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Abstract. The recently intro duced CP(Graph) framework consistsof a
constraint solver that allows the programmer to declare variables whose
valuesare graphs and to specify properties that thesegraphs should have
in the form of constraints. The usefulnessof graph variables depends on
the existence of e�cien t algorithms to handle the constraints imposed
on them. The most important task is �ltering , i.e., shrinking the variable
domains in order to reduce the search space.
In this paper we describe a �ltering algorithm for the weight-b ounded
spanning-tree constraint WBST (G; T; I ; W ), which speci�es that T is
a spanning tree of G whose total weight is at most I , where W is a
vector of the edge weights. More generally, we wish to intro duce the
task of �ltering for graph constraints to the algorithms communit y, and
to demonstrate the type of algorithmic challenges that it entails. In a
nutshell, the algorithm needs to work with sets of graphs rather than
individual graphs and instead of searching for a single solution to the
problem at hand, it needsto compute the union and the intersection of
all such solutions.

1 In tro duction

When using an imperative programming languagesuch as C, the programmer
needsto know what the problem is aswell ashowit is to be solved.With a declar-
ative programming language,the programmer only speci�es what a solution is.
How to �nd a solution is up to the solver. Constraint programming (CP) deals
with programs of the latter type. A constraint satisfaction problem is speci�ed
by a set of variables, each with a domain that describesthe valuesthat it can be
assigned,and a set of constraints on thesevariables. A constraint de�ned over a
set of variables speci�es which combinations of valuesassignedto the variables
are allowed.A solution to the problem is an assignment of valuesto the variables
such that all constraints are satis�ed.
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Mehlhorn (ICALP 2000) stated \. . . that constraint programming o�ers a
lot of very challenging algorithmic problems and that cooperations betweenthe
constraint programming and the algorithms communities could bevery bene�cial
to both communities" [14]. We believe that this is even more true today than it
was half a decadeago.

In its simplest form, CP dealsonly with scalar variables, i.e., variables that
can be assignedonly scalar values. The domain of a scalar variable is usually
represented as a set enumerating all options or as an interval of values from a
total order (e.g., the integers), speci�ed by its endpoints. A constraint on scalar
variables can specify any relationship betweenthem. For example,a well known
constraint is AllDi�er ent(x1; : : : ; xk ) which speci�es that in any solution, the
valuesassignedto the variables x1; : : : ; xk are pairwise di�eren t.

In recent years, non-scalar variables were intro duced into CP. By now, set
variablesand multiset variablesare well establishedand a signi�can t number of
constraints on such variables were already intro duced and explored (e.g., [2]).
The graph computation domain [6] is the latest addition to non-scalarvariable
types. Its aim is to enableus to declaregraph variables and specify constraints
on them. The usefulnessof graph variables dependson the existenceof e�cien t
algorithms that manipulate constraints that are de�ned on them. The most
important task is that of �ltering , i.e., reducing the domains of the variables by
removing uselessvalues from them. The �ltering task will be described in more
detail in Section 2, but in a nutshell, �ltering with respect to a constraint on
a graph amounts to computing the union and the intersection of all solutions.
For example, the AllDi�er ent constraint mentioned above is tightly related to
the bipartite matching problem; a �ltering algorithm for AllDi�er ent needsto
determine which edgesof a bipartite graph belong to at least one maximum
cardinalit y matching [15,19,20].

In this paper we intro duce the Weight-Bounded Spanning Tree constraint,
WBST (G; T; I ; W ). It is de�ned on two graph variables G and T, a scalar vari-
able I and a vector of scalar variablesW . The constraint is satis�ed if the graph
T is a spanning tree of the graph G such that the total weight of T is at most
I , where the weights of all edgesin G (and hencealso T) are speci�ed by the
values in the vector W .

We justify our de�nition of I to be the upper bound of the weight of the
tree by showing that the constraint becomesintractable if I is the exact weight
of the tree. Next, we show that WBST in its general form is still intractable,
becauseit generalizesthe Steiner Tree problem. Our main result is a �ltering
algorithm for the special casein which all graphs in the domains of G and T
have the samenode-set (but may di�er in their edge-sets)and the domain of I
and each entry in W is an interval of the reals, speci�ed by its endpoints. The
algorithm �lters the domains of all variables in O(m� (m; n)) time, where n and
m are the number of nodesand edges,respectively, in the union of all graphs in
the domains of G and T, and � is the inverse-Ackerman function.

