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1 Weighted Set Covet

Input: universe U, a collection S of k subsets S; C U, positive cost ¢; for each subset s;.
Feasible output: a subcollection of S that covers all elements of U
Objective: minimize cost of feasible solution.

min Zle CiTi s.t.
Yu e U Zle Auzxz Z 1
V1 x; € {0, 1}

Where
Am _ { 1 ifues;

0 otherwise

x; specifies whether subset S; is in the solution, and we require that each element appears in at
least one of the subsets.

2 Minimum Spanning Tree

Input: undirected graph G = (V, E), edge costs ¢, for each e € E.
Feasible output: a spanning tree of G.

Objective: minimize cost of solution.

Note: see alternative formulation in the minimum Steiner tree problem.

min Y eck Celle s.t.
Yieepte 2 [V =1
vS cV Ze:(u,v):u,ves Te < |S| -1
Vee E z. € {0,1}

x. indicates whether edge e is in the spanning tree or not. The first constraint ensures we have
at least |V| — 1 edges in the solution (any MST has exactly |V| — 1 edges). The second type of
constraints makes sure there are no cycles by requiring that for any subset S of vertices, there are
at most | S| — 1 edges between vertices of S in the solution, so the vertices of S are not on a cycle
in the solution. Since this applies to all subsets, the solution contains no cycles and hence it is
a forest. Since it contains at least |V| — 1 edges, it only contains a single connected component,
so the forest is a tree.



3 Minimum Steiner Tree

Input: undirected graph G = (V, E'), non-negative edge costs ¢, for each e € E, a subset S C V
Feasible output: a tree in GG that spans all nodes in S.
Objective: minimize cost of output

min ZeEE Cele s.t.
vIrcv:T ;é S Ze:(u,v):uET,UEV\T Te 21
Ve - E Le S {07 1}

x. indicates whether edge e is in the Steiner tree or not. The constraint ensures that all nodes
of S are connected; For each cut of V' that induces a cut of S, there must be at least one
edge crossing that cut in the solution. We do not have to worry about cycles because this is a
minimization problem, and any solution that contains a cycle is not minimal. This formulation
can be used for MST with S = V.

4 Shortest s-t Path

Input: graph G = (V, E), edge costs ¢, for each e € E, source and target nodes s, t.
Feasible output: a path connecting s to t in G.
Objective: minimize cost of path

min Y ecr Cele s.t.
v(‘S?t)_CHt ¢ Ze:(u,v):uGC,vEV\C Te 21
Ve E z. € {0,1}

x. indicates whether edge e is in the path or not. The constraint ensures that the set of chosen
edges crosses any (s,t)-cut in G, so s and ¢ are connected. The minimization ensures that we
get a (minimal) simple path. This formulation works for both directed and undirected graphs.

5 Traveling Salesman Tour

Input: complete undirected graph G' = (V, E), non-negative edge costs c, for each e € E.
Feasible output: a simple cycle visiting all nodes in V.
Objective: minimize cost of tour

min Y ecp Cele s.t.
VU € V Ze incident to v Le S 2
VS CV Y e (uwyuecweric Te = 2
Ve e E z. € {0,1}



x. indicates whether edge e is in the tour or not. The first constarint makes sure that the degree
of each vertex is at most 2, so all cycles in the solution are simple. The second constraint make
sure that the solution is 2-connected, so there must be a cycle that contains all nodes.

6 Multiway Cut

Input: undirected graph G = (V, E), non-negative edge costs ¢, for each e € E, set of k terminals
{51 c. Sk} - V

Feasible output: a set of edges whose removal disconnects the terminals from each other.
Objective: minimize cost of solution

min = ) pceTe St
VI<i<j<k Vsq-tos;pathp Y, 7> 1
Vee E x.€{0,1}

xe indicates whether edge e is removed or not. The constraints make sure that any path that
connects a pair of terminals contains at least one edge which is removed.

7 Metric Minimum k-Center

Input: complete graph G = (V, E), non-negative edge costs ¢, satisfying the triangle inequality.
a number &

Feasible output: a set of k nodes s7...s; in V.

Objective: minimize max,{min;c(v, s;)}

min d s.t.
VueV 3 oy Tuw >1
VoeV Vg, =3, Tu
DYy <k
Yu,v € V xV d > TypCup
Vu,0 € VXV x, €{0,1}
YoeV  y,e{0,1}
d>0

Ty indicates whether node w is in node’s v cluster. The first constraint says that every node is
in some node’s cluster. y, indicates whether v is a center node or not. The second constraint
makes sure that each node that appears asthe center for some node must have gy, > 0. The
third constraint makes sure there are at most k centers. d is constrained to be greater than the
distance of each node to it’s assigned center by the fourth constraint.



8 Feedback Vertex Set

Input: undirected graph G = (V, E'), non-negative vertex costs c,.
Feasible output: a set of nodes whose removal leaves an acyclic graph.
Objective: minimize cost of solution

min = ) ., G, St
Veyclece G )0 coay 2> 1
Vee E . €{0,1}

z, indicates whether node v is in the feedback vertex set. The constraint makes sure that at
least one vertex in every cycle in the original graph is removed.

9 Shortest Superstring

Input: a set of n strings {s; ... s, }over a finite alphabet X.

Feasible output: a string ¢ that contains each s; as a substring.

Objective: minimize the length of .

Let N be the total sum of all strings N = > |s;|. Let s;; denote the j* character of s.

min > v
Vk V5 < |s] S e > 1
vk \V/j/ >j Vi < i Tijk + Tt jrk <1

Vk VS non-contiguous subset of

Vi Vka klau < |8k’7U < ‘Sk’l with Sku 7& Sk Tiuk T Tivkr < 1
Vi kyi 2 321 D j<)s, Tigk
Vi,j, k Tijk S {O, 1}

Clearly [t| < N. z;;; indicates whether ¢; covers the occurrence of s;;. The first constraint says
that each character in each s; must be covered at least once. The second constraint ensures that
the order in which characters are covered is increasing. The third constraint ensures that no
non-contiguous cover exists by restricting the number of characters covered by a non-contiguous
subset of size |sg| to be at most |si| — 1 for each k. The fourth constraint makes sure that covers
are consistent, so if the j** character of s, and the j"*" character of s, differ, then they cannot
be covered by the same position i. The y;s, defined by the fifth constraint, indicate whether
a specific location in the output string is used to cover some character. The objective is to
minimize the number of characters used in the cover. Since characters not used in the cover may

be omitted, it is easy to construct a superstring from the values of the z;;;s.



