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Max Flow Min Cut via LP Duality
A path LP for Max Flow. Here is the linear program L P for the max flow problem:

max Z fe— Z fe  such that

e=(s,u) e=(u,s)
Ve fe<ece
Vutst Y fo= > fe
e=(v,u) e=(u,v)
Ve fe=0

I claim that the value of LF, is equal to the value of the following linear program LP;:

max Z Tp such that
p path from s to ¢

Ve prgce

p:e€p
Vp xp, >0

To prove one direction of the claim, let f # 0 be a flow. Let H be a graph that has an edge
e whenever f. # 0. Then (by flow conservation properties) s is connected to ¢ in H, so there is a
path p such that f. > 0 for every e € p. Let x, be the minimum of f, for e € p. Let f. = f. if
e ¢ pand = fo —x. if e € p. Then f’is a flow on the graph with capacities ¢ — € {cc,ce — xp}
depending on whether e ¢ p or € p. At least one edge disappears: ¢, > 0,¢, = 0. By induction on
the number of edges we can model flow f" as 3~ x; with

Ve Zw{ngce

q:ecq
Yq acﬁ] >0

So f = Z:Efl + x, can also be written as a linear combination of flow path variables. Thus, given
(fe)e feasible for LPy, we defined a (z,) feasible for LP;, with same value, and so Value(LP,) <
Value(LPy).

To prove the other direction of the claim, given a linear combination of flow path variables, (z,),
let f. = Zp: ecpTp- 1t is easy to check that f satisfies the flow constraints. Thus Value(LP;) <
Value(LPy). The claim follows.



CS157 - Max Flow Min Cut via LP Duality Claire Mathieu(CS157)

The dual LP. By the linear programming duality theorem, the value of LP; equals the value of
its dual, the following linear program LP5:

min Z YeCe  such that
e

Vpo Y ye>1

e:eep
Ve ye >0

Equivalent integer program. I claim that LP, has the same value as the following integer
program I P:
minZyece such that
e

Vpo Y ye>1

e:eep
Ve y.€{0,1}

One direction is obvious: since LP5 is a relaxation of I P, we have Value(LP%) < Value(IP).

To prove the other direction (sketch), given an optimal solution (y.) to LP;, let L denote the set
of vertices reachable from s using edges of value y. = 0 only, and R = V' \ L. Note that s € L and
t ¢ L,so (L,R)is acut. Let y, be 1if e € L x R and 0 otherwise, and let & = min{y,,e € L x R}.
Let y"c = (ye — ayl)/(1 — ). We have y = ay’ + (1 — a)y”, with a € [0, 1].

Clearly, v/ is feasible for LP,. As to y”, clearly 3”. > 0 for every e. Consider a path p which
crosses the cut (L, R) two or more times: write p = pi(u,v)ps, where (u,v) is the last time that
p crosses the cut. Consider the path p’ = p)(u,v)ps, where p} is a path from s to u that stays
entirely in L (it exists by definition of L.) Since p’ only crosses the cut once, the constraint for p’
is satisfied (by an easy calculation); and that implies zeep Ye > Zeep, Ye > 1, so the constraint
for p is also satisfied. This means that y” is also feasible for LP,. Thus y, which is optimal, is
a convex combination of two feasible solutions: they must both be optimal as well. But 3/ is an
integer solution. So Value(LP2) = )", c.y. > Value(IP). The claim follows.

Relating the integer program to the minimum cut. Finally, I claim that the value of IP
is exactly the value of the minimum cut from s to t.

Indeed, given a feasible y, let L be the set of vertices reachable from s using edges such that
Ye = 0 only and R = V \ L. Because of the constraints, (L, R) is a cut. Every edge of L x R has
Ye = 1, and so the capacity of the cut is Y .7 pCe = D ccrxpr Celle < D Cele, 50 Value(IP) >
Value(MinCut).

Conversely, given a cut (L, R), let (y.) be defined by y. = 1 if e € L x R and y. = 0 otherwise.
Clearly, (ye) is feasible for /P and its value equals the capacity of the cut, so Value(MinCut) >
Value(IP). The claim follows.

Concatenating everything:

Value(MaxFlow) = Value(LFy) = Value(LP;) = Value(LP») = Value(I P) = Value(MinCut).