An interesting aspect of graph variables is that the cardinalit y of the domain
of such a variable may be exponential in the size of its description (m and n
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above). This will becomeclearer in Section 2, but here we wish to point out
that the complexity of the �ltering algorithm is measuredin terms of the sizeof
the descriptions of the variable domains, and not in terms of their cardinalities.
That this is even possible,is perhaps the key observation of this paper.

A large body of research exists on weighted spanning trees of undirected
graphs;in particular on the MST problem: From algorithms that �nd the MST [3,
9,10,13,17,18] to related problemssuch asMST veri�cation [12], �nding several
smallest trees[7] and sensitivity analysis[5,16]. However, the �ltering task poses
a newtypeof problem: Wearenot reasoningabout a graph and a tree, but rather
about two sets of graphs, and both of these sets need to be �ltered (as well as
the domains of I and W ). Furthermore, we are not searching for a solution (a
spanning tree of G) but rather for the union and the intersection of all solutions.
Still, wewereable to apply known resultsand algorithms for someof the taskswe
faced. In particular, we use components of Eppstein's algorithm for computing
the k smallest trees [7] and of King's algorithm for MST veri�cation [12].

The rest of the paper is organizedas follows. Section2 contains someprelim-
inaries on constraint programming, with an emphasison the challengeof design-
ing e�cien t �ltering algorithms for complex constraints. In Section 3 we derive
the NP-hardnessresults that justify out de�nition of the WBST constraint. In
Section 4 we demonstrate the �ltering task by describing bound consistencyal-
gorithms for two simple constraints; these algorithms are used as subroutines
in subsequent sections. The bulk of the paper are Sections 5 to 7, in which
we describe the �ltering algorithm for the WBST constraint, beginning with the
simplest special casein which the graph and edgeweights are �xed and gradually
building up to the most generalcase.

2 Preliminaries on Constrain t Programming

Due to spacelimitations, we can only review the most essential preliminaries on
constraint programming. For a slightly more extensive intro duction, see[11].

The propagation-search technique for solving constraint optimization prob-
lems (CSPs) is to enumerate the possibleassignments of valuesto the variables
until an assignment that satis�es all constraints is found (the search element)
while backtracking early when the search is heading towards a dead end (the
propagation element). The type of propagation that we will discusshereis called
�ltering of the variable domains with respect to individual constraints. The �l-
tering task is to examine the variables which were not assignedvaluesyet, and
remove uselessvaluesfrom their domains. A value is uselessif it cannot partici-
pate in any solution that conformswith the assignments already made.Since,in
general, it is NP-hard to determine whether a value in the domain of a variable
is useful for the CSP, the constraint solver �lters separatelywith respect to one
constraint at a time. If a value is uselesswith respect to one of the constraints,
then it is also uselesswith respect to the whole CSP. But not vice versa. We
then arrive at a tradeo� between the e�ciency of the �ltering (i.e., the run-
ning time) and its e�ectiveness(i.e., how many uselessvalues were identi�ed).
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\Go od" constraints addressthis tradeo� by allowing signi�can t �ltering with a
low computational cost.

When the domain of every variable is an interval of some total or partial
order, we say that the constraint is bound consistent if for every variable that
it is de�ned on, the bounds of its domain (i.e., the endpoints of the interval)
are the in�m um and supremum of the projection of the set of solutions on the
variable. An algorithm is said to achieve bound consistencyfor a constraint if its
results in a bound consistent constraint.

Set and Graph Variables Complicated constraints, then, provide information
about the structure of the CSP, which the solver can exploit to achieve more
�ltering. Complex variablesserve a similar goal. The value assignedto a set vari-
able is a subsetof a certain universe.For any �nite universe,onecan enumerate
its subsetsand replace the set variable by a scalar variable that is assignedthe
number of a subset instead of the subset itself. The drawback of this approach
is that it might causean exponential blowup in the cardinalit y of the domain.

