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Definitions

G eedy queui ng protodwl each step, each swtc
wth one or nore packets in its queue sel ect:s
and then sends it to the next l|level, unless tfl
t he packet wishes to enter is already full. A
prohibited from sending nore than one packet
step, provided that they use different edges.
Non- predictive protostol each step, each swtc
sel ects one packet fromits queue w thout exan
destinations of any of the packets in its queu
the packet to the next |evel, unless the qu
Wi shes to enter is already full. If so, the
sel ect the sane packet at the next step.
Network isghtly | oadedch input of an NI nput
butterfly sends one packet.

Network ifully | oadéd each iagfpuan N-i nput
butterfly s$egiypackets.



Resul ts

« For any greedy queuing protocol, routing a
problem on a lightly-loaded N-input butterfly
Al ogN) steps, wth high probability, providec

gueue size is a sufficiently-large fixed conste

e For any determnistic non-predictive queuing
there exists a one-to-one routing problem (pet
that requQ(égl ogN) tinme to route, where g IS

maxi mum queue Si ze.



Results

* Routing algorithnms that drop packets when t
contenti on:

« For a random problem the nunber of packets
succeed in |ocking down paths from their or
their destinati o® Ni®d), with high
probability, where q is the nmaxi mum nunbe
packets that any wire can support.

« For any fixed pernutation the expected num

packets that reach their d@éii haty)ons is

« A sinple, but non-greedy algorithmfor routing
problem on a fully-loaded N-input butterfl
bounded-si ze queuef |l ogN) steps, wth high
probability.



Al gorithnms that drop packets

Two net hods of routing:

1. Store-and-forward manmér every tine step, eacl
swtch examnes the head of its input que
forwards a packet to the appropriate output c
gqueue receiving packets is full, then it

packet s.

2.Crcuit-switchilBach packet tries to | ock dow
path between its source and destination. Eacl
the butterfly can sustain up to g such paths.
than q packets want to use the sane edge,
succeed, and the rest fails to lock down tF
Packets that succeed in |ocking down patl
transmtted along these paths to their r

desti nati ons.



Al gorithns that drop packets

The idea of routing any fixed pernutation is be

| dea of routing to random i nternedi ate desti nat

Two back-to-back butterflies: two butterflies v

| ogN nodes are identified.

The source of the packet is level 0 of on
butterflies and each packet has a destination i

the other butterfly.

Two stages al gorithm

1. Packets route from | evel | 6gNoof evbe first
butterfly,;

2.Packets route fronogHved | evel O of the secor

butterfly;



Al gorithns that drop packets

*In the first stage, at, tewerystbkeveltch

receives two packets, one from each of its

edges. The switch selects a random outgoing ¢
one of the packets and routes the other packe
the remaining outgoing edge. In this way, \
packets to random but not i ndependent desti nat

packets are dropped in this stage.

In the second stage, packets are dropped acc
different rules. Each packet picks a random re

to r, where 7N |Whgen packets must be dropped,

packets with the |east rank are dropped in fav

wi th a higher rank.



Al gorithns that drop packets

Lemma 1. The probability that any k packets al
t hrough a node n I mofl eMed second butterfly is at

1
T( .

ProoflLet the sub-butterfly froogNewél thet di r st

butterfly that coriemiBs wheresnthe node in 1

butterfly that corresponds to node n.

« kK packets pass thriddghaln of them pass throug
sone node of B.

* No two paths that are fromthe sources of k pa

i ntersect. If so, then the probability of each

B is independent of the others agd It i s equal

« Thus the probability of all k pagﬁets hitting E



Al gorithns that drop packets

Theorem 1The expected nunber of packets that r
their destina®{ dhl iog)) .

Proof Eval uate the probability of a particul ar ps

2" butterfly reaches its destination.

The probability that p has the Er;i.ghest rank r i

p can be dropped only if there is a node on it
at least q (full) packets going through it, all

E,; expected nunbet upf eqof packets incident on

node at Ib\&fl“deutterElqy:EZ%s 5 (Lemma 1)

Expected total nunbeuplo¢ igaci dent on sone node
on the path is labghist

Expect ed nunber tafpleg with all packets having r
r is at noghg f)=1/q!, sinceiN= | og



Al gorithns that drop packets

« The probability that nhoplseicbxigsts anywhere on
the path of pis at least (1-1/q!).

 p can reach its destination with a probabilit)
(1-1/q')(1/r).

