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Abstract

Sample Average Approximation (SAA) is a
well-known method for solving stochastic pro-
grams. Here, we attempt to scale up the SAA
method to harder problems than those previ-
ously studied. We argue that to apply the SAA
method effectively, there are three parameters
to optimize: the number of evaluations, the
number of scenarios, and the number of can-
didate solutions. We propose an experimental
methodology for finding the optimal values of
these parameters within fixed time and space
constraints. We apply this methodology to
solve two large-scale stochastic optimization
problems that arise in the context of the an-
nual Trading Agent Competition (seehttp:
//www.sics.se/tac). Both problems are
expressed as integer programs and solved us-
ing CPLEX. Runtime increases linearly with
the number of scenarios in one of the prob-
lems, and exponentially in the other. We find
that, in the former problem, maximizing the
number of scenarios yields the best solution,
while in the latter problem, it is necessary to
evaluate multiple candidate solutions to find
the best solution, since increasing the num-
ber of scenarios becomes very expensive very
quickly.

1 Introduction

Stochastic programming is a natural method for solving
optimization problems under uncertainty. This approach
considers a problem in two stages. Decisions are made
in the first stage before pertinent information about the
second stage is revealed, but the objectives in the second
stage are dependent on the first stage decisions. Given
stochastic information available about the second stage
outcomes, the goal is to find the first stage decisions that
maximize the profits of the first stage plus the expected

profits of the second stage. A solution is sought that is
“optimal in the expected sense.”

One computational bottleneck to solving stochastic
programs is the calculation of expected profits in the sec-
ond stage. This calculation typically involves enumer-
ating all possible outcomes of the second stage (known
asscenarios). In many problems there are combinato-
rially many scenarios, making it prohibitively expensive
to calculate the expected profits of the second stage. One
common means of approximating this calculation is the
so-calledexpected value method(e.g., [4]). Here, the
available stochastic information is collapsed into a de-
terministic statistic (e.g., the mean), and a deterministic
variant of the optimization problem is solved. But ig-
noring large portions of the available stochastic informa-
tion has been shown to be detrimental to solution quality
(e.g.,[5]).

Shapiro,et al. [8; 1] proposed an alternative approx-
imation technique calledsample average approximation
(SAA) to reduce the number of scenarios. They suggest
using only a subset of the scenarios, randomly sampled
according to the distribution over scenarios, to represent
the full scenario space. An important theoretical justifi-
cation for this method is that as the number of scenar-
ios sampled increases, the solution to the approximate
problem converges to an optimal solution in the expected
sense. Indeed, the convergence rate is exponentially fast.

In this paper, we attempt to scale up the SAA
method to harder problems than those previously stud-
ied. We tackle two stochastic optimization problems
that arise naturally in the context of the annual Trading
Agent Competition (TAC) (seehttp://www.sics.
se/tac). The first problem is a bidding problem in-
spired by the TAC Classic game; the second problem is
a scheduling problem inspired by the TAC Supply Chain
Management game. Nested inside each of these prob-
lems is an NP-hard optimization problem.

We find that runtime increases linearly with the num-
ber of scenarios in the bidding problem, whereas it in-
creases exponentially in the scheduling problem. In-
deed, within reasonable time constraints we cannot re-



liably solve the scheduling problem with a sample size
of more than 8 out of240 scenarios. Hence, the the-
ory that justifies the SAA method is inapplicable here.
Instead, we experiment with optimizing the tradeoff be-
tween the number of scenarios and the number of poli-
cies (i.e., candidate solutions). Multiple policies can be
generated by sampling from the set of scenarios multiple
times, and solving the ensuing approximation problems.
In the bidding problem, maximizing the number of sce-
narios yields the best solution, while in the scheduling
problem, it is necessary to evaluate multiple policies to
find the best solution, since increasing the number of sce-
narios becomes very expensive very quickly.

