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INTRODUCTION TO COMPUTER GRAPHIC S

Image Scaling

A Back to image scaling
A In particular, problem of resampling

Image Acquisition Scaﬂﬂfﬂg
(includes
sampling)

i
Preprocessing reconstruction
—h-
ey
Mapping mapping
S

Postprocessing FCS&IHpHHg

Y

Output
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Mapping

Samples, Reconstruction, and Filters
A build new image out of old one

new image = transformed version of old
one

A
A N new pixels will be derived from M old
A

pixels. How to get new pixels?

Sample old image. Exactly where we
sample is determined by size of old and
new image

A Example: scaling up. Old image: 10 x 10
pixels; New image: 15 x 15 pixels
I need to generate 15 x 15 sample
points; have 10 x 10 pixels

I given 15 x 15 samples across
10 x 10 pixels, must sample
Ain betweeno some pi
Image
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Sampling

A Each pixel in new image will map to a
sample point in old image
A If sample point lies exactly on pixel in

old image, then we can use that pixel
value

A But what if our sample point lies
somewhere between two old pixels?

A Answer #1: if we had fo
continuous picture represented by our
10 x 10 image, then we could resample
It 15 x 15 times instead. However, we
only have a discrete version

A Answer #2: take our best guess at
what original picture would have looked
like. Using old data, try to reconstruct
value at any arbitrary sample point on,
or in between, our 10 x 10 pixels
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INTRODUCTION TO COMPUTER GRAPHIC S

Sampling Reconstructed
Image (1/3)

A Resampling original image (say of three gray
vertical bars) between integer pixel locations: use
best guess

Old image size: 10 pixels

[ N
Each integer pixel
location in new

. : ? ’ ’ 1 1 [ | |
transformed image I i I YUY
corresponds to
a real-valued
sample location
in old image
(not necessarily
on pixel

I e ey ) ) O A
-ttt T ° 1T 1T 1T T

boundaries! In this
case, we must sample
15 times in a 10-pixel
area, L.e., every

10/15 or 2/3 pixel
intervals)

New image size: 15 pixels

SWAG Asi mmlses Wi

Good guesses ‘/
Scaled intensity function L B .f

with best guess on
e BUESS § ® X N
resulting inter-pixel

sample values
,?svTIIIIIIIIIIII

No guess needed
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INTRODUCTION TO COMPUTER GRAPHIC S

Sampling Reconstructed
Image (2/3)

A Can think of image sampling as two distinct steps

A Reconstruct doriginal o contir
information from our discrete samples; note:
most likely reconstructed image does not actually
match original
o0 0 00

e 0 (a)

Wanstih

1 | | |
T 1T 1T 1

A Then, resample continuous data at mapped
| ocati ons. Note: new sampl e
match with old ones

(c)

Andries van Dam October 20, 2009 Antialiasing and Img Proc




INTRODUCTION TO COMPUTER GRAPHIC S

Sampling Reconstructed
Image (3/3)

A Display sampled values at their proper
pixel locations in transformed image
(we have scaled image)

mf’_”_'_\»’ (c)

® (d)
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Discrete Reconstruction

A In implementation, reconstruction / resampling
stages are one step

I We can only do it analytically for special cases

A AOriginal o function is reco
points needed for our new image. Why
reconstruct continuous Aori
only need to sample at a few locations?

To get thiseé

Why build
this...

When you only

need this? ® @ ¢ 9
| | | |
I I I I
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Filters (1/2)

A How to perform reconstruction from
sampled signal?

A Use same filters as for pre  -filtering,
l.e., removing high frequencies from
continuous signals

A Take as input an arbitrary sample
point in old image (sample points
can lie between pixels)

I best guess at what new value should
be, using old I mage?o:-
values.
A Taking weighted average of  discrete
pixel values, much easier than
Integrating over  continuous
differential areas
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Filters (2/2)

A In general, the better a filter will estimate
the original signal, the more expensive it is.

