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Figure 3.10 A finite-state machine that adds two binary numbers. Their two least significant
bits are supplied first followed by those of increasing significance. The output bits represent the
sum of the two numbers.

results of this section can be useful. We illustrate this here for binary addition by exhibiting
small and shallow circuits for the adder FSM of Fig. 3.10. The circuit simulation for this
FSM produces the carry-lookahead adder circuit of Section 2.7. In this section we use matrix
multiplication, which is covered in Chapter 6.

The new method is based on the representation of the function fI(MT) QXX - QxuT
computed in T steps by an FSM M = (2,9, Q, 4, \, s, F') in terms of the set of state-to-
state mappings S = {h : Q — Q} where S contains the mappings {A, : Q — Q |z € ¥}
and A, is defined below.

Ay(q) =d(q x) 3.1)

That is, A, (q) is the state to which state ¢ is carried by the input letter .

The FSM shown in Fig. 3.10 adds two binary numbers sequentially by simulating a ripple
adder. (See Section 2.7.) Its input alphabet is /32, that is, the set of pairs of 0's and 1. Its
output alphabet is B and its state set is Q@ = {qo, 1,92, ¢3}. (A sequential circuit for this
machine is designed in Section 3.3.) It has the state-to-state mappings shown in Fig. 3.11.

Let ® : S% — S be the operator defined on the set S of state-to-state mappings where for
arbitrary hq, h, € S and state ¢ € @ the operator © is defined as follows:

(h1 ® h2)(q) = ha(h1(q)) (3.2)

¢ | Dool) g [Doale) g |Awele) g | Aualg)

q0 | 9o Qo | i1 qQ | 11 qo | 92
q1 | qo qQ | ¢ qQ | 1 q | 92
Q@ | q Q@ | 9 Q@ | Q@ Q@ | g3
q3 | q1 qs | Q2 q3 | Q2 a3 | 43

Figure 3.11 The state-to-state mappings associated with the FSM of Fig. 3.10.
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The state-to-state mappings in .S will be obtained by composing the mappings {A, : Q —
Q |z € ¥} using this operator.

Below we show that the operator ® is associative, that is, ® satisfies the property (hy ®
h2) ® hg = hy ® (ha ® hz). This means that for each ¢ € @, ((h1 ® h2) ©® h3)(q) =
(h1 © (h2 ® h3))(q) = ha(h2(hi(q))). Applying the definition of © in Equation (3.2), we
have the following for each ¢ € @Q:

((h1 © h2) © h3)(q) = ha((h1 © h2)(q))
= hg(h2(h1(q))) (3.3)
= (h2 © h3)(ha1(q))
= (h1© (h2 ® h3))(q)

Thus, @ is associative and (S, ®) is a semigroup. (See Section 2.6.) It follows that a prefix
computation can be done on a sequence of state-to-state mappings.

We now use this observation to construct a shallow circuit for the function f](\f). Letw =
(wy,wy, ..., wr) be asequence of T" inputs to M where w; is supplied on the jth step. Let
q'9) be the state of A/ after receiving the jth input. From the definition of ® it follows that
¢'%) has the following value where s is the initial state of M:

4D = (D, @ Ay, @+ O Ay, )(5)

The value of f](WT) on initial state s and 7" inputs can be represented in terms of ¢ = (¢V), ...,
q™)) as follows:

i (sw) = (6 A6@) AP, Mg ™))
Let AT e the following sequence of state-to-state mappings:

A(T) = (Awu sz’ te AwT)

It follows that g can be obtained by computing the state-to-state mappings A,,, © Ay, ©®---©®
Ay, 1 < j < T, and applying them to the initial state s. Because © is associative, these T

state-to-state mappings are produced by the prefix operator 7>§§> on the sequence A(T) (see
Theorem 2.6.1):

PEAD) = (B By © D),y (Buy © Dy © .. @ Ayy))
Restating Theorem 2.6.1 for this problem, we have the following result.

THEOREM 3.2.1 For T' = 2%, k an integer, the T state-to-state mappings defined by the 7" inputs
to an FSM M can be computed by a circuit over the basis Q = {®} whose size and depth satisfy
the following bounds:

Cao (PY) <27 ~log, T~ 2

Dq, (pg>) <2log, T