The domain D(x) of a set variable x is speci�ed by two sets of elements:
The set of elements that must belong to the set assignedto x (which we call the
lower bound of the domain of x and denote by D(x)) and the set of elements
that may belong to this set (the upper bound of the domain of x, denotedD(x)).
The domain itself has a lattice structure corresponding to the partial order
de�ned by set inclusion. In other words, for a set variable x with domain D(x) =
[D (x); D (x)], the value v(x) that is assignedto x in any solution must be a set
such that D(x) � v(x) � D (x).

As the elements of the domain are not enumerated explicitly , the �ltering
task is to narrow the interval of possiblesetsby increasingthe lower bound and
decreasingthe upper bound as much as possiblewithout losing any solutions,
i.e., to achieve bound consistency. In other words, we needto remove an element
from the upper bound when it doesnot participate in any solution, and include
an element from the upper bound in the lower bound if it belongs to the set
in all solutions. Thus, while propagation with scalar variables requires that we
compute the union of all solutions to the constraint, with set variables we need
to compute the union of all solutions and the intersection of all solutions.

A graph variable is simply two set variables V and E with an inherent con-
straint specifying that E � V � V . Abstractly , we can assumethat the domain
D(G) of a graph variable G is speci�ed by two graphs: A lower bound graph
D(G) and an upper bound graph D(G), such that the domain is the set of all
subgraphsof the upper bound which are supergraphsof the lower bound.

Assumptions and Con ventions The constraint consideredin this paper is
de�ned on graph variablesaswell asscalarvariables.The latter represent weights
and areassignedreal numbers.As stated in the intro duction, wewill assumethat
the domain of each scalar variable is an interval, represented by its endpoints.

When the cardinalit y of the domain of a variable is exactly 1, we say that the
variable is �xed. We will denote�xed variablesby lowercaseletters and non-�xed
variables by capital letters.
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3 Limitations of Spanning Tree Constrain ts

As mentioned in Section 2, we wish to de�ne constraints that allow e�cien t
�ltering. Theorem 1 states that if it is NP-hard to determine whether there
exists a solution to a constraint de�ned on graph variables (and possibly other
variables) then it is NP-hard to �lter the domains of the variables to bound
consistency. Its proof is in the appendix.

Theorem 1. Let C(G1; : : : ; Gk ; X 1; : : : X ` ) be a constraint de�ned on graphvari-
ablesG1; : : : ; Gk and scalar variablesX 1; : : : ; X ` whosedomains are intervals of
a total ly ordered set. If there is a polynomial-time algorithm that narrows the
domains of all variables to bound consistency then there is a polynomial-time
algorithm that �nds a single solution to C.

Using Theorem 1, we will justify our de�nition of the WBST constraint. Let
EWST be the exact version of the WBST constraint, i.e., the variant in which
I is the exact weight of the spanning tree T. The proof of the following lemma,
which is by reduction from SUBSET-SUM, is in the appendix.

Lemma 1. It is NP-hard to check whetheran EWST constraint hasa solution.

This justi�es the de�nition of the parameter I of WBST as an upper bound
on the weight of the spanningtree. Note that in practice, constraints of this type
are used in constraint optimization problems(COPs), i.e., constraint problems
that have an optimization criteria such as \minimize X " or \maximize Y ". In
this context, it is useful to have a constraint that statesan upper or lower bound
on the value of a solution: Propagation-search with respect to such a constraint
is essentially a branch-and-bound search that looks only for solutions which
improve on the best solution found so far.
Unfortunately , the following lemma states that WBST is still an NP-hard con-
straint. Its proof, by reduction from STEINER TREE, is in the appendix.

Lemma 2. It is NP-hard to check whether a WBST constraint has a solution.

Together with Theorem 1, this implies that unless P=NP , we cannot �nd
an e�cien t bound consistencyalgorithm for the WBST constraint in its general
form. In the following sectionswe develop an almost-linear bound consistency
algorithm for the special caseof WBST in which the node-setsof G and T are
�xed (but their edge-setsare not).

4 Simple Graph Constrain ts

In this section we describe �ltering algorithms for two simple constraints on
graphs: Subgraph(T; G) which speci�es that T is a subgraph of G and Tree(T)
which speci�es that T is connectedand acyclic.

