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Abstract
Accuracy is theubiquitousgoalof dynamicsimulation,in orderto yield the“correct” motion.But
for creatinganimation,whatis really of interestis “plausible”motion,which is somewhatdiffer-
ent.We discusswhatwemeanby plausiblesimulation,how it differsfrom “accurate”simulation,
andwhywethink it' saworthwhileareatostudy. Thediscussiontouchesonquestionsof physically
plausiblevs. visuallyplausiblemotion,plausiblesimulationin a noisyor texturedenvironment,
andprobabilitymeasuresfor motion,aswell asissuesfor forwardandinverseproblems.

1 Intr oduction

Simulationis generallyusedin thecontext of a predictive modelof behavior: givena precisedescriptionof
a real-world situation,try to determinecomputationallywhatwould reallyhappen.Whendesigningairplane
parts,for example,accuracy of themodelandof thesimulationarecritically important.

However computergraphicsanimationhasdifferent needs,requiring a slightly different outlook. In
particular, weclaim:

� For computergraphicsanimationwedon't needapredictivemodelof whatwill happen.Thecreatorof
ananimationdecidesa priori whatis to happen:thepurposeof simulationis to provide toolsto make
it happenin a way thatseemsreal.

� Simulatedmotionoften looks“sterile,” becauseit lacksthevariationcausedby smalldetailsthatare
left outof themodels.Thesearegenerallyomittedbecausetheir inclusionwouldrenderthesimulation
computationallyintractible,or becausesimulationmethodsfor handlingsuchdetailarenotknown.



Wethusintroducetheideaof plausiblemotion:motionthatcouldhappen,givenwhatis (un)knownaboutthe
system.Many motionsmaybeplausiblefor givenconditions;thiscangiveuslatitudein creatingor choosing
aparticularmotionthatis desired.

We havefoundthatrecastingtheanimationsimulationproblemdomainto beoneof plausibleratherthan
accuratemotionopensupa varietyof interestingandpromisingdirectionsfor investigation.We will discuss
someof thesedirections,andgivesomepreliminaryresults.We hopeto stimulateinterestin anareathatwe
haveonly justbegunto explore.

2 Thought Experiments

We discusssomesimplethoughtexperiments,to motivatetheclaimsof the lastsectionandto examinethe
notionof plausibility. Theexperimentsleadto variousconjecturesaboutimplementingandtakingadvantage
of plausibility.

2.1 The Importance of Detail

Thought experiment: A Superball
Considera typical CG simulationof a spherereleasedfrom restabove a groundplane:
it bouncesupanddown aboveasinglepointon theplane.
Now considera real-world superballthat is heldandreleasedabove a �oor: it bounces
and skittersevery which way. Repeatthe experiment;the ball will travel on a very
differentpath,but theoverall “character”of theskitteringwill beroughlythesame.

Thereareavarietyof factorsthatprobablycontributeto theskitteringof a real-world superball:slight initial
spin impartedwhenthe ball is released,eccentricitiesin theshapeof the ball, inhomogeneitiesin its mass
distribution,non-horizontal�oor plane,non-planar�oor , anddirt andotherparticleson the�oor .

Thinkingaboutthebouncingball, weobserve:

� Simulationsof CGmodelstendto lookmechanicalandsterile,nomatterhow accuratethecomputation.
This is becausethemodelis itself “sterile”: a perfect�at planeanda perfectsphere.

� It would behardto take into accountall factorsandimperfectionsto accuratelymodelandsimulatea
realsuperballonareal�oor . Furthermore,nomatterhow carefullywemeasurethesuperballand�oor
in question,therewill besomeuncertaintyin theinitial conditions(unlesswebuild aprecisemechani-
cal releasemechanismratherthansimplydroppingtheball by hand),whichwill leadto uncertaintyin
theresultingmotionpath.

� It doesn't matterexactlywhichmotionpaththeball takesif oneis only concernedwith theappearance
of realism.Eachreal-world trial is differentanyway. But it is essentialthatthepathdisplaysthesame
typeof skitteringthatis causedby theimperfectionsin therealworld.

It maybetoo hardto accuratelysimulateall the“details” of therealworld. But we geta big win if we can
mimicthedetails:wewouldmakeplausible,non-sterilemotion.

Conjecture: We canmimic real-world imperfectionsby startingwith theusual�at, smoothCG model,
and introducingan appropriateamountof variability into the simulationprocess.This approachis well-
known in theworld of rendering:Oneprovidestexture to make modelsappearmorerealistic. Textureadds
detailmosteffectively whenthe“character”of thedetail is important,but theactualdatain thedetail is not
(e.g.,it mattersthatthewall is marble,but notwheretheveinsin themarblelie).
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2.2 The Futility of Accuracy

Thought experiment: Rolling Dice(a)
Considerrolling a die to seewho plays �rst in a gameof Monopoly. This extremly
simplephysicalsystem—roughly, a cubeand�at plane—iscommonlyconsideredto be
agoodsourceof randomnumbers.