2 Sample Average Approximation
Following [8], we are interested in solving optimization
problems of the form:

v∗ = max
x∈X

g(x) (1)

where
g(x) = EQG(x, Y ) (2)

Here,x ∈ X is a vector of decision variables that take on
values in the finite setX ; Y is a vector of discrete ran-
dom variables with joint probability distributionQ and
domain valuesω ∈ Ω; G(x, ω) is a real-valued function
of x andω; EQG(x, Y ) is the expected value ofG atx:
i.e.,

EQG(x, Y ) =
∑

ω∈Ω

Q(ω)G(x, ω) (3)

Each realizationω of Y , drawn according the distri-
butionQ, is called ascenario. Note that the number of
scenarios is exponential in the number of random vari-
ables. (For example, if there aren random variables, all
of which can take on binary values, there are2n scenar-
ios.) Consequently, it is prohibitively expensive to com-
puteEQG(x, Y ). On the other hand, it is relatively less
expensive to computeG(x, ω).1

Thesample average approximation(SAA) method is
a numerical means of approximating a solution to Equa-
tion 1 via Monte Carlo simulation. The main idea is sim-
ple: (i) generate a set of scenariosS of sizeS by sam-
pling values ofY from the distributionQ, and (ii) ap-
proximate the expected value in Equation 3, based on
only the scenarios inS. More specifically, generate a set
of scenariosS = {y1, . . . , yS}, and solve the optimiza-
tion problem:

v̂S = max
x∈X

ĝS(x) (4)

where for a set of scenariosN = {a1, . . . , aN},

ĝN (x) =
1

N

N∑

i=1

G(x, ai) (5)

1In fact, in our application domains, the exact computation
of G(x, ω) is NP-hard.

The SAA method, as applied in this paper, is shown
in Algorithm 1. First, P candidate solutions, or poli-
cies, x̃1, . . . , x̃P , are generated, by solving Equation 4
for P distinct scenario setsS1, . . . ,SP , each of sizeS.
Second, these candidate policies are evaluated by com-
puting ĝE(x̃1), . . . , ĝE(x̃P ) for a fixed set of scenarios
E = {z1, . . . , zE} of sizeE. Third, the best candidate
policy according to the evaluation phase is output.

Algorithm 1 Sample Average Approximation(E, S, P )

1: bestval⇐ −∞
2: sample a setE of scenarios fromQ
3: for all j = 1 toP do
4: sample a setS of scenarios fromQ
5: x̂ ⇐ argmaxx∈X ĝS(x)
6: calculatêgE(x̂)
7: if ĝE(x̂) > bestvalthen
8: bestval⇐ ĝE(x̂)
9: bestsol⇐ x̂

10: end if
11: end for
12: return bestsol

Note the following:

• for all X ′ ⊆ X , v̂S ≥ maxx∈X ′ ĝS(x)

• for all x ∈ X , ĝN (x) is an unbiased estimator of
g(x): i.e.,E [ĝN (x)] = g(x)

It follows that the estimator̂vS is a statistical upper
bound onv∗:

E [v̂S ] ≥ E

»

max
x∈X∗

ĝS(x)

–

≥ max
x∈X∗

E [ĝS(x)] = max
x∈X∗

g(x) = v
∗

(6)

whereX ∗ ⊆ X denotes the set of optimal solutions to
Equation 4. On the other hand, for any feasible solution
x̃ ∈ X , g(x̃) is a lower bound onv∗:

v∗ = max
x∈X

g(x) ≥ g(x̃) (7)

The differenceE [v̂S ] − E [ĝE(x̃)] is an estimator of the
optimality gap.

Using the theory of large deviations,[8] establish the
following result: asS → ∞, the probability that a so-
lution to Equation 4 is an optimal solution to Equation 1
converges to 1 exponentially fast. In their implementa-
tion of SAA, the basic procedure is repeatedP times,
for increasing values ofS (and E), until the estimate
of the optimality gap is sufficiently small. However,
asS → ∞, the time and space complexity required to
solve Equation 4 may increase superlinearly, making it
impossible—for all practical purposes—to allowS to
suitably increase, unless the desired optimality gap is
sufficiently large. Rather than fix the number of policies
P , and vary onlyS andE, we apply the SAA method by
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searching for optimal settings ofE, S, andP , within the
time and space constraints of the problem.