Note that when the node-setsof G and T are �xed, WBST (G; T; I ; W ) is
equivalent to Subgraph(T; G)^ Tree(T)^ Weight(T; W; I ), whereWeight(T; W; I )
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speci�es that the sum of the weights of the edgesof T is I , and W is a vector of
the edge-weights. However, the bound consistencyalgorithms we develop in this
section do not combine with a bound consistencyalgorithm for Weight(T; W; I )
to form a �ltering algorithm for the WBST constraint: A valuemay be consistent
with each constraint individually , while it doesnot participate in any solution to
their conjunction. We discussthese constraints separately for didactic reasons.
They allow us to �rst demonstrate bound consistencycomputations on simple
examples, and they simplify the exposition of the complete algorithm, which
usesthem as subroutines.
The Subgraph(T; G) constrain t. This constraint is bound consistent when
D(T) � D (G) and D (T) � D (G). A �ltering algorithm therefore needs to
perform the following steps:

1. If D (T) is not a subgraph of D(G), the constraint has no solution.
2. For each node or edgein D(G) \ D (T), include it in D(G).
3. For each node or edgein D(T) n D(G), remove it from D(T).

The running time of this algorithm is linear in the sizesof T and G. Once
computed, bound consistencycan be maintained dynamically as the domains
of T and G shrink, at constant time per change: Whenever a node or edge is
removed from D (G), it should also be removed from D(T) and if it was present
in D(T) then the constraint is inconsistent. Whenever a node or edgeis placed
in D(T) it should also be placed in D(G).
The Tree(T) constrain t. If D (T) is empty, the constraint is bound consistent
becauseany node or edgein D(T) belongsto a tree in D(T); namely the tree
consisting of a single node or a single edge.However, �ltering may be necessary
if D (T) is not empty.

If D (T) is not contained in a connectedcomponent of D (T), the constraint
is inconsistent becauseT cannot be connected.Otherwise, all nodes and edges
that are not in the sameconnectedcomponent with D(T) should be removed
from D (T). Next, we need to �nd bridges and articulation nodes in D(T), i.e.,
an edgeor a node whoseremoval disconnectsthe graph. Sincethey must belong
to the tree, we need to place them in D(T). Finally, if D (T) contains a cycle
the constraint is inconsistent, and an edgee 2 D(T) between two nodes that
belong to the sameconnectedcomponent of D (T) must be removed from D(T),
becauseincluding it in the tree would intro duce a cycle.

All steps above can be computed in linear time [21], but dynamic main-
tainance of bound consistency is not as simple as in the caseof the Subgraph
constraint. For instance, removing an edgefrom D(T) may turn another edge
into a bridge.

5 WBST with Fixed Graph and Edge Weights

To simplify the exposition of the algorithm, we begin with the special case
WBST (g; T; I ; w) in which the variables G and W of the constraint are �xed
(and are therefore denoted by lowercaseletters). Since we assumethat D(G)
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contains exactly onegraph and D(W ) contains exactly onevector, we only need
to �lter the domains of T and I .

5.1 A Prepro cessing Step

First, the algorithm applies the bound consistencyalgorithms described above
for Subgraph(T; G) and Tree(T). In the rest of this paper we will assumethat
bound consistencyis maintained for Subgraph(T; S) at no asymptotic cost, as
described in Section 4.

Next, sinceD(T) is contained in the spanningtree in any solution, we reduce
the problem to the casein which D (T) is initially empty, asfollows. We contract
all edgesof D(T) in g and obtain the graph g0. In addition, wesubtract w(D (T)),
i.e., the total weight of edgesin D(T), from each of D(I ) and D(I ). For any
spanning tree t0 of g0 with weight w(t0), the edge-sett0[ D (T) is a spanning tree
of g of weight w(t) = w(t0) + w(D (T)).

5.2 Analysis of g

Recall that we assumethat the preprocessingstep wasperformedand that D(T)
is initially empty. Let t be an MST of g and let w(t) be its weight. We will uset
to partition the edgesof g into three setsM andatory(g; D (I )), Possible(g; D(I ))
and F orbidden(g; D (I )), which are de�ned as follows.

