
Chapter 2
Predicate Logic

Paragraph 1
Syntax and Semantics      
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Family Tree

• Consider the 
knowledge base 
that is your own 
family tree.



CS 141 - Intro to AI 3

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.

Johnny



CS 141 - Intro to AI 4

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.

Johnny



CS 141 - Intro to AI 5

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.



CS 141 - Intro to AI 6

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.
?

Johnny



CS 141 - Intro to AI 7

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.

Johnny



CS 141 - Intro to AI 8

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.

?

Johnny



CS 141 - Intro to AI 9

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.

Johnny



CS 141 - Intro to AI 10

Family Tree

Ray Dora Molly Arthur

Tim Richard StellaSusan

JamesEdward
Seb Maggie

(Grendel )

JeanPaulCathy

Joanne Michelle Bob

Bob Jr.

Johnny



CS 141 - Intro to AI 11

What went wrong?

• We started with a sparse knowledge base 
(only had Marriage and Parent relations).
� MRay,Dora, MMolly,Arthur, PMolly,Tim, PRay,Susan

• In order to include new kinds of information 
(Sibling, Grand-parent, Uncle/Aunt) we 
needed to include new facts:
� SDora,Johnny, STim,Richard, UTim,Edward, UPaul,Maggie

• We should be able to do this in a smarter 
way!
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A Solution

• For any A and B, A and B are Siblings iff they 
share a Parent, C.

• If we add this rule (and others like it) to our 
original Knowledge Base, then we can infer
everything else.

C

A B

� A B
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First Order Logic

• Introducing 

First Order Logic (FL).

• You might already be familiar with it from 
mathematical proofs.
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First Order Logic

• It shall allow us 
� to represent objects like Susan or iPod, 
� to express relations like “female,” “is the sibling 

of,” and “has a”
� to talk about functions like “mother of” and “one 

more than”.
� To express truths like “If ((she is female) and 

(she and my mother are siblings)) then (she is 
my aunt).”
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Syntax

• We have constants like Tim, iPod, and 9.

• We have variables like x, a, and p.

• We have functions like Mother and Product.

• A term is
� a constant,
� a variable,
� or a function(v1,..,vn).  For example:  

Mother(Seb), or Product(6,9).
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Syntax

• We have predicates (i.e. relations), like
Siblings and Red. 

• Predicates over terms form atomic sentences.
� Siblings(Mother(Seb),Paul)
� Red(fish)
� Prime(Product(6,9))

• We can also get an atomic sentence by setting 
two terms = to each other.
� x = iPod
� Susan = Mother(Seb)
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Syntax

• Atomic sentences are sentences.

• Logical connectives (¬ , � , � , � , � ) of 
sentences are sentences.

• If S is a sentence, then so are
� � v: S(v) [read “for all v it holds S(v)” -

universal quantification]
� � v: S(v) [read “there exists a v such that S(v)” -

existential quantification]
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Syntax

• As in PL, to improve readability, we define 
the same preferences over the connectives.

• ¬(Siblings(Susan,Paul) � Squareroot(9) = 4)

• We declare that quantifiers bind stronger 
than the logic connectives.
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Semantics

• A model of a sentence in first order logic has 
several parts.

• A domain, which is a set of objects.
� For example, {Seb, Maggie, Tim, Susan, Grendel…}

• Relations, which are sets of tuples of objects
� For example, the Sibling relation is {<Seb,Maggie>, 

<Tim,Richard>, <Susan,Jean>…}

• Functions, which are mappings from sets of 
objects to another object.
� For example, the Squareroot function could be            

{<4>� 2, <9> � 3, <16> � 4,…} or the model could 
choose {<4>� 1, <9> � 1, <16> � 16,…} – the formula 
itself needs to make sure that this is not allowed!
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Semantics

• The symbols in the logic are related to the 
model through an interpretation that relates 
in the following way:
� Constants refer to objects
� Predicates refer to relations
� Functions refer to functions.
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Semantics

• Under an interpretation, each term refers to 
an object.

• An atomic sentence is true iff the relation 
referred to by the predicate symbol holds 
among the objects referred to by the 
arguments.

• An atomic sentence containing the equality 
symbol (=) is true iff the two equated terms 
refer to the same object.
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Semantics

• Note that PL is a sub-language of FL:
� In PL, there are no quantifiers, no variables, 

and no functions.
� A proposition xi is replaced by a predicate X(i).
� An FL model then needs to specify 

• the objects to which the constants i refer, 
• and what the ground set P of predicates is. 

� An FL interpretation then binds constants to 
objects and predicate X to an element in P.
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Semantics

• The semantics of logical connectives work 
just like in propositional logic. 

• What about quantifiers and variables?
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Semantics

• If v is a variable and P is a logical 
expression, then

� v: P

is true iff it is true in all extensions to your 
interpretation, where each extension 
assigns one object in the domain to be 
referred to by v.

• In other words, it’s true iff P is true no matter 
what you ‘plug in’ for v.



CS 141 - Intro to AI 27

Semantics

• Where v is a variable and P is a logical 
expression, then under the existential 
quantifier, 

� v: P
is true iff it is true in at least one extension
to your interpretation, where each extension 
assigns one object in the domain to be 
referred to by v.

• In other words, it’s true iff P is true when 
you plug at least one thing in for v.
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Pitfalls

• Be careful about nested quantifiers!
• Quantifiers of the same type can be merged:            

� x, � y, Sibling(x,y) 	 � x,y, Sibling(x,y) 
• Quantifiers of different types cannot be merged.  

Order is important!  Compare:
� � y � x: Mother(x,y) 
� This says “Everybody’s got a mother”
� � y � x: Mother(x,y) 
� What does this say?

Hint: 
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The End