Thinkingaboutsimulatingadie roll leadsusto two observations:

� Sincebehavior of thissystemis random,1 there'snopoint in trying to simulateit “accurately.”

� A typical simulationof a rolling die would producethesameresulteachtime it is run (for a givenset
of initial conditions).In somesense,to really be “accurate,” a simulationshouldproducea different
resulteachtime it is run.

Sincerepeatabilityis a desirablepropertyof computerprograms,having a simulationtruly producerandom
resultsis probablynot ideal. More useful—thoughprobablyhardto compute—would bea simulationthat
reports(in someform) thespaceof possibleresults,allowing theuserto chooseaspeci�c elementasdesired;
theprogramcouldalsochooseonearbitrarily2 or randomly.

Thought experiment: Rolling Dice(b)
Considerthe following scenario:a pair of dice areon a table,showing seven; some-
thing knocksthemto the �oor , they endup showing “snake eyes.” This is a plausible
occurrence,but onethatis hardto arrangeor predict.

Supposewe wantto createananimationof theabovescenario.To producea believablemotionfor thedice,
simulationis a naturalchoice.But thinkingabouthow to meetthe�nal-statecondition,wenote:

� Sincebehavior of this systemis random,we can't expectanaccuratepredictive model.And we can't
expectto easilyadjusttheinitial conditionsto guaranteethedesired�nal results.

� To createananimation,wedon't needapredictivemodel,sinceweknow whatwewanttohavehappen.
But wedoneedaway to createa plausiblemotion.

Onemightimaginetrying to createthisanimationby simulatingit repeatedlywith variousparametervalues—
sincetheoddsof “snakeeyes”are1:36,we'd expectthatwithin, say, 50 trieswe'd getthedesiredresult.

But whatif thedirectorspeci�ednotonly theinitial and�nal scoresof thedice,but alsotheir positions?
We now havea highly constrained(or multi-pointboundaryvalue)problem,for ahighly unstablesystem.

Conjecture: The easiestway to createan animationof scenariossuchas the above is to exploit the
variabilityandinstabilitywithin thesystem:At eachmomentwhenthereis variability, canadjusttheoutgoing
statewithin the boundsthat arederived from the plausiblesetof incomingstatesandthe instability in the
system.

1More precisely:given the limits of precisionin the initial conditionsandthecomputation,andgiven the instability in thesystem,
theresultsof this (or comparablesituations)areprovably indeterminate[HS92].

2Thusreturningusto theusualbehavior of simulation.
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2.3 The Flexibility of Believability

Thought experiment: BaseballHit

Considera viewer in thebleacherswatchinga baseball3 pitch, swing,andhit. Canthe
viewerguesswhereandhow far theball will travel—straightto theleft �elder? overhis
head?insidethefoul line? out of thepark?Cantheviewer measurehow high theball
�ies, or whetherit travelsin a parabolicarc?

To createananimationof a baseball,we canprobablychoosefrom a wide rangeof trajectories—evenones
thatarephysicallyinfeasible—withoutcompromisingthebelievability (for example,have theball “hang” in
theair for amomentlongerthanit oughtto, to increasethedramatictension).

Again,makinga few observations:

� Peoplearenot alwaysterribly accuratepredictorsof motion. (How many novice out�eldershave run
forwardto catcha �y ball, only to have it passover theirheads?)

� In somecases,peoplearewilling to acceptsurprisingbehavior by relying on unseenforces: in par-
ticular, theeffectsof wind on theball aresigni�cant on ballshit a long way, andmiscalculationsand
�elding errorscanoftenbeblamedon thewind.

� Believability dependson viewing angle. From the bleachersabove homeplate, the initial direction
(towardsleft or right �eld?) is probablynot asfreeto beadjustedasis theinitial elevation(grounder,
line-drive,or �y ball?),while from behind�rst basetheoppositewouldbetrue.

Of course,therearelimits to how muchvariationcanbeintroducedbeforebreakingtheviewer's belief that
thesimulationis “real.” For example,if thebatterbunts,holdingthebatstill, it wouldbeimplausiblefor the
ball to gainenoughenergy thatit could�y to theout�eld.

Conjecture: For computergraphicsanimation,we canin many casesintroducead-hocvariationof mo-
tion withoutcomprimisingbelievability.

3 Characterizing Plausibility

In theprevioussectionweconsideredsomeintuitivenotionsaboutplausibility. Wenow attemptto character-
izeplausibilitysomewhatmoreprecisely.

