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Announcements

• Project proposals due today! e-mail to me in PDF/PS format.
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Review

y =
d∑

j=0

fj(x;w), fj(x;w) = wjφj(x)

• Forward stepwise regression: at step t, fit

θt = argmin
θ

N∑
i=1

yi −
t−1∑
j=1

f(xi; θj)− f(xi; θ)

2

.

until no significant improvement in empirical loss.

• Boosting

– Details today
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Combining classifiers

• A similar idea: combine classifiers h1(x), . . . , hm(x)

H(x) = α1h1(x) + . . . + αmhm(x),

• αj is the vote assigned to classifier hj;
assume y = ±1.

– Votes should be higher for more reliable classifiers.

• Prediction with the ensemble classifier:

ŷ(x) = signH(x).
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Exponential loss function

• We will use the exponential loss to measure the quality of the classifier:

L(H(x), y) = e−y·H(x)

LN(H) =
N∑

i=1

L(H(xi), yi)

=
N∑

i=1

e−yi·H(xi)
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• Differentiable approximation (bound) of 0/1 loss

– Easy to optimize!

• Other options are possible.
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Ensemble loss

• Denote Hm(x) = α1h1(x) + . . . + αmhm(x)

• Suppose we add αm · hm(x) to Hm−1:

LN(Hm) =
N∑

i=1

e−yi·[Hm−1(xi)+αmhm(xi)]
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Ensemble loss

• Denote Hm(x) = α1h1(x) + . . . + αmhm(x)

• Suppose we add αm · hm(x) to Hm−1:

LN(Hm) =
N∑

i=1

e−yi·[Hm−1(xi)+αmhm(xi)]

=
N∑

i=1

e−yiHm−1(xi)−αmyihm(xi)
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Ensemble loss

• Denote Hm(x) = α1h1(x) + . . . + αmhm(x)

• Suppose we add αm · hm(x) to Hm−1:

LN(Hm) =
N∑

i=1

e−yi·[Hm−1(xi)+αmhm(xi)]

=
N∑

i=1

e−yiHm−1(xi)−αmyihm(xi)

=
N∑

i=1

e−yiHm−1(xi) · e−αmyihm(xi)

• Define W
(m−1)
i = e−yiHm−1(xi)
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Weighted loss

• Exponential loss after m-th iteration:

LN(Hm) =
N∑

i=1

e−yiHm−1(xi)︸ ︷︷ ︸
W

(m−1)
i

e−yiαmhm(xi)︸ ︷︷ ︸
need to optimize

• W
(m−1)
i captures the “history” of classification of xi by Hm−1.

• Optimization: choose αm, hm = h(x; θm) that optimize the (weighted)
exponential loss at iteration m.

– Remember: this means optimizing an upper bound on classification error.
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Optimizing weak learner

N∑
i=1

W
(m−1)
i e−αmyihm(xi) = e−αm

∑
i: yi=hm(xi)

W
(m−1)
i + eαm

∑
i: yi 6=hm(xi)

W
(m−1)
i

• For any αm > 0, minimizing this ⇒ minimizing weighted training error

• We can normalize the weights:

W
(m−1)
i =

e−yiHm−1(xi)∑N
j=1 e−yjHm−1(xj)
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Optimizing votes

• The weighted error of hm:

εm =
1
2

(
1−

N∑
i=1

W
(m−1)
i yihm(xi)

)

• Given hm and its εm, set αm that minimizes the exponential loss:

αm =
1
2

log
1− εm

εm

– As long as εm < 1
2, αm > 0.
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AdaBoost

1. Initialize weights: W
(0)
i = 1/N

2. Iterate for m = 1, . . . ,M :

• Find (any) “weak” classifier hm that attains weighted error

εm =
1
2

(
1−

N∑
i=1

W
(m−1)
i yihm(xi)

)
<

1
2

• Let αm = 1
2 log 1−εm

εm
.

• Update the weights and normalize so that
∑

i W
(m)
i = 1:

W
(m)
i =

1
Z

W
(m−1)
i e−αmyihm(xi),

3. The combined classifier: sign
(∑M

m=1 αmhm(x)
)
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AdaBoost: typical behavior

• Training error of H goes down;

• Weighted error εm goes up;
⇒ votes αm go down.

• Exponential loss goes strictly down.
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AdaBoost behavior: training error

• Can show (PS6): the training error in m-th iteration is bounded

err(Hm) ≤
m∏

j=1

2
√

εm(1− εm).
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