I We want to find a good middle ground
between cost and quality

A Review of general traits of filters:

I take weighted sum of pixel values near
sampled point

I pixels further away are less influential

I areacovered by filter 90 called support 0 is
centered around sample point and usually
finite in extent

I normalize area under filter to sum to 1

A ensures transformed image will have same
overall brightness as original image

I play with different filter shapes using scaling
applet
A http://www.cs.brown.edu/exploratories/freeSof

tware/repository/edu/brown/cs/exploratories/a
pplets/filterShape/filter shape guide.html
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INTRODUCTION TO COMPUTER GRAPHIC S

Digression on Scanning  (1/2)

A Just looked at resampling signal reconstructed
from samples to scale image; leads to notion
of reconstruction filter

A Look at scanning a photo using CCD scanner
to understand sampling/reconstruction in
spatial and frequency domains

A Scanning Acontinuouso phot
unweighted area sampling: each rectangular
element responds to total amount of light
falling on it, without regard for how the light is
distributed across the sensor.

Scanner CCD Camera CCD

P W W R S

Thanks to Albert Einstein
for photceelectric effect
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INTRODUCTION TO COMPUTER GRAPHIC S

Digression on Scanning  (2/2)

Look conceptually at process of scanning
continuous image using theoretical model of

pre-f i1 Il tering ead(lx),felloneech | i n
by sampling

1) Pre -filtering [bad]:
I scanner convolves with box function

(unweighted area sampling) in spatial domain
(CCDo6s fault; not continuo

I dualis sinc multiplication in frequency domain

I produces intermediary continuous signal . fHx)
mostly band -limited to main frequencies near
zero

I scanning loses high -frequency information
but corrupts signal by adding aliases

2) Sampling:
i sample X)yield discrete pixels P i
(information we store about image)

I intensity of P ; determined by signal from ith
CCD element

A Sample P . is corrupted version of original
intensity of that area; cannot represent
original exactly, so do best we can
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Reconstruction Filters  (1/4)

Sampling introduces infinite replicas of a spectrum

~

A Sampling continuous signal E(rx()iscrete pixel
locations = multiplying continuous function in \E(X)
spatial domain by comb function, g(x) . Comb function

(spatial domain) is zero  -valued, except for series of
iImpulses with amplitude 1 at sampling location

A Dual of comb g(x) in spatial domain is comb G(u) in
frequency domain (Fig 14 .26 b), set of Dirac Delta
functions; Delta is zero everywhere except near center,
its area is 1. Multiplying \E(w)th comb in spatial _
domain is same aE(x)convdfF(u)i ng
combos QG(wal i n frequenc

A Convolving frequency spectrum with comb G(u) yields
FES(U) (See Figure 14.26d). IES(uyontains infinite 5
number of replications of band -limited spectrum of FE(u)
at multiples of sampling frequency
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INTRODUCTION TO COMPUTER GRAPHIC S

Reconstruction Filters  (2/4)

Sampling introduces infinitely replicated
spectrum of any band  -limited signal

Spatial Domain G(X) Frequency Domain G(U)

1] f; 125

i 1||‘
i

0 128 256 384 §12 5 -2 0 25 5
(a) (b)

Frequency Domain ~ F(U)

Frequency Domain  F (U)
307 . . s
25 -

75

L = . B S

-5 -.25 0 25 5 -5 -25 0 25 5
ic) ) (@
Figure 14.26

A (a) Comb function G(x) (b)its frequency spectrum G(u), also
comb

A (c) frequency spectrum of band -limited signal

A (d) Convolution of (b) and (c) in frequency domain I infinite
frequencies with high amplitude! (A function convolved with
Delta is function at Deltads Al ocat

pass pre -filtered (box in frequency domain), tails of
overlapping spectra add, causing further corruption

A Samples form step function (vertical edges between adjacent
pixels) in spatial domain; need infinite frequencies to describe
signal
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Motivation of why sampling