3.1 Sourcesof Variability

Thereareseveralfactorsthatcontributeto variability in a modelandsimulation:

� Numericalerror in computation.Theresultof a solver is oneelementof thesetof solutionsaccurate
to within giventolerances—but theremaybeothers.

� Approximationsin theabstraction.(Are thebodiesreallyrigid? How appropriateis thePoissonmodel
of collision [KR66] or theCoulombmodelof friction [Rei71]?)

� Inaccuracy in thedata.(How preciselydoweknow themass?How accurateis theinitial velocity?)

� Missingdetailsin themodel.(Is theball really round?Is the�oor really �at?)

3Any Europeansin theaudience,considerinsteadkicking a footballor soccerball.
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Thesefactorsmostlycausecontinuousvariability in thesolution.But collisionsintroduceanentirelydifferent
classof variability: Eachcollisioncannon-linearlymagnifyall theothervariabilities,producingmacroscopic,
discontinuouseffectsdueto smallchangesin parameters.4 Thuswehaveanadditionalsourceof variablitiy:

� Instability in thesystem.

Conjecture: Sincecollisionscanmagnify invisible variations,in many casesit maybesuf�cient, for gen-
eratingplausiblemotion,to neglectexplicit considerationof the“primary” variations,andintroducead-hoc
variationontheresultsof eachcollision instead.

Slightly abusing the English language,we refer collectively to the varioussourcesof variability in a
systemasthevariabilitiesof thesystem.5

3.2 Physicalvs. Visual Plausibility

We considera motionpathto bephysicallyplausibleif it lieswithin therangeof motionsallowedby known
errorboundson theabovevariabilities.

We considera motion path to be visually plausibleif it looks convincing. This is of coursea weak
de�nition, sinceit dependsonavarietyof perceptionandcognitionfactors,or morebroadly, onwho'sdoing
thelookingandin whatcontext. Still, wecanattemptto makesomegeneralcharacterizationsof whatmakes
motionvisuallyplausibleor implausible:

� In mostcases,visualplausibility seemsto requireinstant-to-instant“correctness.” In our context, we
canconsidermotionto bevisuallyplausibleif it lieswithin therangeof motionallowedby arbitrarily
chosenboundsontheabovevariabilities,solongastheendresultlooksconvincing.Visualplausibility
canallow temporalvariationof parametersthatwouldotherwisebeconsideredto beconstant(e.g.,an
objectcouldpossiblychangemassslightly over time) .

� Visualplausibility maydependon thestateof systemandviewing parameters:If a ball approachesa
surfaceperpendicularly, it shouldleave mostlyperpendicularly. But if it arrivesat, say, 47 degreesit
canprobablyleave anywherefrom 40 to 55 degreeswithout theviewer noticing—moreif theball is
traveling directly away from the cameraor if the camerais aimedalongthe wall thusconfusingthe
viewer'sability to judgeangles.

� Relianceon invisible forcescanhelpprovidevisualplausibility, if theviewerexpectsthatsuchforces
mightexist (e.g.,wind effectingabaseball).

� Relianceon invisible forcescanreducevisualplausibility, if theviewer doesn't expectsuchforcesto
exist.

� Visualplausibility dependson how well theviewer cansee.Objectsthataremoving very fast,or are
arevery far away, or areobscured,or arepoorly lit, provideextraopportunitiesfor variability.6

In general,visualplausibility is a looserrequirementthanphysicalplausibility. But visualplausibility may
occasionallybea strongerrequirement:physicalsystemsaresometimesnon-intuitive,or behave unexpect-
edly dueto invisible or otherwiseunknown internalstate. Theremay be somecasesin which a visually

4Indeed,HubermanandStruss[HS92] describea simplebilliard-table-with-obstacle systemwhosebehaviour is chaoticin large
areas.

5Themoreobvioustermssuchasvariables or parameters wouldsuggestamodelof thesystemthatis moreformalor completethan
wewish to employ.

6Thus to someextent, we can considervisual plausibility to be the sameas physical plausibility: motion allowed by known
tolerances—but basedon theviewer's perceptionof thesystem,ratherthanthemodel-builder's knowledge.
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Figure 1: The set of plausible paths for a cannonball that bounces once. Here, the uncertainty in the initial conditions is
very small, so the first arcs are nearly identical. Following the bounce, the subsequent arcs are many and varied.

plausiblesimulationhasto “break” physics—todosomethingnotallowedby physicallaw—to avoid surpris-
ing theviewers.

Whataboutthelimits of visualplausibility? It would beinterestingto learnhow suchthingsasviewing
angle,speed,andimpactangleaffectviewers' impressionsof plausibility, perhapsby conductinguserstudies.
In general,however, it is likely to requirethestorytellingtalentof humananimatorsto know just how much
implausibilityor coincidenceonecan“get awaywith” in a givencontext.