2.1 Overview
In solving stochastic optimization problems, not only can
increasing the number of scenariosS increase the qual-
ity of the solution, but increasing the number of policies
P can also increase the quality of the solution (indeed,
the probability that the(P + 1)st policy outperforms the
first P policies is1/(P +1)). Moreover, in Algorithm 1,
the time complexity is linear inP and the space com-
plexity is constant inP , whereas increasingS could in-
crease time and space complexity in unpredictable ways
because of the intricacies of solving Equation 4. In this
paper, we study two stochastic optimization problems in
the TAC domain, analyzing the tradeoff between solution
quality and complexity, as a function ofE, S, andP .

3 Sample Problem Domains

3.1 Stochastic Bidding Problem
We solve a stochastic bidding problem inspired by the
classic Trading Agent Competition game. In this game,
each agent’s objective is to maximize the profits earned
by delivering combinations of 28 types of goods, on offer
in 28 auctions, to eight clients. The stochastic formula-
tion of the bidding problem can be described informally
as follows: given a stochastic model of auction clear-
ing prices, and given an agent’s clients’ preferences, find
an optimal set of bids (and asks). It is natural to for-
mulate this problem as a two-stage stochastic program:
in the first stage an agent makes its bidding decisions;
in the second stage, when the agent is informed of its
winnings, it allocates those winnings to its clients. This
second stage problem, TAC Classic allocation—find the
utility-maximizing set of packages that an agent can as-
semble from its winnings, given its clients preferences—
is a winner determination problem (NP-hard).

A TAC Classic Stochastic Pricing Model. The bid-
ding problem takes as input a stochastic model of
clearing prices. Our stochastic pricing model is in-
spired by theexpectedcompetitive equilibrium pricing
model developed for Michigan’s TAC Classic Agent,
Walverine [6]. To compute theexpectedcompetitive
equilibrium price of a good, the tatonnement process is
run once making use of the expected market wide de-
mand, which is calculated based on the expected val-
ues of the opposing agents’ clients’ preferences. In a
stochasticmodeler, rather than run the tatonnement pro-
cess only once using expected market wide demand,
the process is run multiple times, each time drawing a
random selection of the opposing agents’ clients’ pref-
erences from the probability distributions given in the
game’s specification. We ran this procedure 2000 times

to generate 2000 scenarios, which comprise our model
of stochasticity in our experiments.

3.2 Stochastic Scheduling Problem
We solve a stochastic scheduling problem inspired by the
Trading Agent Competition in Supply Chain Manage-
ment. The problem is to schedule production of com-
puters at a factory with limited capacity when demand
for different types of computers is stochastic. There are
16 computer types that can be produced. Production of
one unit of a type requires a certain amount of production
capacity. The computers are produced to meet customer
demand that comes in the form of possible orders. A
possible order is specified by a probability, price, com-
puter type, and quantity. The probability says how likely
a possible order is to become a real order. Real orders
can be satisfied by delivering the quantity of the type of
computer requested in the order. Revenue is earned by
satisfying real order. The objective is to distribute the
available capacity among computer types in a way that
maximizes expected revenue.

We express the problem as a two-stage stochastic pro-
gram. In the first stage, the agent makes its production
decisions. In the second stage, the agent is told which
of the possible orders become real orders, and chooses
the profit maximizing subset of orders to deliver using
the computers produced in the first stage. The second
stage problem is a 0-1 knapsack problem (NP-hard. See
appendix C).

A problem instance is a set of40 possible orders. The
possible orders are generated based on uniform distribu-
tions of probabilities, computer types, and quantities. A
possible order’s price is inversely related to the proba-
bility of it becoming a real order. To make the problem
interesting, we generate a range of quantities such that
the expected demand is twice the production capacity.

