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Abstract

This paper gives a constructive proof for the existence of correlated equi-
libria in multi-player games and shows how elements of the proof can be
used for the computation of correlated equilibria in polynomial time for
an important subset of succinct games. None of this work is novel, it
merely aims at a more detailed and approachable description of the proof
in Papadimitriou’s journal article “Computing Correlated Equilibria in
Multi-Player Games”[3] and provides short summaries of the fundamen-
tal techniques employed in the proof.



1 Equilibria in Multi-Player Games

1.1 Multi-Player Games

A multi-player game G is described by a set of players p1, ..., pn,, each of which
can choose from a set of strategies S,. All possible combinations of strategies
are elements of the set of strategy profiles S = HZ:1 Sp. To complete the game
description, we supply a payoff function u? : S — 7Z for each player.

Given these basic definitions, we can describe the players’ behavior by defin-
ing distributions over the set of strategies. Every player chooses one of the
elements from his strategy set with a certain probability and thus we can build
a strategy profile z? € [0, 1)1%! with Zﬁ”l‘ z¥ =1 as a parsimonious description.
Extending this concept to the whole game and all players yields a distribution
zon S: x € [0,1)1% with Zgl x; = 1. Based on the formal game description
we have developed, we are going to introduce the concept of game equilibria in
the next section.

1.2 Definition of Correlated Equilibria

The formal framework presented so far raises the question whether certain states
of optimality' exist in multi-player games. If we accept that all players strive
to optimize their payoffs, it can be imagined that a certain distribution over the
set of strategy profiles will guarantee optimal payoffs for all participants. It is
obvious that such a steady-state can only exist if no player has an incentive to
deviate from the proposed distribution. As we have already noticed, the choice
of strategies is probabilistic and consequently only the expected payoff can be
optimized.

Definition 1.1 A distribution x € A(S) is a correlated equilibrium if the fol-
lowing is true for each player p and all pairs (i,j) € S, x S, in his set of
strategies: If all players adhere to a strategy profile x that recommends player p
to choose strategy i, he has no incentive to play another strategy j instead and

it holds that
Z (ufs - u?s)mis =>0.
se€S_p

To make this definition more approachable, we will calculate correlated equilib-
ria for a simple two-player game in the next section and examine how the concept
of correlated equilibria relates to the well-known notion of Nash equilibria [1].

'Without supplying a strict definition of optimality, we rely on the reader’s intuition of
this concept.



1.3 Correlated Equilibria vs. Nash Equilibria

Definition 1.1 does not impose any restriction on the equilibrium distribution
x (apart from it being valid of course). One significant concept in game theory
that has found wide-spread use in economics and related fields is that of Nash
equilibria. Formally, the only additional restriction imposed on Nash equilibria
is that the distribution z must be a product distribution such that it is fully
defined by its marginal distributions xgp:

n

Ts = H zy VseS (1.1)
p=1
stop | go
stop | 4,4 | 1,5
go | 5,1 | 0,0

Table 1: Payoff matrix for the Chicken game

In order to get a better feeling for equilibria, we will calculate them for the
“Chicken game”. We use the payoff matrix in Table 1 and the inequalities in
Definition 1.1 to assemble a set of constraints that every correlated equilibrium
distribution has to fulfill:

4-5)z11+(1—-0)x12>0
(5—4)xo1 +(0—1)222 >0
(4—5)z1q + (1= 0)agq >0 (1.2)
(5—4)r12+ (0 —1)222 >0
Z Ti; =1
i,j€{1,2}
0<x<1

The first two equations state optimality of the distribution for player 1 (row
player) by comparing the payoffs for the cases when player 2 chooses strategy
“stop” (first equation) and “go” (second equation). We observe that describing
a correlated equilibrium with linear inequalities requires one equation per player
and pairs of strategies in his set. The equation system in (1.2) can be rewritten
in matrix form:

-1 0 1 O :ZZ171
_ 0 1 0 —1 T21
Uz = 110 0| |aws >0 (1.3)

0 0 1 -1 Z22

A short glance at the matrix U in equation (1.3) reveals that the second and
third columns have positive sum while the first and last columns have negative
sum. Exploiting this property, several straightforward equilibria distributions



can be written down (Table 2). It can also be seen that there is an infinite
number of correlated equilibria, an intuitive subset is the convex hull of the
pure Nash equilibria in Table 2. The unique mixed Nash equilibrium is depicted
in Table 3 and those equilibria that are correlated but not Nash are shown in
Table 4