Finally, notethatwe're not consideringso-called“cartoonphysics”—theCoyotewalking off a cliff for
severalpacesbeforefalling, or RicochetRabbit's bulletschasinga villain aroundcorners—tobewithin the
realmof visualplausibility. Thepointof suchgagsis exactly their implausibility.

3.3 Motion Path Cones

Thebehavior of asystemcanof coursebedescribedasapaththroughstatespaceor phasespace[FW80]. We
considertheplausiblemotionof a bodyto bea bundleof paths,or generalizedcone,throughstateor phase
space,asillustratedin Figure1. Theboundsof theconearedeterminedby therangesof thevariabilitiesin
themodel.

Moreprecisely, amotionpathconestartsat theregionof phasespacethatdescribestheinitial conditions
(a region ratherthan a point, sincewe includeerror boundsor tolerances).We sweepout a volume by
extrudingtheregionover time,evolving it in keepingwith physicallaw.7

Conesdo not necessarilycontinueinde�nitely: If friction slows down theobject,it maycometo rest,as
in thecaseof thecannonballof Figure1.

Whenever thepathconeof a bodyintersectssomeotherbodysothat they cancollide, thereis a branch
point in theplausiblemotion.Thusthereis a treeof cones,with “shadows” of obstaclesin theparentcone.

The moredetail or precisionwe have in the model,the narrower the cones.However, even with very
narrow initial cones,theinstabilitycausedby collisionscanquickly widentheconesfartherdown thetree.If
theobjectis con�ned to someboundedregionof space,in many casestheconemaywidento coverall points
of thespace[KMS85].8

How doesall this relateto simulation?A typical initial-valueforwardsimulationchoosesonepathfrom
within the treeof pathcones. In thinking aboutsimulations,it may often be worth rememberingthat any
givensolutionhasneighboringpathswithin thecones,thatdescribeotherplausiblesolutions.Althoughit is
not in generalfeasibleto computeall completepathconetrees—they canclearlygrow toolargeandcomplex
to represent,compactlyor at all—in somecasescomputinga subtreemight well be feasibleanduseful,as
will bediscussedbelow. If to �nd the“right” animationoneis goingto have to simulaterepeatedly, thenit

7Notethattheboundariesof theconearen't necessarilydeterminedby theconditionsat thestart;theremaybecontinuouslyvariable
parameterssuchasatmosphericdisturbanceor gravity thatcanaffect theboundaries.

8Althoughnotnecessarilyall pointsof thephasespace.For example,abilliard ball, bouncingaboutona frictionlesspool tablewith
bumpersthat absorb10% of the energy on eachcollision will (with high probability)eventuallypassvery nearto every point of the
table,althoughonly asmallinitial segmentof its trajectorywill becoveredatahighspeed.
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mightreducetheoverallcomputationto computetheconetreeinitially, andthensimplypick onepathwithin
it thatmeetsone'sgoals.

3.4 Probability and Plausibility

While awide rangeof motionpathsmaybeplausible,arethey all really likely?We considerprobabilitiesin
conjunctionwith motionpaths.

We startby introducingprobabilitydistributionsasa modelof underlyingvariability. For example,in a
collisionwith a roughsurface,thestatisticalvariationin a normalvectormighthaveaGaussiandistribution.

Theseunderlyingdistributionsinduceprobabilitydistributionsover eachpathcone. At eachbranching
pointin thetreeof cones,wepropagateprobabilityby integratingtheparentprobabilityoverthecross-section
of thetargetarea,to gettheprobabilityp of takingthatbranch.Theprobabilitesin thechild brancharescaled
by p; theprobabilitiesfor pathsnot following thatbrancharescaledby 1 � p.

Of course,in a continuousspaceof motion paths,the probability of any given trajectoryis negligible
(evenif it' s a pretty reasonablechoice). This canbeaddressedby de�ning theprobabilitydensityover the
cone,andonly assigningprobabilityto setsof motionpaths,by integratingthedensityovertherangeof paths
in a set.

In discussingwhat makes a path acceptablyplausible,it can be useful to take a Bayesianapproach
[HU93]. Thatis, if aviewersaw agivenpath,wouldtheviewer'sbeliefaboutthesimulatedworld change?If,
for example,oneseesaball droppedonagravel driveway, andit tookanoddbounceto theNorth,onemight
think nothingof it (“therewasprobablya stonethatcaughtit just thewrongway”). But if it tooksevenodd
bouncesin a row, all to theNorth,onewould begin to think thatsomethingwas“rigged.” Froma Bayesian
viewpoint, the implicit hypothesisthat the gravel's normalvectorsareuniformly distributedbecomesless
likely asoneobservesthestringof unusualbounces.

