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Normal Forms

• Note that we can get rid of ‘=‘:
� We define a new predicate id(.,.) with the 

following properties:
� � x,y,z: id(x,y) � id(y,x) � id(x,x) �

(id(x,y) � id(y,z) � id(x,z))
� For each predicate P(x1,..,xn) we add:                           

(id(x1,y1) � .. � id(xn,yn)) �
P(x1,..,xn) � P(y1,..,yn) 

• Then, we can also get rid of � , � just like 
we did in PL.
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Prenex Normal Form

• Now we wish to have all quantifiers grouped 
together at the beginning.

• Assume a and b are formulas in FL. 
� Rename all variables in b so that they have 

different names than those in a.
� Replace

• (� x : a) � /� b    with    � x : (a � /� b) 
• (� x : a) � /� b    with    � x : (a � /� b)
• �� x : a               with  � x : � a
• �� x : a               with  � x : � a
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Inference: Existential Instantiation

• Next, consider Existential Instantiation.  
• Intuition: If we know there exists an object about which a 

particular sentence is true, we can give it its own name, as 
long as no other object has that name (We call such a 
name a Skolem constant).

• We write this formally as: for sentence � , variable 	 , and 
Skolem constant k,

� 	 , �
Subst ({	 |k},� )

• Once we have applied this rule, the original sentence can 
be thrown out.  Although this knowledge base is not 
logically equivalent to the old, it is inferentially equivalent,
meaning it is satisfiable when the original sentence is.
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Skolem Normal Form

• Next, we rid ourselves of all existentially quantified 
variables.

• Let a = Q1 x1 .. Qn xn b where the Q’s are quantifiers and b 
has no quantifiers.

• When j is minimal with Qj = � , then we replace xj with 
f(x1,..,xj-1) [for j=1 we replace X1 with a new constant].

• Repeat until all existentially quantified variables are 
eliminated.

• Although this knowledge base is not logically equivalent to 
the old, it is inferentially equivalent, meaning it is satisfiable
iff the original sentence is.

• It is essential that you apply this rule only AFTER you 
brought the sentence into prenex normal form!
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Inference

• Recall from PL that model checking was a feasible 
(albeit costly) way to prove entailment. 

• For FL, model checking is not an option. In 
essence, any model is possible, over any ground 
set of objects, finite or infinite, and it can choose 
all kinds of predicates and functions over them, 
and then bind these by any interpretation to the 
elements of our formula!

• Thus, the only feasible way to reason about 
predicate logic is via deduction.
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Simple Proof

• Consider this simple proof:
� Squareroot(9) = 3
� Integer(3)
� � Squareroot(x)=y � Integer(y) 


Squarenumber(x)

Squarenumber(9)

• This seems intuitive enough.  But how did 
we really do it?
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Inference in FL

• In PL we were able to show that resolution 
alone was powerful enough to derive and 
prove all hypotheses that are entailed.

• Amazingly, the same holds for FL!
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Inference: Universal Instantiation

• Intuition: In a sentence with a universal 
quantifier, we can replace the variable with 
any ground term (term without variables).

• We write this formally as: for sentence a, 
variable 	 , and ground term g,

� 	 : a

Subst ({	 |g},a)
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Substitutions

• The power of first-order logic lies in its 
variables.  We need a way to bind term 
pairs to these variables.

• A substitution is a set of variable|term pairs.  
For example, {x|Tim,y|Mother(Seb),z|a}.
� Recall that terms can be constants, variables, 

or functions of other terms.
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Substitutions

• Given a substitution � and sentence � , let 
Subst (� ,� ) be the result of substituting the 
terms in � for the corresponding variables in 
� .

• Example:
� Let � be {x|Tim,y|Mother(Seb)}
� Let � be x = Father(Seb) 
 Spouse(x,y)
� Then Subst (� ,� ) is 
Tim = Father(Seb) 
 Spouse(Tim,Mother(Seb))
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Inference: Generalized                    
Modus Ponens

• An important inference rule is                           
Generalized Modus Ponens.  

• It’s Modus Ponens lifted to first-order logic.

• For atomic sentences pi’, pi, and q, where � is a 
substitution such that Subst (� ,pi’) = Subst (� ,pi), 

p1’, p2’,…, pn’, (p1 � p2 � … � pn 
 q)

Subst (� ,q)

• Why does this work?
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Unification

• General Modus Ponens shows why 
unification, the finding of a substitution that 
makes two expressions identical, is 
important.

• Specifically, we need

Unify (p,q) = �

where Subst (� ,p) = Subst (� ,q)

• Here, � is called a unifier.
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Unification - Complications

• Consider

Unify (Siblings(x,Tim),Siblings(Richard,x))

• This fails, but only because x appears in 
both expressions.

• We fix this by renaming the variables to 
avoid clashes.  This is called standardizing 
apart.
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Unification - Complications

• Consider

Unify (Siblings(Tim,x),Siblings(y,z))

• This can return multiple unifiers. What are 
they?

• We call the unifier that places the fewest 
restrictions on the values of variables the 
most general unifier.  It’s normally the one 
we want.
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Unification Algorithm

• Function Unify (x,y,� )
� inputs: 

• x, a variable, constant, list, or compound
• y, a variable, constant, list, or compound
• � , the substitution built up so far 

(optional, defaults to empty)
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Unification Algorithm

• Given a compound expression x = F(A,B)

• Op(x) = F, the operator symbol 
(predicate or function)

• Args (x) = (A,B), a list of arguments
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Unification Algorithm

• Function Unify (x,y,� )
� if � = failure, then return failure
� else if x = y

• then return �
� else if Variable? (x) 

• then return Unify-Var (x,y,� )
� else if Variable? (y) 

• then return Unify-Var (y,x,� )
� else if Compound? (x) and Compound (y) 

• then return Unify (Args [x],Args [y],Unify (Op[x],Op[y],� ))
� else if List? (x) and List (y)

• then return Unify (Rest [x],Rest [y],Unify (First [x],First [y],� ))
� else return failure
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Unification Algorithm

• Unify-Var (x,y,� ) 
� if { x | val } � � then return Unify (y,x,� )
� else if { y | val } � � then return Unify (x,val,� )
� else if Occur-Check? (x,y) then return failure
� else return ({ x | y } 
 � )

• Occur-Check? (x,y) checks to see if x
occurs inside y.  It is the computationally 
most expensive step.