0 011
110 0

Table 2: Pure Nash equilibria for the chicken game

b | s |
b | = ||

Table 3: Mixed Nash equilibrium for the chicken game

O ol

= O

= O
Ol

Table 4: Correlated equilibria that are not Nash equilibria

As the definition of Nash equilibria imposes more restrictions on the dis-
tribution, it follows that Nash equilibria are a subset of correlated equilibria.
To represent Nash equilibria, the marginal distributions of x (for each player)

are sufficient. The mixed Nash equilibrium in Table 3 implies marginal distri-

butions of the form 2! = 22 = (% %)T By contrast, such a representation
is impossible for any correlated equilibrium that is not a Nash equilibrium (cf.
Table 4). Now that terminology and the problem setting have been established,

we go on to explain some essential techniques used in the proof.

2 Techniques for the Proof

A correlated equilibrium can be specified by means of linear inequalities (Defi-
nition 1.1). It is not too surprising that fundamental theorems from the field of
linear programming play an important role in the proof. More surprising is the
use of Markov chains for one of the subproblems in Papadimitriou’s paper. We
chose to cover the technical foundation of the proof at this point but the reader
may also skip this section and follow our references in Section 3, if so inclined.

2.1 Linear Programming

Linear programming is a field of optimization theory that covers problems of
the type described in Equation 2.1. A vector x is optimized (i.e., minimized



min CTII] max WTb

st. Ax>b (2.1) st. Aln<c (2.2)
x>0 ™ >0
Figure 1: The primal problem Figure 2: The dual problem
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in this case) with respect to some linear cost function ¢’z while z is restricted
by constraints of the form Ax > b and has to be non-negative. A fundamental
result is that the primal problem in Equation 2.1 is equivalent to the so called
dual problem in Equation 2.2. The equivalence of the two problems is based
on the idea that linear combinations of constraints can be used to bound the
optimal solution x* for the primal problem from below. We refer to canonical
literature about linear programming (e.g., [2]) for a deeper understanding of the
mechanics involved. One essential feature of duality is the property of strong
duality (Theorem 2.1) which states that the objective values of the primal and
the dual optimal solutions are identical.

Theorem 2.1 For optimal * and ©* it holds that ¢ x* = 7.

Of course, not all linear programs have feasible optimal solutions. Con-
straints can be contradictory in such a way that no non-negative vector x can
fulfill all constraints and thus the whole problem becomes infeasible. Another
scenario ensues when the constraint matrix A allows for feasible solutions at
arbitrarily low objective values (or arbitrarily large values in the case of max-
imization) and the problem is unbounded. Figures 3, 4 and 5 show examples
of all three problem types discussed. There is a relationship between the char-
acterization of the primal problem as infeasible, unbounded or having a finite
optimum and the properties of the dual problem as summarized in Table 5.



Dual | Fin. optimum | Unbounded | Infeasible
Primal
Fin. optimum v - -
Unbounded - - v
Infeasible - v v

Table 5: Combinations of primal and dual problems that can occur together

2.2 Markov Chains

The proof of existence in Section 3 makes heavy use of duality but relies on
certain properties of Markov chains to solve a very specific problem at one point.
For this reason, we are going to give some basic definitions and properties of
Markov chains. For the sake of simplicity, we are not going to present all
definitions in the most general form but instead focus on the relevant properties.

Definition 2.1 A Markov chain C is a stochastic process that fulfills the Markov
property and is defined by a triple < Q,T,p° > with a non-empty, finite set of

states Q@ = {q1,...,qn}, an n X n transition matriz T such that
ZZ:l Ti’k =1 -
OSTiJ‘ S 1 V’L,] S {1,...771}7 (23)
an initial distribution p° = (p¥,...,p%)" where Y7 p) = 1.

Definition 2.2 A Markov Chain < Q,T,p° > fulfills the Markov property if
for every state sequence (X')i—o1,... (X' € Q) it holds that

P(X" = g, X0,.., X = P(X"! = g, |X") VteN g, €Q .

A Markov chain C as defined in Definitions 2.1 and 2.2 can be identified with a
finite state machine where state transitions are probabilistic with probabilities
defined in the transition matrix 7. The quintessential feature of the Markov
property is simply that the state of a Markov chain at time ¢ only depends on
the state at time (¢ — 1). In other words, the past and future of a Markov chain
are independent from the point of view of a specific time point in the state
sequence.