Having aprobabilitymetricfor pathconeshasthepotentialto beusefulfor minimizingcomputation.For
example,in many cases,ratherthancomputeanentiretreeof pathcones,it wouldbeappropriateto compute
only thosethatrepresentreasonablylikely occurrences.

4 Applications

We discussherea few waysin which theideasof plausiblemotioncanbeapplied.

4.1 Simulating with Texture

Perhapsthemostbasicideadiscussedthusfar is thatfor simulationsto look realistic,they mustadd“texture”
to the otherwisetoo-simplemodels,wherewe usethe term “texture” in analogywith the texture-mapping
commonlyusedin rendering:apparentdetail addedasan after-effect. Texture in imagegenerationis pro-
ducedby texturemappingof scannedimages,by proceduraltextures,andby randomly-generatedtextures
(amongothermethods),andwe cando likewise. As per the conjectureof Section3.1, we concentratethe
texturein collisionparameters:

� We canplausiblly forward-simulatebouncingbodiesby simply addinga certainamountof ad-hoc
randomvariationto theinitial conditionsandto thenormalvectorassociatedwith eachbounce.

� We canperformexperiments,e.g.,measurerealsuperballbouncedirections,andusea statisticaltab-
ulation of the resultsasa sourcefor distribution of variability, similarly to rendering's bidirectional
re�ection distribution functionsor microfacetslopedistributions[FvDFH90].
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� We canborrow directly from rendering,andusetexture mapsandbump maps—inmany cases,the
very mapsthatareusedby therenderer. For example,we canvary thecoef�cient of restitutionbased
onsurfacetexture,andusethebumpednormalfor thecollision.

Wesuspectthatthebestresultswill arisefrom combiningrandomnesswith storedor computedtextures.For
example,whereverthereis abump,widentherangeof normals.Thusfor a tile �oor , with raisedtilesbedded
in grout,wemightassignsomewhatvariablenormalsfor thegroutregion,andsubstantiallyvariablenormals
in the areaswherethe bump-maptells us that the normal is changingrapidly (i.e., on the curvededgesof
eachtile).

In addingtextureto simulations,weneedto becarefulnot to add(toomuch)energy to thesystem,asthis
would likely destroy (visual)plausibility. This dependson whetherthereareactive elementsin thesystem,
suchaspinballmachinebumpers.

4.2 Animation Control

By exploiting variability we have thepotentialto give animatorsdirect-manipulationstylecontrolover ani-
mation,while automaticallymaintainingphysicalplausibility. We describea few approaches:

� Motion construction. A programshows the userthe next motion pathconefor an object,given its
currentstateandthevariousvariabilities;theuserchoosesfrom within thecone.Thustheuserbuilds
theanimationstep-by-step.

� Motion adjustment.Given themotionpathconesdescribinga particularpath(which mayhave been
computedby forwardsimulationor built step-by-step),theusercaninteractively manipulatethe�nal
position,andtheprogramautomaticallypropagatesthenecessaryvariationbackupalongtheconetree.
Theusermight, in thecourseof doingthis,comeupagainsttheconeboundaries.This is analogousto
inversekinematics(IK) limb manipulationwith joint limits.

� ConstrainedMotion adjustment.The program�nds the plausiblesolutionsof a constraintproblem
(e.g.,a two-pointboundary-valueproblemsuchas“the ball bouncesfrom hereto there”),showing the
userthe setof pathconesthatall meettheconstraints.Theusercanchooseamongthem,againlike
manipulatinganIK jointedlimb thatis �x edatbothends.

In theabovecases,lackinganautomaticmetricfor visualplausibility, wecansimplyprovide theuserwith a
knobor knobsto widen(or narrow) therangesof thevariabilities.

All theabove couldalsocomputeanddisplaythe likelihoodof eachchosensolution,if we have proba-
bility distributionsfor eachvariable9 (or, perhapsmoreinformative, show the likelihoodthat,givensucha
motion-path,the userwould believe the hypothesisthat the chosenvaluesfor the variabilitiesareactually
uncorrelated.)

The computationof motion pathconesis reminiscentof conetracedrendering[Ama84], and indeed,
many of theideastherehaveanalogsin motionpathcones.

4.3 Motion Synthesis

Themotionsynthesisproblem,creatinganimationto meetdesiredgoals,is oftencastasaninversesimulation
problem:giventhedesiredendresult,whatinitial conditionsandforcesshouldbeapplied?

9Onemightimagineusingthisthistypeof systemfor non-animationapplications;e.g.,carcrashreconstruction:whatis thelikelihood
thatagivenscenariocouldhappen?But thisis acasewheregettingthecorrectanswercanreallymatter, andassuchourloosediscussion
of plausibility is not appropriate.(Also notethatcarscontaindrivers,andarethusactive volitional objectsthatcanvary their behavior
dueto internalstate,greatlycomplicatingtheproblem.)
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Figure 2: Simulation of a bouncing ball in a box, side view. Top: No texture added—the bounce is regular. Bottom:
Collision normals are perturbed randomly up to 8 degrees.