4 Experimental Setup
The goal of our experiments was to optimize the param-
etersE, S, andP in Algorithm 1 in our two sample
problems, given time (and space) constraints. At a high
level, we ran multiple trials (that is, we solved multiple
instances of each problem), with multiple settings of the
parameters, and we averaged our results across trials to
find the best parameter settings within reasonable time
and space constraints. More specifically, our tests were
conducted as follows: for each setting of the parameters
(E, S, P ), and for each trialt = 1, . . . , T , we (i) gen-
erated a problem instance; (ii) ran Algorithm 1 to find
the best policy; (iii) evaluated that policy usingE′ > E
scenarios.2 For the bidding problem we setT = 50 and
E′ = 250, and we letE ∈ {1, 2, 4, 8, 16, 32, 64, 128}

2Anecdotally, we report that we found that more evaluations
were necessary to accurately estimate the value of a policy,but
that fewer evaluations were sufficient to rank policies.
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Bidding Problem: Scheduling Problem:
P = 1, E = 32 P = 1, E = 100

Figure 1: Time as a function of the number of scenarios.

and S, P ∈ {1, 2, 4, 8, 16, 32, 64}. For the schedul-
ing problem, we setT = 100 and E′ = 5000, and
we let E ∈ {10, 100, 500, 1000}, S ∈ {1, . . . , 8}, and
P ∈ {1, . . . , 375}. All experiments were run on an
AMD Athlon 64 3000+ with 1GB of RAM. We used
CPLEX 9.0 to solve the integer programs, solving to
within .01% of optimality with the default settings.

5 Experimental Results
Our first set of experiments was intended to approxi-
mate the time complexity of the bidding problem and the
scheduling problem. The graphs in Figure 1 depict time
(in seconds) as a function ofS, for fixed values ofE
andP . Perhaps surprisingly, in the bidding problem, this
relationship is approximately linear. In the scheduling
problem, however, time increases rapidly as the number
of scenarios increases. The error bars in these graphs
plot one standard deviation from the mean. The variance
in these experiments is enormous, because we average
results across multiple trials: i.e., problem instances of
varying degrees of difficulty.

Figure 2 depicts the agent’s reward in the bidding
problem and its revenue in the scheduling problem, as
a function ofS andP . Here, we observe that increasing
the number of scenarios from 1 to 64 in the bidding prob-
lem leads to an increase in reward from roughly 3300 to
roughly 4200, on average. In the scheduling problem, in-
creasing the number of policies, say from 1 to 20, leads to
a substantial increase in revenue, but at 32 policies, rev-
enue seems to stabilize. Of course, increasing the num-
ber of scenarios also leads to an increase in revenue, but
in practice this may not be feasible. Indeed, revenue is
still increasing between 7 and 8 scenarios, but we cannot
solve this problem reliably with 9 scenarios.

Based on these observations, we postulate the follow-
ing: In problems, like the bidding problem, where time
complexity is an approximately linear function ofS, a
near optimal setting of the parameters can be obtained by
settingS to the maximum value possible within the time
and space constraints of the application, and then per-
haps increasingP if time and space permit. On the other

hand, in problems like the scheduling problem, where
time complexity is a superlinear function ofS, it is nec-
essary to search the space of parameter settings, within
the time and space constraints of the application, to find
the best quality solution. Indeed, the next experiments
provides evidence to support these hypotheses.

5.1 Optimizing E, S, and P

We tested only 243 of the 392 possible settings of the
bidding parameters, and 282 of the 12000 possible set-
tings of the scheduling parameters because of artificially-
imposed time constraints. In the bidding problem, we
ran all combinations of the parameter settings for which
we predicted the running time would be less than 3 min-
utes; (in TAC Classic games, hotel bidding proceeds in
1 minute rounds). in the scheduling problem, we ran all
combinations of the parameter settings for which we pre-
dicted the running time would be less than 25 seconds
(in TAC SCM games, each day lasts 15 seconds) We
made these predictions as follows. For all values ofS,
we recorded the average time to solve Equation 4; call
this α(S). For all values ofE, we recorded the average
time to solve Equation 5; call thisβ(E). For each com-
bination ofE, S, andP , we predicted the running time
would beP (α(S) + β(E)). Note that because of these
time constraints, we never exhausted the space limita-
tions of our machines.