One can ask the question what can be inferred about the probability to be
in a specific state after n steps, given an initial distribution p°. And in fact,
multiplying the distribution p® with the transition matrix T yields the new
distribution after one step, or more generally p" = p° - (T)". Surprisingly, the
sequence of state distributions p’, i = 0,1,... converges towards a steady-
state distribution p* = lim, .o (p° - (T)") independently from p" under mild



conditions. The notion of a steady-state implies two properties:

pr=p-T (2.4)
p (@) Toy=> p (@) T Vi={1,...,n} (2.5)
j=1 j=1

It is Equation 2.5 that will be used in Section 3.

3 Proof of Existence

Papadimitriou’s proof is based on transforming linear problems into other linear
problems of similar form and heavily relying on the properties of duality. We
begin with the problem (CE) which defines correlated equilibria in the form of
a constraint program.

Z (’u’fs - U§5)$i5 >0

s€ES_p
Za:s =1 (CE)
ses
0<z<1

A different formulation is
max Y e,
seS
s.t. Z (uf, —ul)zis >0 (P)
se€S_p

x>0

and the most significant difference between (P) and (CE) is that now an ob-
jective function has been added to the problem definition. Furthermore, even
though z still has to be non-negative, the restriction that x must be a valid
distribution has been removed. The following lemma describes the essential
relationship between the two problems.

Lemma 3.1 Problem (CE) has a solution if and only if (P) is unbounded.

Proof 3.1 ‘=7: If (CE) has a solution xcg, then xog is also feasible in Prob-
lem (P) but not optimal. That is because A - xog for any A > 1 is also feasible
in (P) but has a larger objective value. It follows thatlimy_ > (A zop) = 00
and (P) is unbounded.

“<=”: If (P) is unbounded, its set of solutions is, by definition, non-empty. An
arbitrary solution xp # 0 can be transformed into a solution xcg for (CE) by
applying a normalization that guarantees that rcg is a valid distribution:

Zp

TCE = 7
lzplly



The constraints of problem (P) can be written in more compact form by

expressing the terms Eses,p (uy — uf)zis > 0 as a matrix multiplication
U-x > 0. Furthermore, the maximization of ) __¢ x, is equivalent to the min-
imization of — 3 __gx, (cf. Figure 6). Equivalent to Equations (2.1) and (2.2),
we can formulate the dual problem (D). As all constraints in the primal prob-
lem have a right-hand side of 0, the objective function of (D) is independent
from the dual variables y and has a constant value of 0. Constraints in the dual
problem are of the form “> —1” because all variables x in the primal problem

have a coefficient of —1 in the objective function.

min ,g T

scs max 0
s.t. U-z>0 (P) s.t. Ul y<—1 (D)
x>0 y=>0
Figure 6: The primal problem Figure 7: The dual problem

Our intention is to show that (CE) always has a solution. Lemma 3.1 estab-
lishes that it is sufficient to prove that (P) is always unbounded. This step will
be done indirectly by reasoning about the dual problem (D). Table 5 indicates
that (D) is infeasible whenever (P) is unbounded. However, (D) can also be
infeasible if the primal problem (P) is infeasible. The latter case is irrelevant
in our setting because (P) always has the trivial solution z = 0. It follows that
proving the infeasibility of (D) is identical to the original claim.

Lemma 3.2 Problem (D) is always infeasible.

Proof 3.2 We establish the lemma by proving that for every y > 0, there exists
a product distribution x such that - UT -y = 0. For the aspect of existence, it
18 not necessary to require x to be in product form. However, this property is
essential for the development of a polynomial time algorithm in Papadimitriou’s
article and we adhere to it by defining x5 = . ----- 2"

S1 Sn°
Let us look at the coefficient of a particular reward ut, for player p, s € S_,
and i € Sy, in the termx - U - y:

[T - |a? Do i = > i) (3.1)

q#p JESp JESp

If y is interpreted as the transition matriz of a Markov chain (after normaliza-
tion) and x as a distribution over states, it is guaranteed that a valid x that rep-
resents the steady-state distribution of the Markov chain (Equation (2.5)) can be

found. But then [Hq;ép xgq] . [xf >jes, s — >jes, Ify%] =Tl 2, 7%, -0=0.



If an x can always be found such that x-U" -y =0, the condition UT -y > —1
cannot hold if x is a distribution, i.e., has only non-negative entries. This is
true because x - U -y represents a convex combination of the left-hand sides of
the constraints in (D), all of which are required to be less than or equal —1.

From Lemma 3.2, that states the infeasibility of (D), it can be concluded
that (P) is always unbounded (because it can never be infeasible) and that (CE)
always has a solution. It follows that all multi-player games, as defined in
Section 1.1, have at least one correlated equilibrium.
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