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Problem Solving in Fully 
Observable Static Environments

• Example:
� You seek the shortest route from Hannover to 

Munich.
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Shortest Paths in Germany

• We just solved a shortest path problem by means of the 
algorithm from Dijkstra.

• If we denote the cost to reach a state n by g(n), then 
Dijkstra chooses the state n from the fringe that has 
minimal cost g(n).

• Therefore, it is an informed algorithm in so far as it is not 
independent of the distance function in which order the 
cities will be visited. The cities are indeed visited in 
increasing order of distance from the source.

• The algorithm can be implemented to run in time                 
O(n log n + m) where n is the number of nodes, and m is 
the number of edges in the graph. Do you know how?
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Shortest Paths in Germany

• In terms of our task to find the shortest route 
to Munich, Dijkstra’s algorithm performs 
rather strange -

• Or would you have considered to check the 
distance to Kiel first?!

• How could we improve our algorithm?

Idea: Use knowledge how far it is at least
to go to Munich from each city!
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A* Search

• What we just performed is called an A* Search. 
• States are being visited depending on the sum of

� the cost that it cost to get to the state g(n)
� plus an lower bound h(n) on the cost that it will take to 

reach the closest goal state.
� f(n) = g(n) + h(n) 

• The estimate function h how much it will cost to 
reach the closest goal state is called a                        
heuristic function. 

• A heuristic is called admissible if it is guaranteed 
not to over-estimate the remaining costs for 
getting to a goal state and if h(n) = 0 for all goal 
states n.



CS 141 - Intro to AI 25

Shortest Paths in Germany

• When we get to Munich for the first time, 
have we found the minimal distance?

• Here is another example:
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A* Search

• Theorem: 

On trees, the use of any admissible 
heuristic with A* ensures optimality!

• Proof:

Fringe

goal node G optimal goal node O

predecessor node P of O 
on the fringe

f(G) = g(G) + h(G) = g(G) > 
> g(O) � g(P) + h(P) =
= f(P)
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A* Search

• On arbitrary graphs, we need more: A 
heuristic is called consistent iff, for every 
node n and every successor n’ of n 
generated by following edge e = (n,n’) (with 
step cost c(e)), the estimated cost of 
reaching the goal from n is no greater than 
the step cost of getting to n’ plus the 
estimated cost of reaching the goal from n’, 
i.e. iff:    

h(n) � c(e) + h(n’)    for all n, n’
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A* Search

• Theorem:
A* used with a consistent heuristic for which 
h(n) = 0 for all goal states ensures optimality!

• Proof: Along all paths from the initial state to any 
goal state, the values f(n) are non-decreasing:

f(n’) = g(n’) + h(n’) = g(n) + c(e) + h(n’) �
� g(n) + h(n) = f(n).

Since A* visits nodes in increasing order of f(n), 
the first goal node O visited costs no more than 
f(P) of some predecessor of any other goal node 
G. Then, g(O) = f(O) � f (P) � f(G) = g(G). 
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Greedy Best-First Search

• We have seen 
� Dijkstra’s Algorithm that visits nodes on the 

fringe in increasing order of g(n)
� A* search that visits nodes on the fringe in 

increasing order of f(n) = g(n) + h(n)

• There is a third variant, called greedy best-
first search that visits nodes on the fringe in 
increasing order of h(n).
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Greedy Best-First Search

• We see that greedy best-first search is not 
optimal. 

• It also suffers from incompleteness.
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Summary

• Dijkstra’s algorithm is also called Best-G Search. It 
is an optimal search algorithm (which implies that 
it is also complete).

• A* is also called Best-F Search. It is optimal (and 
complete) when the heuristic used is consistent.

• Greedy Best-First Search is also called Best-H 
Search. It is neither optimal nor complete.

• All three algorithms can degenerate to BFS and 
therefore require O(bd) time and space in the 
worst case.
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Improvements

• A heuristic can be made consistent by setting, for 
each node n and successor m:

h’(m) := max { h(m), h’(n) – c(e)}
• When is h’ well-defined? 
• h’, if it is well-defined, is a consistent heuristic.
• Note that consistency alone is not enough to 

guarantee that A* is optimal: we also need to be 
sure that h’(n) = 0 for all goal states! If h is 
admissible, the this is the case.

• This technique is called PathMax.
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Improvements

• To overcome the obvious memory problems that 
all our algorithms may encounter, we can 
reconsider the idea of iterative deepening in 
combination with A*, whereby the “cutoff depth” is 
now a cutoff value w for f.

• In each iteration, we perform A*, but we do not 
allow that nodes enter the fringe whose f-value is 
larger than w. 

• w is initially set to � := mine c(e) and then, at the 
end of each iteration, it is set to the smallest f-
value of a node that was discarded from being put 
on the fringe before.
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Improvements

• IDA* is optimal (and complete).

• The space complexity is O(bg*/� ).

• The time complexity is O(b2d).



The End