« Expected nunber of packets to reach their desti

at | east (1-1/qQXMNU OB .
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A Sinple Algorithm

e Result:Wth high probability, the algorithm r
Qk+logN) tine to route packets wth ra
destinations, where k is the nunber of pack
originate at each input.

« Algorithm
- Each i nput contributes one paeket to each
--Waves of packets are separ at edobgnsaves of
--A token is placed between each pair of su
packets, and after the | ast packet.

-#th packet is assigned to wavh takeands

assi gned to wave 2i +1.

--For<j, no packet or jtbk@&ve neaves a switch
bef ore any packet oritthokare. n

- 0-edge <l-d.c . D...Clogn2---- - $1.C Cogn .

-1-edge <l-d.c . d... Cogn-2--- - - $1.¢ Cogn3-

--By “forward” a packet or token, we nean send
appropriate queue in the next level. |If that c

the swtch tries again in the next step until i

11



A Sinple Al gorithm

--1@-nbde a swtch forwards packets in 0O-queue u
token is at head of 0-queue. Then it changes to

--1h-nbde a swtch forwards packets in 1-queue u
token is at head of 1-queue.

--Switch waits until both queues at its outgoing
roomto receive a token and sends one token to

them Then it changes back to O-node.

Lemma 2. 1f sonme packet arrives at its destinatic
| ogN+d or |ater, then)&, (d3€gekay sequence nust
have occurred, foeOsoRarfhernore, no two tokens |
t he sequence belong to the sanme wave.

Proof This proof is very simlar to our |ectures.

« A(w,f)-delay sequence consists of four conponen
A path P from an output to an input..,sa dequence
w, not necessarily distinct swtches which appe
on P; a sequeancgyhof w distinct padkstensnd

a non-increasing sequence of waye,rpunbers r
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A Sinple Al gorithm

« Forward edgepath traces an edgelfrowt.l evel

« The length, L, of P. L=logN+2f, where f is ni
forward edges in path P.

« A del ay sequence occurs: packetbarongskero h
waver; and passes througls, sditxch

 Lag of a switch s at tineisl.on | evel

« Rank of a packet is a 2-tuple: (wave nunbe

nunber). Each packet has a distinct rank.

First suppose sone packetvds at its degtiatati on,

stem;, wherm=|l ogN+d.; bas lag at |least @ at step
Then construct the delay sequence by spending |:
Fol |l ow; hback in tinme until the step at which it

del ayed..
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A Sinple A gorithm

Lemma 3.1f a (d+(@gr 2f)-del ay sequence occurs, th

(bg, f) bunched del ay sequence occurs, where

i+ (q-20)f —bk—-(b-1)1 ogN (]
9= b

Proof Packets are partitioned into bunches of si.:
that all packets in each bunch pass through the
on the sequence and have the sane wave nunber. V
find out a bunched del ay sequence.
e« Start Htsditch s in the sequence, form a bunch
b packets wth wave nunber 2(k-1).
--1f successf ulqgr mheemot her one.
--1f not):Di étard those packets and begin for
bunches with next smaller wave nunber if there
packets that pass thinougihis case, discard at m
k(b-1) packets; (2)Myve on next switch if th
packets in this case, discard at nost (| ogN+2f)
« The del ay sequence contains at)fl-éastackgte 2
and we discard at nost k(b-1)+(logN+2f)(b-1)

So we can get g easily.
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A Sinple A gorithm

Theorem 2For any, cthere exi st consdrant g>@

such that the probability that any packet is del:
t han dgk+l ogN) steps is at °hosthet/eNk is the
nunber of packets per input of the butterfly.
Proof By Lemma 2 & 3, if sonme packet has del ay
(d+(g)2, f)-delay sequendsm, arid @dupched del ay
sequence nust occur.

* Nunber of different bunched del ay sequence is .

2 O B B

--There are N choices for ;the output swtcl

--For each of L swtches, there;are at nosl

(o]

+

%+9%choose g switches from L;
% K

) %choose wave nunber for g bunches;

%j%for a switch w tdhchewsk b packets.
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A Sinple Al gorithm

e The probability that all of packets pass thr
correspondi ng smﬁtﬁhﬁs I nce each of b packet:

inith bunch has probali loft ypabkk2ng t hrough any

particular swtchdan | evel

« SO probability of any del ay sequence occurs is:

2R L
3o “fleL+g) / Gl eg_k) / &1/ bY )
(84 b)g 29

By making g |arge enough, we can nake this prod

IN

IN

t han 1N for any constant ¢
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