Introduces infinitely
replicated spectrum

A Think of comb of Deltas in frequency domain as skinny boxes
with narrow base, height to make area = 1

A Take just the "tooth" at the origin, single skinny box

A Then convolution with signal in frequency domain is just box
filtering

A introduces aliases, blurs signal

A will yield an attenuated, truncated, corrupted version of
signal 6s spectrum at origin

A As box gets skinnier and skinnier, it will weigh fewer
frequencies away from the center of the spectrum

A In the limit, it will simply reproduce the spectrum, without
aliasing/blurring

A Same process at each Delta's location

A depending on sampling frequency, the spectra will have
overlapping tails, further corrupting
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Reconstruction Filters  (3/4)

How do we kill all replicas?

A We remove all but original band -limited
spectrum by multiplying with low - pass box
filter in the frequency domain, which once
again corresponds to  convolving with  sinc
In the spatial domain

v
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INTRODUCTION TO COMPUTER GRAPHIC

I

Reconstruction Filters  (4/4)

Use sinc (or cheaper triangle) to remove replicas in
the frequency domain

A Nextimages (figure  14.27) show discrete sampling and
removal of unwanted replicas

i Images on left represent signal in spatial domain
i Images on right represent frequency domain
A Best: optimal reconstruction filtering with box in
frequency domain (  sinc in spatial domain)

A Adequate: approximate reconstruction filtering with
triangle in spatial domain:
I leaves higher frequencies
i will cause some aliasing
A Triangle reconstruction convolution is decent and
inexpensive for removing replicas. Note: reconstructed
signal and its frequency spectrum less accurate using
triangle
A Later: pre -filtering and reconstruction filtering can be
condensed to single filtering step
A Note : we do discrete convolution of samples with filter

by placing filter at consecutive sample points (at pixels
or in between them, if image is scaled)
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Reconstruction Filters:
smc vs. Triangle

| Fiwh |

a8
75| 6
5 4
4] 0
0 16 az 48 64
(a)
1 8
TS5 -]
o : L,.L,L,LJ
'Eﬁ.: “|||||||I|I I }||!= Mt I.I||||||||||| E]
1] 16 32 48 64
o)

(<)

oONE®®

L))

ON &G

(=)

n - |
[=J " i R
oM & ®

o 16 32 48 64
U]

Fig. 14.27 Sampling and reconstruction: Adequate sampling rate. (a) Original signal. (b)
Sampled signal. (c) Sampled signal ready to be reconstructed with sinc. (d) Signal
reconstructed with sinc. (e) Sampled signal ready to be reconstructed with triangle. (f)
Signal reconstructed with triangle. (Courtesy of George Wolberg, Columbia University.)
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Reconstruction Filters:
Inadequate Sampling Rate
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Fig. 14.28 Sampling and reconstruction: Inadequate sampling rate. (a) Original signal.
(b) Sampled signal. (c) Sampled signal ready to be reconstructed with sinc. (d) Signal
reconstructed with sinc. (e) Sampled signal ready to be reconstructed with triangle. (f)
Signal reconstructed with triangle. (Courtesy of George Wolberg, Columbia University.)
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INTRODUCTION TO COMPUTER GRAPHIC S

Box Filter with 2 unit support

1/2

-1 1
_ e1/2 -1<x<1
B(X)= 1
| O elsewhere
A Reconstructingwith Bas filter f@Adraws

A Box filter has discontinuities at boundaries,
discrete convolution must be special cased:

I at old pixel locations: just use pixel values

I everywhere else: use box filter (covers two
pixels); value is just unweighted average of two
neighboring pixels

A Not bad for signals with large constant areas
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INTRODUCTION TO COMPUTER GRAPHIC

(2/2)

Box Filter

A Lousy for steadily varying signals, for instance,

sin(x)
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Triangle Filter (1/3)

A This normalized filter, with 2 unit support,

approximates sinc filter of right width to
remove replicas

1.0
-1.0 1.0
gl- | x| -1<x<1
T(X) =1 -
i 0 elsewhere
_L1
A—Ebh—l

A Acts as linear interpolation filter. Takes
average of neighboring pixel values
weighted by distance from sample point,
i .e., Aconnect the dotso
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Triangle Filter (2/3)

A If we center triangle filter directly over pixel

i n source 1 mage, |t retur |
value:

I /_\ . —
1.0_) Filter value at x = 1.0
Pixel value at x= 0.8

FiIteerA Py =083 |

uE
I I

Filter centered aty X1

A What happens when we sample halfway
between pixels in source image?

