56 Chapter 2 Logic Circuits

© as the summing operator. Thatis, y; = 21 @ 22 © --- © z; for 1 < j < n. Thus, if
the set A is IN, the natural numbers, and ® is the integer addition operator +, then PJ(F")
on the input @ = (x1,,...,x,) produces the output y, where y1 = z1, y» = x1 + 3,
Y3 =21+ 22+ X3, ..., Yn = x1 + T2 + - - + x,,. FOr example, shown below is the prefix
function on a 6-vector of integers under integer addition.

x=(213751)
Pf)(w) =(2,3,6,13,18,19)

A prefix function is defined only for operators © that are associative over the set A. An
operator over A is associative ifa) forallaand b in A, a ® bisin A, and b) for all a, b, and
cin A, (a®b)®ec=a® (b®c)—thatis, if all groupings of terms in a sum with the operator
© have the same value. A pair (A, ®) in which ® is associative is called a semigroup. Three
semigroups on which a prefix function can be defined are

e (IN, +) where IN are the natural numbers and -+ is integer addition.
o ({0,1}*,-) where {0, 1}* is the set of binary strings and - is string concatenation.
o (A, Ocopy) Where A'is a set and ©copy 1S defined by a Ocopy b = a.

It is easy to show that the concatenation operator - on {0,1}* and ©.p, ON a set A are
associative. (See Problem 2.20.) Another important semigroup is the set of matrices under
matrix multiplication (see Theorem 6.2.1).

Summarizing, if (A, ®) is a semigroup, the prefix function Pé”) : A" — A" on input
x = (x1,22,...,T,) producesasoutputy = (y1,y2, ..., yn), Wherey; = 210220+ - -Ox;
forl <j<n.

Load balancing on a parallel machine is an important application of prefix computation.
A simple example of load balancing is the following: We assume that p processors, numbered
from 0 to p — 1, are running processes in parallel. We also assume that processes are born
and die, resulting in a possible imbalance in the number of processes active on processors.
Since it is desirable that all processors be running the same number of processes, processes
are periodically redistributed among processors to balance the load. To rebalance the load, a)
processors are given a linear order, and b) each process is assigned a Boolean variable with value
1 if it is alive and O otherwise. Each processor computes its number of living processes, n;. A
prefix computation is then done on these values using the linear order among processors. This
computation provides the jth processor with the sum n; 4+ n;_1 + - - - + nq which it uses to
give each of its living processes a unique index. The sum n = n,, + - - - + nq is then broadcast
to all processors. When the processors are in balance all have [n/p] processes except possibly
one that has fewer processes. Assigning the sth process to processor (s mod p) insures that
the load is balanced.

Another important type of prefix computation is the segmented prefix computation. In
this case two n-vectors are given, a value vector « and a flag vector ¢. The value of the ith
entry y; in the result vector y is x; if ¢; is 1 and otherwise is the associative combination with
© of z; and the values between it and the first value «; to the left of «; for which the flag
¢; = 1. Thefirst bit of ¢ is always 1. An example of a segmented prefix computation is shown
below for integer values and integer addition as the associative operation:

z=(21,3,751)



