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Using Knowledge to                         
Derive Conclusions

• Given a knowledge base in propositional logic, we 
would like to draw rational conclusions.

• As all facts and rules can be added by 
conjunction, a KB in PL can be viewed as just one 
logical sentence kb.

• We say that a KB kb entails (implies) statement a        
( kb � a) iff, for all models m for kb such that                   
kb|m is true, it holds that a|m is also true.                             
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Entailment

• Obviously, whether or not a knowledge base kb 
entails a hypothesis a can be checked simply by 
evaluating both kb and a under all models.

• If kb has n variables, then the time complexity of 
this algorithm (also known as model checking) is 
in (2n). 

• It can be shown (how?) that entailment is NP-
hard. Therefore, in the following we will try to 
improve on the practical performance of 
algorithms that check entailment, and to 
investigate special cases in which polynomial 
entailment checking is possible.
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Inference

• Theorem
� Given a knowledge base kb and a sentence a:

• kb � a  iff kb � a is a valid sentence.
• If kb is satisfiable and kb � a, then kb � a is satisfiable.
• kb � a  iff kb � ¬a is not satisfiable.

• Remark
� The latter proof technique is also called         

reductio ad absudrum or proof by contradiction.

• Lemma (Modus Ponens)
� (a � b) � a  � b
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Inference

• An algorithm that derives or proves hypotheses from a kb 
is called an inference algorithm.

• If inference algorithm A is able to derive statement a from 
KB kb, we write

kb � A a.
• An inference algorithm A is called sound, iff

kb � A a implies kb � a.
• An inference algorithm A is called complete, iff

kb � a implies kb � A a.
• An inference algorithm is called refutation complete iff

kb � a implies kb � ¬a � A False.
• For any sound and complete inference algorithm (such as 

model checking), it holds that kb � a iff kb � A a.
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Remember Paris?
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Remember Paris?

• Here is our initial KB:
� P=Paris, M=Money, T=Time, i=iPod, L=Dance Lesson, 

S=Songs, Q=Dancing Queen
� (P � M) � (P � T) � (M � i) � (M � T � L) �

(T � i � S) � (S � i � L � Q) � P.

• Using just modus ponens, we can prove that Paris 
is a dancing queen:
� (P � M) � P � M, (P � T) � P � T
� (M � i) � M � i, (M � T � L) � M � T � L
� (T � i � S) � T � i � S
� (S � i � L � Q) � S � i � L � Q
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Remember Paris?

• We can add facts to the KB using any valid 
inference rule (such as modus ponens, and-
elimination, contraposition, DeMorgan etc).

• Defining a search space where 
� the start state is the initial knowledge base, 
� the set of end states consists of all KBs that contain a 

certain fact, and 
� the successor function is defined based on valid 

inference rules,

we can search for proofs using any of the search 
algorithms that we investigated in Chapter 1.

• Note that the KB grows monotonically with depth:
� kb � a implies kb � b � a.
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Unit Resolution

• An algorithm searching for proofs by using 
valid inference rules is certainly sound. But 
is it (refutation) complete?

• The question arises whether all correct 
hypotheses can be proved as being entailed 
using just the valid inference rules that we 
know of. And if so, can we reduce the 
branching factor by looking at specific 
inference rules only?
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Unit Resolution

• We introduce another inference rule, known 
as resolution:

(a � b) � (¬a � c) � b � c

• This is often written as 

• A special form of resolution is unit 
resolution: P � b, ¬P

b

a � b, ¬a � c
b � c

P, ¬P � c
c
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Unit Resolution

P, ¬P � T
T

P, ¬P � M
M

M, ¬M � i
i

M, ¬M � ¬T � L

¬T � L
T, ¬T � L

L
i, ¬i � ¬T � S

¬T � S
T, ¬T � S

S

i, ¬i � ¬S � ¬L � Q

¬S � ¬L � Q
L, ¬L � Q

Q
S, ¬S � ¬L � Q

¬L � Q
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Unit Resolution

• Although unit resolution worked nicely in Paris’
example, in general this inference rule alone is 
certainly not enough:

(P� Q)� (¬P� Q)� (P� ¬Q)� (¬P� ¬Q� R) � R

but unit resolution cannot prove that R is entailed!

• Why is it then that it does work in the previous 
example? We will see shortly that the Hilton 
example belongs to a much larger class of 
knowledge bases for which unit resolution is 
refutation complete.
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Special Forms

• Definition
� A sentence in PL is said to be in Conjunctive Normal 

Form (CNF) iff
• it uses the negation symbol only in front of variables,
• if disjunctions are only made over (negated) variables, and
• if conjunctions are only made over disjunctions or (negated) 

variables.
� A (negated) variable is called a literal.
� A disjunction over literals is called a clause.
� A conjunction over clauses is called a formula in CNF.
� A sentence in PL is said to be a Horn Formula (HF) iff it 

is in CNF and every clause contains at most one 
variable that is not negated.
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Special Forms

• Theorem
� Unit propagation is refutation complete for HF, i.e. if         

kb� ¬a is a HF then unit propagation shows that kb� ¬a
is not satisfiable iff kb � a. 