A Intuition: would expect it to return average
of two pixel values. Intuition is correct:

Filter value at x = 0.5
Pixel value at x= 0.8

Filter value at x = 0.5
Pixel value at x= 0.5

Filter,, A P, =x0et |
o Filter , A P,j =x0&%
Xp X1 FoA oPF A ,B065
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INTRODUCTION TO COMPUTER GRAPHIC S

Triangle Filter (3/3)

A Similarly, if filteris 70 % towards one pixel and
30 % towards another, will return average of two
pixels weighted by  70% and 30 %; it linearly
interpolates

Weight =0.38, + 0.7/,

See the discrete convolution applet:

http://www.cs.brown.edu/exploratories/freeSoftware/repository
/edu/brown/cs/exploratories/applets/discreteConvolution/discre
te convolution quide.html

Andries van Dam October 20, 2009 Antialiasing and Img Proc a #/62
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Avoiding Continuous
Convolution

A Whatever reconstruction filter we
use, save work by combining
reconstruction filtering with
sampling the reconstructed signal
at only a discrete number of
sample points determined by the
Image transformation, e.g. scaling

A Do this by placing the
reconstruction filter at sample
points only and evaluating discrete
convolution there

A But what are those sample points
for scaling?

A Scaling down adds additional
complexity, as weol |
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Scaling: Forwards Mapping

Scaling up by2.0: sourcei) A dest@x)

[ N

1

A In forward direction, filtering is many -to -
many, i.e. multiple pixels in source
contribute to each pixel in destination, and
each pixel in source contributes to multiple
pixels in destination

New image |
scaled up by

2.0 from original
image
Placement of reconstruction
tEIH
Sample original

image at 1/2
pixel distance

——
=]

0051152253
A Many -to - many mapping
I pi xdd iAin source contri ut
2, 0 adod ifin destinati on
I pi x& 1iin destination i s ¢
both pilaeds2diniin source
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Scaling: Backwards Mapping

Where to place filter in source image?
Compute sample points by back -mapping from
destination back to source image

A Then mapping is one -to-many instead of many -
to - many

i For each pixel in destination, which pixels in
source contribute to it?

i Determined by placing filter in source image
as function of scale factor

A Backwards mapping is inverse of whichever
image transformation we choose to perform,
e.g., if we scale source up by 2.0, then map
each pixel x in destination from pixel X/ 2 1In

source image Source Image

For each pixel, x,in Sample
destination image, points
sample x/2 from source
mage ttttrtt
Scaling up by factor:
Wed o rfadward map this way: Instead, weback-mapthis way:
source(x)A dest(* x) dest(x)A source(x)
/ Y
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INTRODUCTION TO COMPUTER GRAPHIC S

Roadmap

A Apply mapping to old image to produce new
image
I calculate sample point locations on old image
used to calculate pixel values for new image

I calculate pixel value of each sample point:
evaluate convolution of reconstruction filter
with old image at those points

I some subsequent mapping may include
manipulating computed intensity value; we
will use it as -is for scaling

A To build new image, convolve reconstruction
filter with old image once per pixel location in

new image
A We represent convolution with an asterisk:
P: pixels in image g: filter

H = P * g: convolution of filter and image

A Convolution is integrating two continuous
functions. Only apply filter at discrete points
in old image (once per pixel in new image),
but stil | cal l It convol ul
Adi screteo convolution col
make each step more concrete
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1D Image Filtering/Scaling
Again

