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Last time

• Multiple Qualifiers: x y etc.

• Universal Conditional: x, P(x) Q(x)

• Argument forms

– Universal Modus ponens, Universal Modus tollens



English  Logic

Everyone likes someone.

L(x, y) := x likes y.  Let D = all people in the world.

x in D, y in D such that L(x,y).



English  Logic

Anyone who has a friend who has the ebola virus 
will have to be quarantined.

D = all people in the world.
x in D (if x has a friend who has the ebola virus, 
then x will have to be quarantined)
x in D ( y in D (y is a friend of x and y has the 
ebola virus) x will have to be quarantined)

Define F(x,y) := y is a friend of x
E(y) := y has the ebola virus.
Q(x) := x will have to be quarantined.

x in D ( y in D ( F(x,y) and E(y) ) Q(x) )



English  Logic

If anyone in the dorm has a friend who has the ebola virus, then 
everyone in the dorm will have to be quarantined.

(Someone in the dorm has a friend who has the ebola virus) 
(everyone in the dorm will have to be quarantined).

D = all people in the world.  L(x) := x lives in the dorm
x in D [L(x)  and x has a friend who has the ebola virus] (everyone 

in the dorm will have to be quarantined) 
Define Q(x) := x will have to be quarantined.

x in D [L(x)  and x has a friend who has the ebola virus] 
z in D (L(z) Q(z))

Define F(x,y) := y is a friend of x
E(y) := y has the ebola virus.
Q(x) := x will have to be quarantined.

x in D [ L(x)  and y in D ( F(x,y) and E(y) ) ] z in D (L(z) Q(z))
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Statements:

.ƭǳŜόȅύΥ άȅ ƛǎ ōƭǳŜέ

Triangle(x): άȄ ƛǎ 
ǘǊƛŀƴƎƭŜέ

Left(x,yύΥ άȄ ƛǎ ǘƻ 
ǘƘŜ ƭŜŦǘ ƻŦ ȅέ

Etc.



Modern Textbook Proof
Definition: An integer m is even if and only if there exists 

an integer k such that m = 2k.

Proposition: The product of two even integers is even.

Proof:

Suppose x and y are even integers.

Then x = 2a and y = 2b for some integers a and b, by the 
definition of even.  We compute

x y = 2a × 2b = 2 (2ab).

Since k = 2ab is an integer, xy= 2k is even, by the 
definition of even.  



Deconstructing a Proof
Definition: An integer m is even if and only if there exists 

an integer k such that m = 2k.

Proposition: The product of two even integers is even.

Proof:
Suppose x and y are even integers.
Then x = 2a and y = 2b for some 

integers a and b, by the definition 
of even.  

We compute
xy = 2a × 2b = 2 (2ab).

Since k = 2ab is an integer, xy= 2k is 
even, by the definition of even.  

Universal modus ponens
m, m even integer k s.t. 
m = 2k

P(m) := m is even
Q(m) := integer k s.t. m = 2k 
P(m)  Q(m) m
P(x)
Therefore, Q(x)



Deconstructing a Proof
Definition: An integer m is even if and only if there exists 

an integer k such that m = 2k.  

Proposition: The product of two even integers is even.

Proof:
Suppose x and y are even integers.
Then x = 2a and y = 2b for some 

integers a and b, by the definition 
of even.  

We compute
xy = 2a × 2b = 2 (2ab).

Since k = 2ab is an integer, xy= 2k is 
even, by the definition of even.  

Universal Modus pones
m, m even integer k s.t. m = 2k

P(m) := integer k s.t. m = 2k
Q(m) := m is even

Universal modus 
ponens

Laws of Arithmetic



A proof?

Proposition:The sum of any two rational 
numbers is rational.

Proof:

Let rational numbers r = ¼ and s = ½ be given.

Then r + s = ¼ + ½ = ¾, which is a rational 
number.  This is what was to be shown.

Mistake: Only show one example!  Did not show 
that statement true in general.



A proof?

Proposition:The sum of any two rational numbers is 
rational.

Proof:
Suppose r and s are rational numbers.  By definition of 
ǊŀǘƛƻƴŀƭΣ Ǌ Ґ ŀκō ŦƻǊ ǎƻƳŜ ƛƴǘŜƎŜǊǎ ŀ ŀƴŘ ō ǿƛǘƘ ō ґ лΣ 
ŀƴŘ ǎ Ґ ŀκō ŦƻǊ ǎƻƳŜ ƛƴǘŜƎŜǊǎ ŀ ŀƴŘ ō ǿƛǘƘ ō ґ лΦ  

Then r + s = a/b + a/b = 2a/b.  Let p = 2a.  Then p is an 
integer since it is a product of integers.  
IŜƴŎŜΣ Ǌ Ҍ ǎ Ґ Ǉ κ ōΣ ǿƘŜǊŜ Ǉ ŀƴŘ ō ŀǊŜ ƛƴǘŜƎŜǊǎ ŀƴŘ ō ґ лΦ  

Thus, r + s is a rational number by the definition of 
rational.

Mistake: s = a/b is not a generic particular, since r = a/b!  
This is a proof of the special case r = s.



A proof?

Proposition:The sum of any two rational numbers is 
rational.

Proof:

Suppose r and s are rational numbers.  By definition of 
ǊŀǘƛƻƴŀƭΣ Ǌ Ґ ŀκō ŦƻǊ ǎƻƳŜ ƛƴǘŜƎŜǊǎ ŀ ŀƴŘ ō ǿƛǘƘ ō ґ лΣ 
ŀƴŘ ǎ Ґ ŎκŘ ŦƻǊ ǎƻƳŜ ƛƴǘŜƎŜǊǎ Ŏ ŀƴŘ Ř ǿƛǘƘ Ř ґ лΦ  

Then r + s = a/b + c/d.  But this is a sum of two fractions, 
which is a fraction.  Therefore, r + s is a rational 
number since a rational number is a fraction.

Mistake: Incorrect usage of definition of rational!  
wŀǘƛƻƴŀƭ ґ άŦǊŀŎǘƛƻƴέΦ