The results of our search for optimal parameter set-
tings are depicted in Table 1. Each table was generated
as follows. First, we sorted our data according to time.
Then, we traversed this sorted list. Whenever the value
of the solution improved, we output new parameter set-
tings and the corresponding values. The first column in
each table lists time in seconds. For the bidding problem,
the second column lists rewards; for scheduling, the sec-
ond and third columns list the (estimated) lower and up-
per bounds on revenue. Note that the revenue earned in
the scheduling problem is precisely the estimated lower
bound. The last three columns list the settings ofE, S,
andP that generated these values.

In the bidding problem, the best performing parame-
ter settings are those with 64 scenarios and only 2 poli-
cies, increasing the number of evaluations as time per-
mits. It appears that the increase in solution quality ob-
tained by increasing the number of scenarios exceeded
any increase that could have been obtained by increasing
the number of policies. Given that time increases linearly
with the number of scenarios in the bidding problem, but
that solution quality converges to the optimal exponen-
tially fast, this outcome is not surprising.

In the scheduling problem, the best performing param-
eter settings are those with 4–6 scenarios and multiple
policies. When the number of scenarios was 7 or 8, the
policy generation process was much slower than it was
when there were fewer scenarios. Indeed, only one “al-
gorithm” with 7 scenarios appears in the table, and no
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Figure 2: Reward and revenue as a function of the number of scenarios and policies.

“algorithms” with 8 scenarios appear at all. We conclude
that in the scheduling problem, choosing the best among
multiple policies yields better solutions than increasing
the number of scenarios to a point at which only a few
policies can be evaluated.

6 Related Work
The sample average approximation method has been ap-
plied to a variety of stochastic optimization problems of
varying degrees of difficulty. It appears to us, however,
that none were quite so hard as the problems attacked
here. For example,[8] experiment with the stochastic
knapsack problem, with only 20 first stage binary deci-
sion variables, and[1] experiment with a stochastic opti-
mization problem with 2 continuous first stage variables
and 4 integer second stage variables. In our formulation
of the bidding problem, there are 70400 first stage vari-
ables and 201216 second stage variables; in our formu-
lation of the scheduling problem, there are 16 first stage
integer variables and 320 second stage binary variables.
Moreover, nested inside each of our problems are NP-
hard second stage decision problems.

To our knowledge, Algorithm 1 is the best-known
method for solving stochastic optimization problems.
Thus, rather than compare sample average approxima-
tion with other techniques, we conducted an in-depth
study of the SAA method itself. We mention in pass-
ing that we did measure the performance of the expected
value method in the scheduling problem, where all ran-
dom variables are replaced with their means. Much
like the results reported in[3], this method performs far
worse than the SAA method, even with only one scenario
and one policy. The revenue earned was only 311,064 (as
compared to 468,310).

7 Conclusion
In this paper, we conducted an empirical study of the
SAA method for solving stochastic optimization prob-
lems. We discovered that runtime can increase exponen-
tially with the number of scenarios, so that even if solu-
tion quality increases exponentially with the number of

scenarios, it may be advantageous to conduct a policy
search, because runtime increases only linearly with the
number of policies. In particular, we applied what we
call the ESP methodology, which is a means of search-
ing for optimal settings of the parameters of the SAA
algorithm, within the time and space constraints of an
application. Based on our observations, we formulated a
quick test to determine whether maximizingS and then
P , within the constraints of an application is sufficient—
namely, do time and space usage grow only linearly with
S? Often, however, we expect time and space usage to
grow exponentially withS, in which case it is necessary
to search the space of parameter settings to optimize the
tradeoffs between increasingS or P .

The stochastic bidding and scheduling problems stud-
ied in this paper were inspired by the Trading Agent
Competition. In both TAC Classic and TAC SCM, our
agent’s architecture[2; 7] is comprised of two main mod-
ules: a “modeler” and a “decider.” Our modelers build
stochastic models of their environments, which neces-
sitates that our deciders solve stochastic optimization
problems. In other words, decision-making under un-
certainty, particularly the two problems defined and an-
alyzed in this paper, are fundamental to our agents’ de-
signs. Generalizing from our experience in TAC Classic
and TAC SCM, we expect that related stochastic opti-
mization problems are fundamental to the design of trad-
ing agents for domains outside the scope of the Trading
Agent Competition.