A Once again, consider following scan -line

A As we saw, if we want to scale by any
rational number  r, must sample every
1/r pixel intervals in source image

A Having shown qualitatively how various

filter functions help wu
get more quantitative: show how one
does convolution in practice, using 1D

Image scaling as driving example
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Resampling (1/2)

A Call continuous reconstructed image
intensity function  h(x). For triangle filter, it
looks as before:

h(x)

o o T T T T A I
| I I [ I I | | [ | |
A To get intensity of integer pixel k in 15/10
scaled destination image, h@ample

reconstructed image  h(x) at point X:E

A Therefore, intensity function transformed for |
scaling is: ~ 2Kk &
(= h a8

¢l.5+

ZUNWN

New image: 15 pixels

Old image: 10 pixels
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INTRODUCTION TO COMPUTER GRAPHIC S

Resampling (2/2)

A As before, to build transformed function tah (k)
samples of h(x) at non -integer locations.

h(x) \\ reconstructed
waveform
[ | [ | | |
1 1 T 1

‘ sample it at 15
h(—) real values

plot it on the
integer grid

Andries van Dam October 20, 2009 Antialiasing and Img Proc a #/62




INTRODUCTION TO COMPUTER GRAPHIC S

Resampling: An Alternate
Approach (1/3)

A Previous slide shows scaling up by following
conceptual process:
I reconstruct original continuous intensity
function from discrete number of samples,
e.g. 10 samples
I resample reconstructed function at higher
sampling rate, e.g. 15 samples across
original 10
I stretch our inter -pixel samples back into
integer -pixel -spaced range, i.e. map 15
samples onto 15 pixel range in scaled -up
output image
A Thus conceptually first we resample
reconstructed continuous intensity function
at inter -pixel locations, then stretch out our
samples to produce integer  -spaced pixels in
scaled output image

A Alternate conceptual approach . can change
when we scale and still get same result:
first stretch out reconstructed intensity
function, then sample at integer pixel
intervals
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Resampling: An Alternate
Approach (2/3)

A This new method performs
scaling in second step rather
than third: stretches out
reconstructed function rather
than sample locations

I as before, reconstruct original
continuous intensity function

from discrete number of
samples, e.g. 10 samples

I scale up reconstructed function
by desired scale factor, e.g. 1.5

I sample (now 1.5 times broader)
reconstructed function at integer
pixel locations, e.g. 15 samples

Andries van Dam October 20, 2009 Antialiasing and Img Proc a #/62




INTRODUCTION TO COMPUTER GRAPHIC S

Resampling: An Alternate
Approach (3/3)

A Here is what alternate conceptual approach looks

like (compare to diagrams on slides 30 and 31)
h(x) / \\
Iy
1 1 T T T 1 T 1
These first two
are completely
theoretical

B
N

h(k) ° XK
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Scaling Down (1/5)

Why scaling down is more complex than
scaling up
A Try same approach as scaling up
I reconstruct orlglnal continuous |ntenS|ty
function from discrete number of samples,

e.g. 15 samples (different from 10 sample
one we just used)

I scale down reconstructed function by desired
scale factor,e.g. 3

I sample (now 3 times narrower) reconstructed
function at integer pixel locations, e.g. 5
samples

A Unexpected and unwanted side effect: by
compressing waveform into 1/3 its original
interval, spatial frequencies tripled, which
extends (somewhat) band  -limited spectrum
by factorof 3i n frequency domai
display these higher frequencies without
aliasing!

A Back to low pass filtering again. Multiply by
box in frequency domain to limit to original
frequency band, e.g. when scaling down by
3, low -pass filter to limit frequency band to
1/3 its new width
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Scaling Down (2/5)

Simple sine wave example
A First we start with sine wave:

A 1/3 Compression of sine wave and expansion of
frequency band:

A Get rid of new high frequencies (only one here)
with low -pass box filter in frequency domain

Ideally, cuts out high frequencies

A Only low frequencies will remain
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