Figure 3: Simulation of a 9-ball pool break. Left: “Accurate” solution. Right: Collision normals are perturbed randomly
by up to 8 degrees.

Inverseproblemscanbevery complex. For example,Tanget al. [TNM95] describea simplesystem,in
which oneis to have theballson a billiard tableendup in a particularcon�guration,andtheproblemis to
determineappropriateinitial velocities.This is adauntingtask,10 madeparticularlydif�cult by thesearchfor
accuratesolutions,whicharehighly unstableandsensitive to variationof theinitial velocities.

Fromour point of view, slight errorsin theinitial velocity canbemaskedby usinga systemthatallows
for variabilities. At �rst glance,addingsuchvariabilitiesis bothgoodandbad: it increasesthesizeof the
solutionspace,but alsoincreasesthenumberof degreesof freedomto besearched.

We note that the degreesof freedomaddedby variabilitiesare not only in initial conditions,but are
distributedthroughoutthesimulation:we can“tune” eachbounce.Thusto someextent,we canconvert the
dif�culties of solvinga two-pointboundaryvalueprobleminto a simpleroneof leapingfrom stepping-stone
to stepping-stone.

There is one further point to be made: it' s temptingto say “Of courseaddingvariability makes the
problemeasier—it letsuscheatto gettheresultwe want!” But if thevariabilitieswe includearephysically
plausible,thenwearenotcheatingatall—thesolutionwegetis onewhich,to thelimits of ourunderstnading
of thesystemis oneof themany plausiblesolutionsthatcouldarise. And if we're in thedomainof visual
plausibility, thenit' s OK to cheat!

10Tanget al. describeanalgorithmto reducetheir roughly1013 candidatesolutionsto only 106 trials thatmustbesearched.
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Figure 4: Left: The problem: give the ball (black circle) an initial velocity so that ends up in the desired position with the
desired velocity; there is no “accurate” solution on a table with friction. Middle: Introducing a variability of 2 degrees to
collision normals allows two “five-rail” shots. Right: Increasing the variability to 5 degrees finds a simpler “three-rail”
solution.

5 Preliminary results

We have just begunto exploretheideasof plausiblemotionsimulation.Our �rst stepshave beento attempt
to validatesomeof theconjecturesfor thesimplestof testcases:perfectsphereson �at surfaces.We report
heretheresultsof four preliminaryexperimentsandwhatwehave learnedfrom them.11

The�rst two experimentsaresimplechecksof theconjecturethataddingrandomvariability to thesimu-
lationcancreateplausiblemotion“texture,” andmoreoverthatwecandosoby ad-hocvariationof collision
parameters.The secondtwo experimentstest the conjecturethat inverseproblemsareeasierif we allow
variability.

5.1 Bouncingball

First, we simulatedbouncingballs,asdescribedin Section2.1. Thesurfacenormalat eachcollision could
beperturbedrandomlyin a solid angle.Thesizeof theanglewasadjustable.Figure2 showsa sideview of
oneball bouncing,with andwithout randomtexture.

Theresultsof this testarestraightforward:
� As expected,wefoundthataddingasmallamountof variationlookedplausibleandnotasmechanical

astheunperturbedcontrol.

� Thevariationcouldbeadjustedup to roughly8 degreeswithoutbreakdown of plausibility.

Themotionof this experiment,althoughinteresting,instantlysuggeststherichnessthatcouldbeaddedvia
texturemapping,sothatwecanhaveareasof gravel with highervariability, andsoforth, asperSection4.1.
We havenotyet implementedthis,but expectit to work well.

5.2 Pool Break

Next we simulatedbilliard balls, in particulara “nine-ball break”—nineballs arearrangedin a diamond
shape,anda tenthball is hit into them.As before,thecollisionnormalscouldbesubjectto randomvariation
(in theplane).Theinitial breakis asymmetric.Figure3 showstheresults.

� In this case,the complexity of the underlyingnon-randomsystemcoupledwith asymmetryin the
initial conditionsgivesaplausible,non-mechanicalfeel,but it doessoonly once.Whenthesimulation
is repeatedtheresultsrepeatexactly, quickly creatinga mechanicalfeel.

� Adding roughly 10 degreesof randomvariationwascompletelyunnoticeablein termsof the visual
plausibilityof themotion. But now thesimulationis differenteachtime,succesfullykeepinga “natu-
ral” feel.

