
Population Coding

“ Now listen to me closely, young gentlemen. That brain is thinking.
Maybe it’s thinking about music. Maybe it has a great symphony all
thought out or a mathematical formula that would change the world
or a book that would make people kinder or the germ of an idea that
would save a hundred million people from cancer. This is a very inter-
esting problem, young gentlemen, because if this brain does hold such
secrets, how in the world are we ever going to find out?”

Dalton Trumbo, Johnny Got His Gun

We have seen how activities such as hand motion can be represented by the
firing rates of a population of cells and the population vector method gives a simple
procedure for recovering (or inferring) this motion from observed firing rates. In
its most general form the population vector method can be written as

x̂ = �
X
i

ri�xi (1)

wherex is some quantity represented by the cells (e.g. hand position or velocity),x̂
is the estimated quantity,� is some scaling or normalizing constant,ri is the firing
rate of celli and�xi is the quantity the cell encodes (e.g. its preferred direction).

Until now, this equation has been presented as a simple, intuitive, model that,
with some tuning of�, produces reasonable reconstructions of the subject’s action.
But how do we arrive at such a model? How good is it? What assumptions does
it make? By understanding the answers to these questions, or hope is to be able
to formulate better models with more principled assumptions and that lead to more
accurate reconstruction.
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Bayesian Inference

Let us start by posing the problem we are trying to solve in a general probabilistic
framework. Letp(X = xjR = r) represent the probability that the state of the
system isx given that the firing rates of all the cells arer = [r1; : : : ; rn]

T . X and
R are random variables that can take on different values andp(XjR) represents the
entire probability distribution over these values. For notational simplicity we will
simply writep(X = xjR = r) asp(xjr).

If we can formulate this probability distribution then we can do a variety of
things such as find the value ofx that maximizes the probability givenr or we can
find the expected value ofx. The problem remains however as to how to formulate
such a probabilistic model. Often it is convenient to use the laws of probability
theory to rewrite this equation. UsingBayes’ rulewe rewrite it as

p(xjr) = p(rjx)p(x)
p(r)

: (2)

The first thing to notice is that if we are interested in estimating something about
x then the denominator,p(r) on the right hand side is not going to be relevant; it
is constant with respect tox. Formally, this normalizing term can be computed by
marginalizing outx

p(r) =

Z
x
p(rjx)p(x)dx:

In general, it does not need to be estimate explicitly but rather is taken to be a
constant such that

Z
x
p(xjr)dx = 1:
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Bayes’ Rule

Bayes’ rule is derived from a simple law of probability stating that
the joint probability of two random variablesA andB can be writ-
ten as

p(A;B) = p(AjB)p(B)

or
p(A;B) = p(BjA)p(A):

¿From these we have

p(AjB)p(B) = p(BjA)p(A)

or Bayes’r rule

p(AjB) =
p(BjA)p(A)

p(B)
:

Likelihood

Bayes rule allows us to representp(xjr) as the product of two terms which have
special significance. The first,p(rjx), represents thelikelihood of observing the
data (firing rates),r, given the statex. If you think of x as a control knob which
can be tuned to different values, then the likelihood tells us the probability of ob-
servations given a particular parameter setting.

Prior

The second term in the numerator,p(x), is call theprior. This represents thea
priori probability ofx; that is, the probability prior to making any measurements.
This term is used to represent information we may know aboutx that is independent
of the firing ratesr. A particularly important source of prior information will be
temporal. Often we want to estimatex at some particular instant in timet where we
know the value ofx at the previous time instantt � 1. We can write this temporal
prior as

p(xt) =

Z
p(xtjxt�1)p(xt�1)dxt�1:

We will return to this later.



4 CS295-7 c
 Michael J. Black, 2001-2002

Posterior

Finally, p(xjr) is call theposteriorprobability; that is, the probability ofx after
taking into account the measurements. In Latin,a posteriori means “reasoning
from observed facts back to their causes” (Microsoft Encarta World English Dic-
tionary). The key here is that Bayes’ rule formalizes the “reasoning” process. It
tells us how to make inferences that take into account both the observed data and
our prior knowledge about the world.

We will spend the rest of the course essentially exploring this idea and how to
make it practical for computers to infer activity from brains. Below we start with
the likelihood term and eventually will see how the population vector method can
be thought of in this Bayesian framework. Right now you should be wondering
what the simple population vector algorithm means in terms of a likelihood and a
prior. Hold that thought...

The Likelihood

One of the benefits of a Bayesian approach to the decoding problem is that it forces
us to make our assumptions explicit. In modeling the likelihood term we will start
with some simple assumptions and later in the course explore how to make them
more realistic.