De�nition 1. Let h be a connected graph.The setsM andatory(h; i ), Possible(h; i )
and F orbidden(h; i ) contain, respectively, the edgesthat belong to all, some or
none of the spanning trees of g with weight at most i .

Clearly, M andatory(g; D (I )) � t and F orbidden(g; D(I )) \ t = ; . Thus, we
determine which of the tree edgesare mandatory and which of the non-treeedges
are forbidden. For the �rst task, we can usetechniquesthat resemble thoseused
in Eppstein's algorithm for �nding the k smallest spanning trees of a graph [7].
Let e 2 t be an edgewhoseremoval from t disconnectst into two trees t1 and
t2. De�ne the replacement edge r g(e) to be a minimum weight edgein g other
than e which connectsa node from t1 and a node from t2. Then we know that:

Lemma 3 ([7], Lemma 3). For any edgee in an MST t of g such that gnf eg
is connected, (t n f eg) [ f r g(e)g is an MST of g n f eg.

Lemma 4 ([7, 22]). Given a graph g and an MST t of g, the replacementsr g(e)
for all edgesin t can be computed in time O(m� (m; n)) .

For a non-tree edgee 2 gnt, de�ne the replacement edger g(e) to be a maximum
weight edgein the unique path in t betweenu and v. Then we have that

Lemma 5. For any edgee =2 t, (t [ f eg)nf r g(e)g is a minimum-weight spanning
tree of g that contains the edgee.
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Proof. Contract e and �nd an MST of the remaining graph. By the cycle prop-
erty, it will exclude one of the maximum weight edgeson the cycle that was
created by the contraction. ut

Finding the replacement edgefor every non-tree edgecan be done in linear-time
on a RAM usinga component of King's algorithm for MST veri�cation [12]:King
describedhow, in linear time, wecandeterminethe weight of the heaviest edgeon
the path betweenevery two tree nodes.This implies the following O(m� (m; n))-
time algorithm: Find an MST t of g and compute the replacements of every edge
of g with respect to t. An edgee 2 t is in M andatory(g; D (I )) i� w(t) � w(e) +
w(rg(e)) > D(I ), i.e., gnf eg hasonly spanningtreeswhich are too heavy to be in
the solution. An edgee =2 t is in F orbidden(g; D(I )) i� w(t) + w(e) � w(r g (e)) >
D(I ). All other edgesare in Possible(g; D(I )).

5.3 Filtering the Domains of T and I

We are now ready to use the results of the analysis of g to �lter the domain of
T . Sincewe may only remove graphs from D(T) but never add new graphs, this
entails the following steps:

1. For each edgee 2 M andatory(g; D (I )), if e =2 D(T) then the constraint is
inconsistent. Otherwise, place e 2 D(T).

2. For each edgee 2 F orbidden(g; D(I )), remove e from D(T) (recall that we
assumethat D (T) is initially empty and note that an edgecannot be both
mandatory and forbidden. So e is not in D(T)).

3. Since D(T) and D(T) may have changed, we need to re-apply the bound
consistency algorithm for Tree(T) described in Section 4. Note that this
may create an inconsistency by removing a mandatory edgefrom D(T) or
placing a forbidden edgein D(T). Therefore, whenever we changethe status
of an edge,we check whether it is mandatory, possibleor forbidden and if
appropriate, determine that the constraint has no solution.

As for D(I ), it is �ltered by setting D(I )  D (I )\ [min(T); 1 ], wheremin(T)
is the minimum weight of a spanningtree of D(T) which contains D(T). In other
words, the upper bound on the weight of the spanning tree is not changed by
this �ltering step. Note that repeating the algorithm again will not result in
more �ltering: Since D(I ) did not change, the sets M andatory(g; D (I )) and
F orbidden(g; D(I )) are also unchanged.

