix — W — w1 .
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Decomposition of error

Ep(ay) [(y — Wo — u?la:)z} = Lp(z,y) [(y — Wy — wiﬁx)ﬂ

+ By (Wi +wiz — i — iqx)?] .

o Structural error E,, {(y — wh — wfx)ﬂ measures inherent limitations of the

(z,y)
chosen hypothesis class (linear function). This error will remain even with infinite
training data.

o Approximation error E,, .y |(w§ + wiz — o — w1x)?| measures how close to
the optimal w* is w estimated with finite training data.

e Note: since training data X,Y are random variables drawn from p(x,y), the
estimated w is a random variable as well.
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Decomposition of error

e Structural error
best linear regression w™

2 o) : *
Bz {(y — wy — wix) } o .9 best regression f* = Ely|x]
~~..9 9 o
- - ~ o) _O
---- STaa O’OO-O O‘\QO
L ~0 0 TTES o5 - ok, .
e Approximation error © 0,0 9 ~-.0 g
| . 00,2 h
,, ostimate W oOg ©
k %k A A
By (w5 + wiz — o — wrz)?]
e For a consistent estimation procedure, limy_..oc W = Ww*, and so the

approximation error decreases.

e The structural error can not be removed without changing the hypothesis class
(e.g., moving from linear to quadratic regression).
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Decomposition of error

e Structural error
best linear regression w™

2 -0 : *
Bz {(y — wy — wix) } o .9 best regression f* = Ely|x]
S~ o ‘QO (0)
-~ . - Q
______ Q. 4 \ O~ <%
__o_ - QOO O\Qo
L S < “ o5 - -k, .
e Approximation error © 6,0 9 “--.0 5
_ R 00,0 o=
,, ostimate W oOg ©
k %k A A
By (w5 + wiz — o — wrz)?]
e For a consistent estimation procedure, limy_..oc W = Ww*, and so the

approximation error decreases.

e The structural error can not be removed without changing the hypothesis class
(e.g., moving from linear to quadratic regression).

e Structural error is minimized if f* € F.
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Statistical view of regression

e We will now explicitly model the randomness in the data:
y=[f(x;w) + v

where the noise v accounts for everything not captured by f.

[ ]
o2 0 o8 2
lo® © 6% o
e L
; o... o, . e ".g'. °
R L . gy . :
27. I'-..‘.__.::. ° ¢ ) . ° ’ :
Rl LETON ° % e ° %
° o %%, o efoe., . * %o 6 %%, of * A )
e ® o ".ﬂ’ o iy, % % .0:'}‘ ° d o ."'." o %% .-':-".~ °
e e 3" o PR EETI, ° Settmy, " Ly
o $' :.. o o0 Tees ° ot R ‘.$' 8 LY A ° °
¢ : , ° s ¢ ', )
L4 °

— This definition of “noise” may include meaningful components, which are no
longer part of noise once we move to a more complex f.
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Statistical view of regression

y=f(x;w) + v
e Under this model, the best predictor is

Ep(y|x) [f(Xv W) + Vv ‘ X] — f(X7 W) + Ep(l/) [V]

e Typically, B, [v] = 0 (white noise).

e Under such a model, f(x;w) captures the expected value of y|x if we believe
the distribution in the model.

— If (and only if) the model is “correct”, f is the optimal predictor!
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Gaussian noise model

e Typical choice: p(v) =N (V; 0702)

e Gaussian is:

— Symmetric;
— Light-tail: probability of value far from mean .|
Is low;
— Unimodal: single peak in the density function
at u.
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Gaussian noise model

y=fxw) +v, v~N (10,07
e Given the input x, the label y is a random variable
pylx;w,o) = N (y; f(x;w),07)

that is,

o\ 21 202

ply|lx;w,o) = 1 exp (_(y — f(x;w)) >

e This is an explicit predictive model of y that allows us, for instance, to sample
y for a given x.

(CS195-5 2006 — Lecture 3 13



Likelihood

e The likelihood of the parameters w given the observed data X =
x1,....xXn],Y = [y1,...,yn]! is defined as

P(Y;w,0) £ p(Y|X;w,0)

I.e., the probability of observing these ys for the given xs, under the model
parametrized by w and o.

e Under the assumption that data are i.i.d. (independently, identically distributed)

according to p(x),
N

P(Y;,w,o0) = Hp(yz-lxi, W, 0)

1=1
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Maximum likelihood estimation

e Maximum likelihood (ML) estimation principle:

wyrp = argmax P(Y;

e Note: here we focus on P as a function of w.

e In case of Gaussian noise model:

A AN (
Wpn — argmaxH exXp | —

wW . 02 27'('
=1

e This may become numerically unwieldy. . .
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Log-likelihood

e Properties of log:

— Defined for any x > 0.

— Monotonically increasing.
— log(AB) = log A+log B, log AP = Blog A.
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Log-likelihood

e Properties of log:

— Defined for any x > 0.

— Monotonically increasing.
— log(AB) = log A+log B, log AP = Blog A.

e Maximizing P(Y;w, o) is equivalent to maximizing log-likelihood ¢:
N
K(Ya W, U) = 10gP(Y, W, O) — lOg Hp(yz‘xza W, U)
i=1
N
= > log p(yilxi, w, 0)

1=1
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Log-likelihood, Gaussian noise

N
(Yiw,0) = > logp(yilxi, w,o0)

1 =1
N W2
_ Z _<yz J;(O-Xzzaw)) —loga\/ﬂ
1 =1
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Log-likelihood, Gaussian noise

(Y;w,0) = Z log p(yi|xi, w, o)

1=1
N W2

_ Z (s é(o-};zaw)) “log ov2n
1=1

N
1
= 2—2 f(xi;w))? — Nlogov2r

e The second term is independent of w.
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Maximum likelihood

e We can define a new loss function: log-loss (negative log-probability)

L(f(x;w),y) = —logp(y|x;w,o)

e Maximizing log-likelihood is equivalent to minimizing empirical log-loss.

e When the noise is Gaussian, this in turn is equivalent to minimizing average
squared loss:

N

argmax {(Y;w,o) = argmin—Zlogp(yﬂx;w,a)

w i=1

N
= argminz (y; — f(x5; W)
Vo=t
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Maximum likelihood and least squares

e So, the ML estimate under the Gaussian noise model

wy = argmax/{(Y;w, o)

is equivalent to the least squares principle (minimizing empirical squared loss):

e |s it the case for any noise model?
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Next time

We will investigate the behavior of w, and discuss extensions of the simple linear
regression model.
Time permitting, we will then move on to classification problems.
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