Conditional Independence

First we can write the likelihood of the statex given the firing,r, of n cells as

p(r1; r2; : : : ; rnjx):
If we know x and the firing rate of a cell depends onx, independent of the fir-
ing rates of other cells, then we may assume that the probability of firing for the
different cells,conditioned onx, are independent. Formally, if

p(AjB;C) = p(AjB)

thenA andC are said to be conditionally independent givenB. In other words,
once we knowB, knowingC does not give any more information. Note that this
does not imply the stronger statement thatA andC are independent which would
imply p(A;C) = p(A)p(C). In our case, we only assume that if we know the state
x that the firing rates of the cells are conditionally independent:

p(r1; r2; : : : ; rnjx) = p(r1jx; r2; : : : ; rn)p(r2; : : : ; rnjx)
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= p(r1jx)p(r2; : : : ; rnjx)
= p(r1jx)p(r2jx)p(r3; : : : ; rnjx)

=
nY
i=1

p(rijx):

This assumption means that the joint likelihood over all the cell’s firing rates is
simply represented as a the product of the individual likelihoods. Note that this sim-
plification is just an approximation. Since the cells we record from may influence
each other, their firing rates may well be dependent on each other.

Generative Model

To specify the likelihood function it is useful to explicitly state ourmodelof how
cells encode the state,xt, at time t in terms of their activity. In particular, we
specify agenerative modelof, for example, firing rate at timet for cell i as

ri;t = fi(xt) + �

wherefi(�) specifies some function that takes the state and produces the expected
neural firing and� is some noise which suggests that our modelfi is uncertain or
that the data is stochastic.

Once again, we are making our assumptions explicit and throughout the course
we will consider a number of different generative models with different models (or
tuning functions) and different noise properties.

For now consider a simple tuning function in which cells have some preferred
state�xi at which they fire maximally and that the activity drops off as the current
statext differs more from the preferred state. This can be captured using a simple
Gaussian tuning function

fi(xt) = k e
�(xt�xi)

2

2�2

wherek is a normalizing constant that is1=(
p
2��) if fi(x) is a probability distri-

bution (which integrates to 1) but more generally can be scaled so thatfi() produces
a predicted firing rate (rather than a probability).

While fi() models how the firing rate varies withx, it does not say anything
about the noise we expect in our observations,ri;t. If the firing rate is estimated
in relatively short time bins (� 200ms), then this variation the activity is well
modeled by a Poisson distribution

p(ri;tjxt) = 1

ri;t!
e�fi(xt)fi(xt)

ri;t
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where, recallri;t is an integer as it is the observed firing at timet (computed in
some finite time bin). We call this aninhomogeneousPoisson model since the
mean firing rate,fi(xt) varies over time according to the state as specified by the
tuning function.

Now combined with the conditional independence assumption we have fully
specified the likelihood as

p(rjxt) =
nY
i=1

e�fi(xt)
fi(xt)

ri;t

ri;t!
:

Inference

Inference often involves extracting some value (or values) fromp(rjx). There are
a number of possibilities. A common approach involves computing amaximum
likelihoodestimate ofx

x̂ML = argmaxxp(rjx):
This is only a Bayesian estimate if the prior,p(x) is uniform.

Alternatively we can seek themaximum a posteriori, or MAP, estimate

x̂MAP = argmaxxp(xjr)
which takes into account both the likelihood and the prior and where

p(xtjr) /
nY
i=1

e�fi(xt)
fi(xt)

ri;t

ri;t!
p(xt):

Maximizing p(xjr) is equivalent to minimizing its negative logarithm. For the
case described above with a Gaussian tuning function and Poisson noise, if we
further assume a uniform prior the we can write the� log as

� log p(xjr) =
nX
i=1

fi(x)�
nX
i=1

ri log(fi(x)) � k1

wherek1 = �Pi log(ri!) is a constant independent ofx.
Since the tuning function is Gaussian, this further simplifies to

� log p(xjr) =
nX
i=1

fi(x) +
1

2�2

nX
i=1

ri(x� xi)
2 � k2

wherek2 now include bothk1 and the log of the constant scale multiplying the
tuning function.
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We further assume that the space of possible values ofx is evenly represented
by the population of cells we are recording from. This is the case in primary motor
cortex where cells representing movement direction appear randomly distributed
and where we can record from a sufficiently large population. When this assump-
tion holds

Pn
i=1 fi(x) will be roughly constant, independent ofx. Therefore it need

not be considered in the minimization of� log p(xjr).
To minimize� log p(xjr) we take its derivative with respect tox, set it equal

to zero, and solve forx

d

dx
� log p(xjr) =

1

2�2

nX
i=1

2ri(x� xi) = 0:

Simplifying gives
nX
i=1

rix�
nX
i=1

rixi = 0

or finally

x =

Pn
i=1 rixiPn
i=1 ri

:

This is simply a scaled version of the population vector result.
Summarizing, thead hocpopulation vector method can be understood as em-

bodying a number of implicit assumptions. These are

� conditional independence of the firing rates of cells,

� cells have a preferred value,xi, and a Gaussian tuning function,

� the generative model assumes an inhomogeneous Poisson process,

� the prior probability ofx is uniform,

� the cells are sampled uniformly with respect to their encoding,

� there exists a single best (MAP or ML) estimate ofx.

Note there is also an inconsistency between the original assumption of cosine tun-
ing for cells in motor cortex and the actual assumption of Gaussian tuning. They
are similar but not the same.

We argue that this analysis is useful because it makes explicit what was hidden
implicitly in the algorithm. By making the assumptions explicit we can begin to
see how to improve on them. We will do so one by one in the coming weeks.