6 WBST With Non-Fixed Tree and Graph

We now consider the casein which both G and T are not �xed (but the edge
weights still are).
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6.1 Filtering the Domain of G

We �rst apply the �ltering steps related to T being a subgraph of G and a
connected acyclic graph. We then need to identify edgesthat must be in G
becauseotherwise it would not have a spanning tree with weight at most D(I ).
Wecan identify such edgesusing,onceagain, techniquesthat resemble thoseused
in Eppstein's algorithm for �nding the k smallest spanning trees of a graph [7].
We �rst �nd a minimum spanningtree t of D (G). By de�nition, the edgeswe are
looking for belong to t. As in Section 5.2, we needto check, for each e 2 t, what
would be the cost w(r (e)) of replacing this edge.The edgee 2 t is mandatory
in G i� w(t) � w(e) + w(r (e)) > D(I ), i.e., the weight of the MST of any graph
in D(G) which excludese, is above the upper bound of the domain of I .

6.2 Analysis of D (G)

The main complication compared to the �xed-graph caseis in the analysis of
the set of graphs described by D(G) in order to �lter D (T). We generalizethe
de�nition of the setsM andatory, Possible and F orbidden:

De�nition 2. For a set S of graphs,the set M andatory(S; i ) contains the edges
that belong to every spanning tree of weight at most i of any connected graph in
S, the set F orbidden(S; i ) contains the edgesthat do not belong to any spanning
tree of weight at most i of a connected graph in S and the set Possible(S; i )
contains all other edgesappearing in at least one spanning tree of a connected
graph in S.

We will show that it su�ces to analyzethe upper bound of the graph domain,
namely the graph D(G). The following lemmas will be useful. Intuitiv ely, they
state that if an edge is removed from the graph, this can only decreasethe
number of weight-bounded spanning trees in the graph.

Lemma 6 (Monoton y of the M andatory set). The removalof an edgefrom a
graph cannot turn a mandatory edgeinto a possibleor forbidden edge.Formally:
Let g be a graphand g0 = gnf eg the graphobtained by removingan edgee = (u; v)
from g. Then:

8a 2 g0 :
�
a 2 M andatory(g; D (I )) ) a 2 M andatory(g0; D (I ))

�

Proof. Let t be an MST of g and let t0 be an MST of g0 such that if e =2 t then
t0 = t and otherwise, t0 = (t n f eg) [ f r g(e)g. Note that w(t0) � w(t).

Let a be an edgein g0 \ M andatory(g; D (I )). By the results of Section 5.2,
this implies that a 2 t and w(t) � w(a) + w(r g (a)) > D(I ). The weight w(r g(a))
of the replacement edgeof a in g is not higher than the weight w(r g0(a)) of its
replacement edgein g0. Hence,we can concludethat w(t0) � w(a) + w(r g0(a)) �
w(t) � w(a) + w(r g (a)) > D(I ), which meansthat a 2 M andatory(g0; D (I )). ut

Lemma 7 (Monoton y of the F orbidden set). The removalof an edgefrom a
graph cannot turn a forbidden edgeinto a possibleor mandatory edge.Formally:
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Let g be a graphand g0 = gnf eg the graphobtained by removingan edgee = (u; v)
from g. Then:

8a 2 g0 :
�
a 2 F orbidden(g; D(I )) ) a 2 F orbidden(g0; D (I ))

�

Proof. Again, let t be an MST of g and let t0 be an MST of g0 such that if e =2 t
then t0 = t and otherwise, t0 = (t n f eg) [ f r g(e)g. Note that for every pair of
nodesx; y, the weight of the heaviest edgeon the path betweenx and y in t is
not larger than the corresponding weight in t0.

Let a be an edgein g0 \ F orbidden(g; D(I )). By the results of Section 5.2,
this implies that a =2 t and w(t) + w(a) � w(r g(a)) > D(I ). If a 2 t0, then
w(t0) > D(I ) so g0 doesnot have any spanning tree with weight at most D(I ),
and all edgesare forbidden. Otherwise, we distinguish betweentwo cases.If e =2 t
then t0 = t and for every a =2 t, the replacement edgeis the samein g and g0,
i.e., rg0(a) = rg(a). Sow(t0) + w(a) � w(r g0(a)) = w(t) + w(a) � w(r g (a)) > D(I )
and a is in F orbidden(g0; D (I )).

