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Propositional Logic
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Mine Sweeper

• You have to find a way from a start field to 
an exit field on a board where mines are 
hidden. An electronic device tells you how 
many mines are hidden on the neighboring 
fields (vertically, horizontally, and 
diagonally). However, the device is unable 
to give the exact location of the mines that it 
has detected. How do you proceed?
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Knowledge Base

• Once we have walked on the board for a while, 
how can we express the knowledge that we have 
acquired?

• The initial cell, for instance, has no bomb.  We 
could express this type of knowledge with 0/1 
variables that tell us, for each cell, whether there 
is a bomb or not: B13 = 0.

• When we see that our device can detect no mines 
in the proximity of the start field, we can express 
that knowledge as B12+B14+B22+B23+B24 = 0. 
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Knowledge Base

• In the given situation,                                     
among other things,                                             
we know that:

• B11=B12=B13=B14=B21=B22=B23=B24=0.
• B31+B32+B22+B12+B11 =0.
• B31+B32+B33+B21+B23+B11+B12+B13=1. 
• Humans can easily deduce that                      

B31=B32=0    and    B33=1.
• Do you have an idea how a computer can         

perform this inference?
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• In the given situation,                                     
among other things,                                             
we know that:

• B43=B44=B45=B31=B32=B34=B35=0, B33=1.

• B53+ B54+ B55+ B43+ B45+ B33+ B34+ B35=3.

• B52+ B53+ B54+ B42+ B44+ B32+ B33+ B34=2.
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Knowledge Base

• In the given situation,                                     
among other things,                                             
we know that:

• B43=B44=B45=B31=B32=B34=B35=0, B33=1.

• B53+ B54+ B55 = 2.

• B52+ B53+ B54+ B42+ B44+ B32+ B33+ B34=2.
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Knowledge Base

• In the given situation,                                     
among other things,                                             
we know that:

• B43=B44=B45=B31=B32=B34=B35=0, B33=1.

• B53+ B54+ B55 = 2.

• B52+ B53+ B54+ B42 = 1.

• How can a computer deduce B52=B42=0?
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Knowledge and Reasoning

• To conduct rational inference, we first need 
to be able to state the rules and the known 
facts about a problem.

• The internal representation of facts and 
rules is called a knowledge base (KB).

• The KB is the starting point for all inference 
and reasoning that we may want to perform.

• Therefore, we need a kind of language that 
allows us to express what we know.
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Dancing Queen

• Here is another example:
� If you have money, then you can buy an iPod.
� If you have time and an iPod, then you can 

download good dancing songs.
� If you have time and money, you can learn how 

to dance.
� If you have an iPod and dancing songs and you 

know how to dance, then you can throw a party 
and be a dancing queen.
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Dancing Queen
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Dancing Queen
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Dancing Queen
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Dancing Queen
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Propositional Logic

• To express and reason about such logical 
implications, we introduce 

Propositional Logic (PL).

• It shall allow us 
� to express simple truth facts like “I have money” or             

“I have an iPod”, 
� to express logical statements like “If I have money then 

I have an iPod”, and 
� to draw conclusions like “If I have money and (if I have 

money then I have an iPod) then I have an iPod”.
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Propositional Logic - Syntax

• Sentences in Propositional Logic are 
defined in Backus-Naur Form (BNF):
� A variable symbol (P,Q,R,…), and the constants

True, False are correct sentences.
� Given correct sentences a, b:

• (¬ a) is a correct sentence.         (negation)
• (a � b) is a correct sentence.       (conjunction)
• (a � b) is a correct sentence.       (disjunction)
• (a � b) is a correct sentence.    (implication)
• (a � b) is a correct sentence.     (equivalence)
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Propositional Logic - Syntax

• To avoid the excessive use of parentheses, we agree to 
use the following convention on the order of precedence of 
operators:
� ¬ (highest), � , � , � , � (lowest)

• Now, we can write
((((¬P) � (Q � R)) � True) � S)      

as 
¬P � Q � R � True � S

• Even though these sentences are ambiguous in syntax, 
because of their unique semantics (to be defined next) we 
allow sentences like P � Q � R, P � Q � R, and                            
P � Q � R. Sentences like P � Q � R are not 
allowed. 
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Propositional Logic - Semantics

• A model or instantiation to a sentence in 
propositional logic is an assignment of truth 
values to each variable:
� For the sentence ¬P � Q � R � True � S 

potential models are                                            
m1 = { P=true, Q=true, R=false, S=false }                 
m2 = { P=false, Q=true, R=false, S=true } 

• We write a|m to denote the evaluation of a 
under model m.
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Propositional Logic - Semantics

• Given a model m for a sentence in BNF, the truth 
value of the sentence is evaluated as follows: 
� Variable symbols P,Q,R,… are evaluated according to 

m. True is evaluated as true and False as false.
� For sub-sentences a and b we define:

• (¬ a) is true iff a is false.
• (a � b) is true iff a and b are both true.
• (a � b) is true iff a or b (or both) are true.
• (a � b) is true iff a is false or b is true.
• (a � b) is true iff a and b are both true or both false.

• The semantics imply that a � b is logically 
equivalent to ¬a � b. Moreover, a � b is logically 
equivalent to (¬a � b) � (a � ¬b).
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Propositional Logic - Semantics

• Now what does “logically equivalent” or “iff (if and 
only if)” mean?

• We run into the problem here that anything that 
we may want to state about propositional logic 
involves the same language as propositional logic 
itself! 

• Therefore, when making statements about PL, we 
use terms like “implies” or “iff” so as not to confuse 
statements that we make about PL with sentences 
in PL.
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Propositional Logic - Semantics

• Definition
� When saying that two sentences a and b are 

logically equivalent we mean to say that both 
sentences evaluate to the same truth value no 
matter what model we use for evaluation! 

� We say that a sentence is valid or a tautology iff
it evaluates to true under all models.

� A sentence a is satisfiable iff there exists a 
model under which a evaluates to true. Then, the 
model m such that a|m is true is said to satisfy a.
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Propositional Logic - Semantics

• Theorem:
� commutativity: a � b iff b � a, and a � b iff b � a. 
� associativity: (a � b) � c iff a � (b � c),    

(a � b) � c iff a � (b � c), and 
(a � b) � c iff a � (b � c).      

� double negation elimination: ¬(¬a) iff a.     
� contraposition: a � b iff ¬b � ¬a.  
� implication elimination: a � b iff (¬a � b).   
� equivalence elimination: a � b iff (¬a � ¬ b) � (a � b).
� De Morgan: ¬(a � b) iff ¬a � ¬b, and                                     

¬(a � b) iff ¬a � ¬b.                 
� distributivity: a � (b � c) iff a � c � a � b, and                                                         

a � (b � c) iff (a � c) � (a � b).              



CS 141 - Intro to AI 45

Propositional Logic - Semantics

• A model or instantiation to a sentence in 
propositional logic is an assignment of truth 
values to each variable:
� For the sentence ¬P � Q � R � True � S 

potential models are                                            
m1 = { P=true, Q=true, R=false, S=false }                 
m2 = { P=false, Q=true, R=false, S=true} 

� Now, under which models does the sentence 
above evaluate to true?

• Why did we not allow sentences like                        
P � Q � R?



The End


