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Announcements
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Review: the EM algorithm for Gaussian mixtures

• Initialize: random µold
c , Σold

c , pold
c = 1/k for c = 1, . . . , k.

• Iterate until convergence:

E-step estimate responsibilities:

γic =
pold

c N
(
xi; µold

c ,Σold
c

)∑k
l=1 pold

l N
(
xi; µold

l ,Σold
l

)
M-step re-estimate mixture parameters:

p̂new
c =

1
N

N∑
i=1

γic,

µ̂new
c =

1∑N
i=1 γic

N∑
i=1

γicxi,

Σ̂new
c =

1∑N
i=1 γic

N∑
i=1

γic(xi − µ̂new
c )(xi − µ̂new

c )T .
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EM for Gaussian mixture: an example

1st iteration 3rd iteration 7th (final) iteration
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Plan for today

• EM in general

• Practical aspects

• Model selection
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Generic EM for mixture models

• General mixture models: p(x) =
∑k

c=1 pc p(x; θc)

• Initialize p, θold, and iterate until convergence:

E-step: compute responsibilities

γic =
pold

c p(xi; θold
c )∑k

l=1 pold
l p(xi; θold

l )
.

M-step: re-estimate mixture parameters:

pnew, θnew = argmax
θ,p

N∑
i=1

k∑
c=1

γic (log pc + log p(xi; θc)) .
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The EM algorithm in general

• Observed data X, hidden variables Z.

– E.g., missing data.

• Complete data log-likelihood: `(X, Z; θ)

• Initialize θold, and iterate until convergence:

E-step: Compute the expected likelihood as a function of θ.

Q
(
θ; θold

)
= Ep(Z |X,θold)

[
`(X, Z; θ) |X, θold

]
M-step: Compute

θnew = argmax
θ

Q
(
θ; θold

)
.
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EM for missing data

• Suppose some of the data is missing.

• Examples:

– A mixture of 4 Gaussians, two of which are given
– A set of points with some coordinates in some points missing.

• E-step: compute posterior and expectation only over missing data.

• M-step: maximize likelihood over complete data, i.e. observed and missing.
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Example: EM for missing data

• Four data points:

x1 =
[
0
2

]
, x2 =

[
1
0

]
, x3 =

[
2
2

]
, x4 =

[
∗
4

]
.
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• Model: single Gaussian with diagonal covariance; θ = [µ1, µ2, σ
2
1, σ

2
2]

T .

• The expected log-likelihood, under guessed θold:

Q(θ; θold) =
3∑

i=1

logN (xi; θ)+
∫ ∞

−∞
log p

([
x
4

]
|θ

) p

([
x
4

]
|θold

)
∫∞
−∞ p

([
x′

4

]
|θold

)
dx′

dx
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