If e 2 t, then t0 = (t n f eg) [ f r g(e)g and w(t0) = w(t) � w(e) + w(r g(e)). For
every pair of nodesx; y, the weight of the heaviest edgeon the path betweenthem
in t0 is at most w(r g(e)) � w(e) larger than the corresponding weight in t, i.e.,
w(rg0(a)) � w(r g(a)) + w(r g(e)) � w(e). We get that w(t0) + w(a) � w(r g0(a)) =
w(t) � w(e) + w(r g(e)) + w(a) � w(r g0(a)) � w(t) + w(a) � w(r g(a)) > D(I ), so
a 2 F orbidden(g0; D (I )). ut

Corollary 1. 1. The set F orbidden(D(G); D (I )) of edgesthat do not belong
to any spanning tree of weight at most D(I ) of any connected graph in D(G)
is F orbidden(D(G); D (I )) = F orbidden(D (G); D (I )) :

2. The set M andatory(D(G); D (I )) of edgesthat belongto any spanning tree of
weightat most D(I ) of any connected graph in D(G) is M andatory(D(G); D (I )) =
M andatory(D (G); D (I )) :

3. The set Possible(D(G); D (I )) consists of the remaining edgesin D(G).

Proof. A direct consequenceof Lemmas6 and 7. ut

Filtering the Domains of T and I The setsM andatory(D(G); D (I )), Possible(D(G); D (I ))
and F orbidden(D(G); D (I )) can be usedto �lter the domains of T and I in the
sameway as in Section 5.3, with a simple addition: Whenever an edgeis placed
in D(T), it must also be placed in D(G).

7 WBST When All Variables Are Not Fixed

We now turn to the most generalcase,in which all four variables are not �xed.
The weight of an edgee is now represented by the entry W [e] of W , whosedomain
is an interval [D (W [e]); D (W [e])]. If we view such an edgee as an in�nite set
of parallel edges,one for each weight in D(W [e]), we get a problem which is
similar to the one in the previous section, on in�nite graphs T and G. There is,
however, a subtle di�erence: If an edgeis in D(T) or D(G), it meansthat one
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of the parallel edgesit generatesneedsto be in the respective graph, and not
several of them. Nevertheless,this doesnot a�ect the correctnessof Corollary 1,
which does not refer to D(G) at all. We will sketch how our algorithm can be
applied to thesegraphs, which are in�nite but have �nite representations.

All steps that depend only on the topology of graphs (and do not involve
edge weights) are unchanged. The other steps are modi�ed as follows. In the
preprocessingstep, when contracting an edgee 2 D(T), we subtract D (W [e])
from the bounds of D(I ). When �ltering G, we need to compute a minimum
spanning tree and then search for the replacement edge for each MST edge.
Here we needto minimize the weight of the spanning tree for all possiblevalues
of the weights so we assumethat the weight of each edgee is D(W [e]).

In the analysisof D (G), we again �nd an MST t using the minimum possible
weight for each edge. When �nding a replacement edge for a tree edge e, we
search for the non-tree edge e0 with minimal D(W [e0]) and proceedas before
(e is mandatory i� w(t) � D (W [e]) + D(W [e0]) > D(I )). When searching for a
replacement edgefor a non-tree edgee, we select the tree edgee0 on the path
betweenthe endpoint of e with maximal D(W [e0]). Then D(W [e])  D (W [e]) \
[�1 ; D (I ) � w(t) + D(W [e0])] (if after this computation D(W [e]) = ; , then e is
removed from D(G)).

Finally, we needto considerupper bounds on the weights of the tree edges;
the weight selectedfor them must not be so high that the total weight of the
spanning tree is above D(I ). We reversethe contraction of edgesthat were in
D(T) in the input, and �nd a minimum spanning tree t of D (G). For every edge
in e 2 t, we set D(W [e])  D (W [e]) \ [�1 ; D(I ) � w(t) + D(W [e])].

In conclusion,we have shown the following

Theorem 2. Let G and T be graph variables let W be a collection of scalar
variables whosedomains are intervals of the reals, speci�e d by their endpoints.

If the node-setsof G and T are not �xed, it is NP-hard to �lter WBST (G; T; W )
to bound-consistency. However, if the node-setsare �xed, there exists an algo-
rithm that �lters the constraint to bound-consistency in O(m� (m; n)) time.