11Animationsof theresultsareavailableonlinefrom: http://www.cs.washington.edu/homes/ronen

10



Figure 5: Left: A cue ball, and a target ball to sink in the corner pocket. Middle: Solution without perturbing normals.
Right Another solution introduced with 8 degree perturbation of collision normals.

Fromthis we learnthat in analreadycomplex system,introducingextra variability “texture” doesnot harm
thevisualplausibility. This freesusto introducevariability into motionsynthesisproblems,asdiscussedin
Section4.3andtried in thenext two experiments.

5.3 OnePool Ball

We attemptasimplemotionsynthesisproblem:Thecueball startsat rest;westrike it with thepoolcue,and
wewantit to reachagivenlocationtravelingin agivendirection(without“scratching”by enteringapocket).

Oursimulationincludesfrictional lossesastheball rolls acrossthetable,inelasticityin thecollisionswith
thewalls,anda maximuminitial speed.Thesetogethereffectively pruneour searchandmake it far simpler
thantheproblemsconsideredby Tanget al. [TNM95], whoseballsmovedon a frictionlesssurfacewith no
energy losses,andthuscouldcontinuebouncingforever.12

Ouralgorithmis abackwardssearch:westartat thedesiredendpositionandvelocityof thecue-ball,and
draw a (very narrow) coneof trajectoriesalongwhich it musttravel to arrive at that positionandvelocity.
Whenthis conereachesa wall, thetreebranchesastheconere�ects. (Notethattheconere�ects separately
from eachhalf of thelongwalls,sincetheball canbouncefrom thewalls but not from thesidepocket.) The
re�ectedconesincludethevariability of re�ection, andthereforespreadfasterthantheparentcone.

Wesearchrecursively, computingtherequiredspeedin eachconegiventhefrictional tableandcollisions,
andprunethesearchwhentherequiredspeedexceedsa prede�nedmaximum.All successfulresults(those
wheretheconeenclosestheball, andtheball speedis below themaximum)arereported.For eachmatch,
we traceforward from the branchto the root of this conetree,piecingtogethera sensiblepath. We start
by connectingthe conesroughly apex-to-apex, thenperforma relaxationprocessto minimize the overall
eccentricityof thecollisions.

As illustratedin Figure4, it is easyto encountercircumstancesin which the“accurate”approachhasno
solutionatall. But addingaslittle as2 degreesof variationatcollisionsmakesit easilysoluble.

For this test, the variability approachworks well: allowing a small amountof variationper collision
quickly builds up enoughcontrollability, dueto magni�cationat subsequentcollisions,that theconeseven-
tually encompassthe solution. As we mentionedbefore,this isn't solving the problemby “cheating,” it' s
�nding asolutionthatis plausibilewithin thestatedlimits of knowledgeof detailsin themodel.

5.4 Two Pool Balls

Finally, we considera morecomplex problem:givena cueball anda targetball, we must“sink” the target
ball into a chosenpocket,by giving thecueball aninitial velocity.

Weusethesamealgorithmasusedin Section5.3,but herewestartwith aconefrom thepocket,andhave
branchpointsadditionallywhena coneencountersthetargetball. Someresultsareshown in Figure5.

Notice that in this case,the instability of theball-to-ballcollision allows many solutions,evenwithout
perturbingnormals:(ignoringrotation)thecueball cansendthetargetball towards,say, theEast,by hitting

12Interestingly, having amorecomplex modelsimpli�es thecomputation!

11



Figure 6: Two pool shots. Both are physically plausible. The one on the right is a much harder shot.

the targeton its westside; the cueball canbeheadedin any directionfrom dueEast(directhit) to almost
vertical(glancinghit).

Whenwe introducevariability into theproblem,we do �nd many new solutions.However, thesesolu-
tionstendto beon thefringesof acceptability—situationssuchasthelower right of Figure5, in which the
“accurate”solutionwould scratch,while thevariability allows oneto just barely make theshotby usingthe
endof the rail. This result is perhapssomewhat disappointing,but not surprisingin retrospect:the wide
spreadof incidentcueangleat thecollisionovershadowsthebene�tsof thesmalladditionalspreadvariation
we introduce.

In usingoursolver, weseethatmany solutions(in boththe“pure” caseandtheonewith variability) are,
althoughphysicallyplausible,certainlyin therealmof theremarkable.Consider, for example,thetwo shots
shown in Figure6. The�rst, in which thecueball hits thetargetball andsendsit directly into thepocket, is
thesortof shotthatanyonecanmake. Thesecond,in which thecue-ballhits four railsand�nally grazesthe
targetball, causingit to roll slowly into thecornerpocket,mighthavebeenexecutedby awell-tunedmachine
(or by MinnesotaFats),but theviewermight still describetheshotas“remarkable.” We conjecturethattwo
factorscontributeto thesecondshot'sbeingsurprising:

� Canapool tablereallysupportthatkind of precision?Along thelinesof thediscussionof Section3.4,
if the tablewasmarblewe might believe that all theangleswill work out exactly asneeded;but for
a felt-coveredtable,we'd expectthe randomeffectsto make it impossiblefor anyoneto deliberately
make theshot.

