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Review

• Hidden Markov models:

p(st | st−1)

p(xt | st)

s1 s2 s3

x3x2x1

p(s1, . . . , sN ,x1, . . . ,xN) = p(s1)p (x1 | s1)
N∏

t=2

p (st | st−1) p (xt | st) .

• Parameters:

– initial state probabilities p(s1),
– state transition probability matrix P, Pij = p (st = i | st−1 = j) = p(i → j),
– Emission probabilities p (xt | st).
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HMM: three fundamental problems

• Inference regarding observation sequence x1, . . . ,xN

– Compute likelihood of a model given observations
⇒ the forward-backward algorithm

– Sample from the model

• Inference regarding hidden states

– Estimate most likely state sequence
⇒ the Viterbi algorithm

• Estimating the model parameters
⇒ EM (Baum-Welch algorithm)
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Forward-backward probabilities

• Forward probabilities:

αt(s) , p(x1, . . . ,xt, st = s)

• Prediction: current state given the past

αt(s)∑
s′ αt(s′)

= p (st = s |x1, . . . ,xt)
xt−1 xt

st−1 st st+1

xt+1

• Backward probabilities: diagnostic (future given the state)

βt(s) , p (xt+1, . . . ,xN | st = s)
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Computing forward probabilities: t = 1

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1)
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Computing forward probabilities: t = 1

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1) = p0(1)p (x1 | s1 = 1) ;
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Computing forward probabilities: t = 1

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1) = p0(1)p (x1 | s1 = 1) ;

α1(2) = p(x1, s1 = 2) = p0(2)p (x1 | s1 = 2) ;
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Computing forward probabilities: t = 2

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1) = p0(1)p (x1 | s1 = 1) ,

α1(2) = p(x1, s1 = 2) = p0(2)p (x1 | s1 = 2)

α2(1) = p(x1,x2, s2 = 1)
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Computing forward probabilities: t = 2

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1) = p0(1)p (x1 | s1 = 1) ,

α1(2) = p(x1, s1 = 2) = p0(2)p (x1 | s1 = 2)

α2(1) = p(x1,x2, s2 = 1) = p(x1, s2 = 1)p (x2 | s2 = 1)
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Computing forward probabilities: t = 2

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1) = p0(1)p (x1 | s1 = 1) ,

α1(2) = p(x1, s1 = 2) = p0(2)p (x1 | s1 = 2)

α2(1) = p(x1,x2, s2 = 1) = p(x1, s2 = 1)p (x2 | s2 = 1)

= [α1(1)p(1 → 1) + α1(2)p(2 → 1)] p (x2 | s2 = 1)
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Computing forward probabilities: t = 2

x1 x2

s1 s2 s3

x3

α1(1) = p(x1, s1 = 1) = p0(1)p (x1 | s1 = 1) ,

α1(2) = p(x1, s1 = 2) = p0(2)p (x1 | s1 = 2)

α2(1) = p(x1,x2, s2 = 1) = p(x1, s2 = 1)p (x2 | s2 = 1)

= [α1(1)p(1 → 1) + α1(2)p(2 → 1)] p (x2 | s2 = 1)

α2(2) = [α1(2)p(1 → 2) + α1(2)p(2 → 2)] p (x2 | s2 = 2)
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Forward probabilities: recursion

αt(s) = p(x1, . . . ,xt, st = s)

xt xt+1

st st+1 st+2

xt+2

α1(s) = p0(s)p (x1 | s1 = s)
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Forward probabilities: recursion

αt(s) = p(x1, . . . ,xt, st = s)

xt xt+1

st st+1 st+2

xt+2

α1(s) = p0(s)p (x1 | s1 = s)

αt(s) =

[∑
s′

αt−1(s′)p(s′ → s)

]
p (xt | st = s)
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Backward probabilities

βt(s) , p (xt+1, . . . ,xN | st = s)

xt xt+1

st st+1 st+2

xt+2

βN(s) = p (∅ | sN = s) , 1

CS195-5 2006 – Lecture 32 8



Backward probabilities

βt(s) , p (xt+1, . . . ,xN | st = s)

xt xt+1

st st+1 st+2

xt+2

βN(s) = p (∅ | sN = s) , 1

βt(s) =
∑
s′

[p(s → s′)p (xt+1 | st+1 = s′) βt+1(s′)]
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Bugs on a Grid

• Näıve algorithm1:

1. start bug in each state at t = 1 holding value 0;
2. move each bug forward in time by making copies of it multiplying the value

of each copy by the probability of the transition and output emission;
3. go to 2 until all bugs have reached time N ;
4. sum up values on all bugs.

1from S. Roweis
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