• Proof
� If kb� ¬a is not satisfiable then kb� ¬a must contain a 

clause that consists of non-negated variables only 
(otherwise consider the model that sets all variables to 
false). This clause must be a unit clause. Using unit 
resolution of this variable with all other clauses 
essentially eliminates the variable from the formula 
while preserving the Horn property. Consequently, unit 
propagation hits P� ¬P iff the formula is not satisfiable.
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Special Forms

• Remark
� Unit propagation can also be used to derive all 

atomic sentences that are entailed by the 
knowledge base. In this sense unit propagation 
is more than refutation complete albeit not 
generally complete on HFs.

• Definition
� A sentence in PL is said to be in 2 Conjunctive 

Normal Form (2-CNF) iff it is in CNF and every 
clause contains exactly two variables.
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Special Forms

• Theorem
� There exists an algorithm that is refutation complete for 

sentences in 2-CNF.

• Proof
� Construct the following graph: For each variable P, add 

two nodes P and ¬P. Then, for each clause (a� b), [note 
that a and b are literals!] add two directed edges (¬a,b) 
and (¬b,a) to the graph. Compute the strongly 
connected components in the graph. The formula is 
satisfiable iff no two nodes P and ¬P belong to the 
same strongly connected component. Exercise: Show 
how to construct a feasible assignment if there is no 
circle between P and ¬P for all variables!
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Resolution

• While unit resolution, for general CNF 
formulas, is not refutation complete, in the 
following we will show that resolution is!

• Definition
� The resolution closure RC(f) of a formula f in 

CNF is the set of all clauses derivable by 
repeated application of the resolution rule to 
clauses in f or their derivatives.
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Resolution

• Theorem (Ground Resolution Theorem)
� If f in CNF is not satisfiable, then RC(f) contains the empty clause 

(that evolves from P� ¬P for some variable P).

• Proof (by contraposition)
� Let f contain variables P1,..,Pn, and let us assume that RC(f) does 

not contain the empty clause. We construct a model m for f: For 
i=1,..,n, if there exists a clause (a� ¬Pi) where a is a formula over 
P1,..,Pi-1 such that a|m evaluates to false, then we set Pi = False in 
m. Otherwise we set Pi=True. We claim, RC(f)|m is true. Assume 
the opposite. Then, there exists a clause that evaluates to false 
under m. Consider a non-satisfied clause in RC(f) over variables 
P1,..Pi that minimizes i. Wlog, we may write this clause as (a� b), 
where b is a literal over Pi and a is a formula over variables P1,..,  
Pi-1. Note that there cannot exist another such clause where b is 
negated (c� ¬b) as otherwise i was not minimal [consider (a� c) �
RC(f)]. However, then Pi is set such that b evaluates to True, which 
contradicts the assumption that the clause was not satisfied.
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Resolution

• Corollary
� For any knowledge base kb in PL and 

hypotheses a, we have that  
kb � a  iff kb � Res a.

• Proof
� Exercise: Show that any sentence in PL can be 

written in CNF! How much time and space does 
the reformulation of a sentence in PL into CNF 
take in the worst case? 
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Overview

Aspects 
of the real 
world

Aspect of 
the real 
world

FollowsWorld

Abstraction Knowledge 
Base

Entails
Sentence

�

Semantics Semantics

� Res
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SAT Solving

• We know that deciding on the satisfiability of 
a PL sentence given in CNF is NP-hard.

• The resolution algorithm that we studied 
suffers not only from potentially exponential 
run-time, but also from exponential memory 
requirements.

• In the following we will develop an algorithm 
for SAT that is memory efficient.
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SAT Solving

• Recall how we solved integer programs in Chapter 1, 
Paragraph 3 by means of branch-and-bound.

• The backbone of that algorithm was a systematic 
enumeration of the search space (tree search), augmented 
by some intelligent reasoning about the sub-problems that 
are encountered (in the case of optimization: bounding).

• For SAT, we can follow the same idea. However, instead 
of using a relaxation bound we apply some elementary 
inference to each node in the tree before branching on.

• With our previous discussion, the natural choice for that 
inference is unit propagation.
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Davis-Putnam-Logeman-Loveland

• Given a formula f and a partial model m. 
• Early Termination: 

� A clause containing a satisfied literal can be removed 
from f. 

� If f contains a clause that can be fully evaluated to be 
false under m, then f|m is not satisfiable no matter how 
we complete m.

• Unit Propagation: If f contains a clause that 
evaluates, under m, to the truth value of just one 
literal a, then we can add a=True to m.

• Pure Symbols: If variable P in f only appears in 
(not) negated literals, then we can add                
P=false (true) to m.
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Davis-Putnam-Logeman-Loveland

• When none of the inference rules above can be 
applied anymore, we choose an unset variable P 
and branch off by adding two new nodes 
m� {P=true} and m� {P=false} to the fringe.

• The search strategy can be chosen freely: DFS is 
the most common choice, but LDS is also a very 
feasible choice.

• There are no really robust strategies known for 
choosing the branching variable P. Solvers like 
SatZ try to estimate the amount of propagation 
that is triggered by a certain branching decision, 
and sometimes that works very well.



The End