8 Conclusion
We have shown that it is possibleto achieve bound consistencyfor the WBST
constraint in almost-linear time, if the node-setsof G and T are �xed. In the full
versionof this paper, wewill include algorithms for the MST (G; T; W ) constraint
which speci�es that T is a minimum spanning tree of G and W is again a vector
of the edge-weights. Although it is semantically closeto the WBST constraint,
the MST constraint hasa di�eren t structure and the �ltering algorithm we have
developed for it is quite di�eren t from the one in this paper.

Several constraints on unweighted trees have been studied recently in the
constraint programming communit y (e.g., [1]). However, for most graph problems
the areaof �ltering algorithms remainsunexploredand contains many interesting
algorithmic and computational theoretic problems.
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App endix

Pro of of Theorem 1

Assumethat we have an algorithm A that �lters the variable domains to bound
consistencyin polynomial time. Then we can �nd a solution to the constraint as
follows:

1. Usealgorithm A to computebound consistency. The constraint hasa solution
i� all domains are now non-empty.

2. Repeat until all variable domains are �xed or there is a variable whosedo-
main is empty:
(a) If there is a graph variable Gi such that D(Gi ) 6= D(Gi ), selecta node v

or an edgee from D(Gi ) nD(Gi ) and include it in D(Gi ). Usealgorithm
A to compute bound consistency.

(b) If there is a scalarvariable X i with D(X i ) 6= D(X i ), setD (X i )  D (X i ).
Use algorithm A to compute bound consistency.

In each iteration, we selecta variable whosedomain wasnot �xed and narrow
it. If it is a scalar variable X i , we force it to be the upper endpoint of its domain
(which belongs to a solution by the assumption that the domains are bound
consistent). If it is a graph variable, we narrow its domain by excluding all
graph that do not contain the selectednode or edge(again, by the assumption
that the domains are bound consistent, there is a solution in which this node
or edgebelongsto the graph assignedto Gi ). Since the number of iterations is
upper boundedby the number of scalarvariablesplus the sum of the sizesof the
D(Gi )'s, the number of calls to A, and hencethe running time of the algorithm,
is polynomial in the sizeof the input. ut

Pro of of Lemma 1

Lemma 1 is restated as Corollary 2 below.

Lemma 8. Given a graph G = (V; E) with weightson the edgesand a constant
k, it is NP-hard to determine whether G has a spanning tree of weight k.

Proof. By reduction from SUBSET-SUM, which is the following NP-hard prob-
lem [4]: Given a set S of integers and a target k, determine whether there is a
subsetof S that sumsto k. We will assumethat k 6= 0 (SUBSET-SUM remains
NP-hard under this assumption).

Given an instance (S = f x1; : : : ; xn g; k) of SUBSET-SUM, we construct a
graph GS that has a spanning tree of weight k i� S has a subset that sums to
k. The graph has a node vi for every element x i 2 S plus two additional nodes,
v0 and ~v. For each 1 � i � n, the graph contains the edge(~v; vi ) with weight x i .
In addition, v0 is connectedto every other node by an edgeof weight 0. Clearly,
for any spanning tree of the graph, the non-zero weight edgescorrespond to a
subsetof S that sumsto the weight of the spanning tree. ut
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Let EWST be the exact version of the WBST constraint, i.e., the variant in
which I is the exact weight of the spanning tree T.

Corollary 2. It is NP-hard to determine whether an EWST constraint has a
solution.

Proof. If there exists a polynomial-time algorithm that determines whether an
EWST constraint has a solution, it can be used to solve SUBSET-SUM in
polynomial-time as follows: Let D(G) = [GS ; GS ], D (T) = [; ; GS ] and D(I ) =
f kg. The constraint EWST (G; T; I ) has a solution i� GS has a spanning tree of
weight k. ut

Pro of of Lemma 2

By reduction from STEINER TREE, which is the following NP-hard problem [8]:
Given an undirected graph H = (V; E), a subset U � V of the nodes and a
parameter k determine whether the graph has a subtree of weight at most k
that contains all nodesof U.

Given an instance of this problem, let D (G) = D(T) = [U;H ] and D(I ) = k
(i.e., T must contain all nodesof U and may or may not contain the other nodes
and edgesof G). Then there is a solution to the STEINER TREE problem i�
there is a solution to the constraint WBST (G; T; I ). ut
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