A Stochastic Programming Formulations
A.1 TAC Classic Bidding Problem
Index Sets
a ∈ A indexes the set of auctions.c ∈ C indexes the set
of clients. p ∈ P indexes the set of bid prices.q ∈ Qa

indexes the set of goods in auctiona. s ∈ S indexes the
set of scenarios.t ∈ T indexes the set of packages.
Constants
Gat is an integer constant indicating how many goods
from auctiona are contained in a packaget. Baqs is an
integer constant indicating the closing buy price of the
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Time Reward E S P
1.47 3318 64 1 1
1.48 3456 128 1 1
1.48 3502 2 1 1
1.49 3548 16 1 1
2.45 3550 32 4 1
2.45 3577 2 4 1
3.38 3695 2 1 2
3.89 3705 4 1 2
4.12 3912 128 8 1
4.16 3947 32 8 1
8.43 3967 2 16 1
10.55 4014 8 8 2
16.75 4043 32 8 2
17.95 4045 64 32 1
18.09 4064 1 32 1
18.12 4065 32 32 1
33.50 4077 32 8 4
38.52 4099 16 32 2
41.26 4132 32 64 1
82.20 4134 1 64 2
84.81 4136 32 32 4
85.99 4141 16 64 2
88.81 4142 32 64 2
115.27 4146 128 64 2

Time Lower Upper E S P
0.03 468310 754507 10 1 1
0.04 517559 688963 10 2 1
0.07 535059 657833 10 3 1
0.11 548218 647722 10 4 1
0.29 550930 639010 10 5 1
0.38 554046 637546 100 5 1
0.40 559796 630666 10 6 1
0.56 561418 628053 100 6 1
1.31 562798 624235 100 7 1
1.36 567807 661136 100 3 8
1.58 575676 647877 100 4 7
2.84 577965 646174 100 4 13
3.06 579369 638006 100 5 9
4.13 581433 636296 100 5 13
5.47 582306 629457 100 6 9
5.65 582504 635982 100 5 17
7.30 583621 637376 100 5 21
8.50 583998 630956 100 6 13
9.44 584043 646170 100 4 43
10.00 584287 636188 100 5 29
10.92 585094 645841 100 4 49
12.63 585543 636626 100 5 37

Bidding Problem Scheduling Problem

Table 1: Optimal settings of the parameters as a function of time, with corresponding values.

qth good of auctiona in scenarios. Zaqs is an integer
constant indicating the closing sell price of theqth good
of auctiona in scenarios. Uct is an integer constant in-
dicating the utility gained for clientc having packaget.

Decision Variables

B = {βapq} is a set of boolean variables indicating
whether to bid pricep for theqth good in auctiona. Z =
{ζapq} is a set of boolean variables indicating whether to
ask pricep for theqth good in auctiona. Γ = {γcst} is a
set of boolean variables indicating whether clientc gets
packaget in scenarios.

Objective Function

max
B,Z,Γ

X

S

Pr(s)

0

B
B
B
B
B
@

utility
z }| {
 
X

C,T

Uctγcst

!

−

cost
z }| {
0

@
X

A,Qa,p>Baqs

Baqsβaqp

1

A+

revenue
z }| {
0

@
X

A,Qa,p<Zaqs

Zaqsζaqp

1

A

1

C
C
C
C
A

(8)

The objective function (Equation 8) maximizes utility minus
cost plus revenue.

Constraints
X

T

γcst ≤ 1 ∀c ∈ C, s ∈ S (9)

X

P

Bapq ≤ 1 ∀a ∈ A, q ∈ Qa (10)

X

P

Zapq ≤ 1 ∀a ∈ A, q ∈ Qa (11)

X

C,T

γcstGat ≤

0

@
X

Qa,p>Baqs

βapq

1

A−

0

@
X

Qa,p<Zaqs

ζaqs

1

A

∀a ∈ A, s ∈ S (12)

Equation 9 limits each client to one package in each sce-
nario. Equation 10 prevents the agent from placing more than
one bid for the same (auction, quantity) pair. Equation 11 pre-
vents the agent from placing more than one ask for the same
(auction, quantity) pair. Equation 12 prevents the agent from
allocating goods that it does not own (number allocated≤ num-
ber bought− number sold).

A.2 TAC SCM Production Scheduling
Problem

Index Sets
i ∈ I indexes the set of RFQs.j ∈ J indexes the set of SKUs.
n ∈ N indexes the set of scenarios.
Constants
C is the production capacity. SKUsi, quantityqi, pricepi, and
penaltyρi. cj is the number of cycles required to produce SKU
j. ωin is set to 1 if RFQi becomes an order in scenarion.
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Decision Variables
vj is an integer variable indicating the amount of SKUj to
produce.zin is a boolean variable that is set to 1 if we fill order
i in scenarion.
Objective Function

max
z

X

n

X

i

(pi + ρi)zin (13)

The objective function (Equation 13) maximizes the revenue
of allocating assembled computers to orders across scenarios.
Note that the true value is obtained by subtracting the quantity
P

i
ρi from the given value; but changing the objective function

by a constant does not affect the solution.

Constraints
Stage 1:

X

j

cjvj ≤ C (14)

vj ∈ Z+, ∀j

Stage 2:

zin ≤ ωin ∀i, n (15)
X

{i | si=j}

qizin ≤ vj , ∀j, n (16)

zin ∈ {0, 1}, ∀i, n

Constraint 14 makes sure that we do not produce beyond our
production capacity. Constraint 15 does not let us satisfy an
RFQ for which we did not place a winning bid. Constraint 16
makes sure that we do not allocate to orders more computers
than we assembled in the first stage.

B TAC Classic Allocation is NP-Hard
Generally speaking,allocation is equivalent to the winner de-
termination problem in combinatorial auctions, an NP-hard
problem[9]. The role of the agent is analogous to that of an
auctioneer. In WD, an auctioneer is given a set of combinato-
rial bids in the form of package–price pairs, and seeks an allo-
cation of goods to bids so as to maximize his profits, subject to
the constraint that he cannot allocate more goods than he owns.
Analogously, inallocation, the agent is given a set of “bids”
in the form of package–utility pairs, and seeks an allocation of
goods to bids so as to maximize the sum of its clients’ utilities,
subject to the constraint that it cannot allocate more goodsthan
it owns.

In TAC Classic, agents are subject to the further constraint
that only one package can be allocated to each client. TAC
Classic allocation and allocation are polynomial-time reducible
to one another. An arbitrary instance of TAC Classic allocation
reduces to an instance of allocation by adding to every bid from
client c a dummy goodc of which the agent owns exactly one,
so that every feasible allocation assigns at most one package
per client. An arbitrary instance of allocation reduces to TAC
Classic allocation by associating a unique client with eachbid.

C Delivery Scheduling is NP-Hard
The NP-hardness of the Delivery Scheduling Problem
(DSP)[2] can be proven by showing a polynomial-time reduc-
tion to DSP from the 0-1 Knapsack Maximization Problem (0-
1KMP), a problem known to be NP-hard. In 0-1KMP, a set

of items of varying weights and values is given, along with a
knapsack of a fixed capacity (i.e., a weight limit). An optimal
solution is a subset of the items that maximizes the total value,
with a total weight that does not exceed the knapsack’s capac-
ity.

To perform the reduction take an arbitrary instance of 0-
1KMP and create an instance of DSP in which only one SKU is
present, say, SKU2. Let each item in the 0-1KMP instance cor-
respond to one order for SKU2 such that the order’s quantity is
equal to the item’s weight and the order’s price is equal to the
item’s value. Let the given inventory of SKU2 be equal to the
given knapsack’s capacity. Assume every order is due tomor-
row, there are no late penalties, and there is nothing scheduled
for production. The optimal solution to this instance of DSPis
the most profitable subset of orders for which the total quantity
does not exceed the inventory of SKU2. This subset of orders
corresponds to a subset of items that solves 0-1KMP.
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[9] M.H. Rothkopf, A. Pekeč, and R.M. Harstad. Computa-
tionally manageable combinatorial auctions.Management
Science, 44(8), 1998.

7