� Cana pool playerreally hit theball with thatkind of precision?Given the instability of thesystem,
amongall possibleinitial conditions,themeasureof thosethatleadto sinkingthetargetball at theend
is almostvanishinglysmall.

If we want to eliminatethe “MinnesotaFats solutions” from our solver, a generalapproachwould be to
prunebasedon probability, asdiscussedin Section3.4: Beforedescendingeachbranchof the pathcone
tree,integratetheprobabilityover thatcone,andmakesureit remainsabovethreshold;andfor thecandidate
solutions,computetheBayesianprobabilityto makesurethatthevariabilitiesalongthewayarebehaving in
amannerconsistentwith ourexpectationsof theirprobabilitydistributions.

A morespeci�c approachto eliminatingsurprisingsolutionsfor this problemis to simply placeanarbi-
trary limit on thespreadof incidentanglesfor theball collision,to ruleoutgrazingshots.This is a situtation
wherevisualplausbilityis stricterthanphysicalplausibility, asdiscussedin Section3.2.

5.5 Additional Results

To quantify the effectsof introducingvariability into the inverseproblemsof Sections5.3 and5.4, we ran
themona seriesof randomtrials,andaccumulatedstatistics.Thetablelists theaveragenumberof solutions
of agivenlength,for the“accurate”solution,andfor 5 and10degreesof normalperturbation:
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Figure 7: A collision with random normal perturbation. Left: incident at 5.1 degrees, plausibly reflected at 6.84 degrees.
Right: incident at 5.1 degrees, implausibly reflected at -2.3 degrees.

# bounces: 1 2 3 4 5 6 7

“accurate”: 0.04 0.09 0.07 0.05 0.01 0.00 0.00
5 degrees: 0.21 0.52 0.88 1.18 0.43 0.00 0.00

10 degrees: 0.32 1.00 2.14 1.92 0.44 0.00 0.00
ONE BALL

“accurate”: 2.16 3.66 2.34 0.70 0.18 0.04 0.00
5 degrees: 2.23 4.68 3.64 2.33 0.63 0.00 0.00

10 degrees: 2.42 5.89 6.21 3.51 0.72 0.00 0.00
TWO BALLS

Asexpected,for theoneball case,therewererarelyany “accurate”solutions,andaddingvariability increased
thenumberof solutionsfound.For thetwo ball case,increasingthevariability mostlyhelpsin �nding longer
solutions.In bothcases,themaximumspeedandfriction of thetableruledout mostany solutionswith six
or morecollisions.

Finally, wecameacrossoccasionalsituationsin which oursmallnormalperturbationyieldsvisually im-
plausibleresults,illustratedin Figure7: Althoughit wasgenerally�ne for collisionnormalsto beperturbed,
for a nearly-perpendicularcollision, occasionallytheball would fail to crossthecenterlineof thecollision;
lackingany spin,this is implausible.Thispointsout theneedfor carein choosinglimits on plausibility. We
suspectthatsomeof theideasof qualitativephysics[Bob85] will beof usefor this.

6 Conclusion

Computergraphicsanimationsystemsdo not needto bepredictivemodelersof thephysicalworld. Instead,
they have thequitedistinct taskof beingplausiblemimickers of thephysicalworld, while at thesametime
providing �e xibility andcontrollability for animators.We believethat

� detail in motion,just like thedetail in geometryandin light-re�ection models,is anessentialchacter-
istic of effectivemimicry,

� thatrandomnesscanoftenprovideeffectivemotiondetail,and

� thattheability to selectfrom a distributioncanhelpprovideeffectivecontrollability.

Theadditionof variabledetailto generateplausiblemotionhascomplimentaryeffects:on theonehand,
it eliminatestheneedto accuratelymodelandsimulatethedetail;on theotherhand,it enlargesthespaceof
possiblemotionpathsthatonemayconsider, and,at leastfor theapproachesdiscussedin thispaper, requires
thatwe considerconesof motionpathsratherthansinglepaths,thusenlarging thework donein simulation.
In tradefor this addedwork, thereis a new controllability in the generatedpaths,making the solving of
inverseproblemsmoretractable.
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Limitations, Future Work

All of theideaspresentedin thispaperarepreliminary, andtheexamplesareall deliberatelysimple.For more
complex systems,thenotionswe discussedmayneedto bedrasticallyreorganized,for examplewith some
sortof “f actorization”of complex systemsinto simplerparts,eachof which maybeamenableto plausible
simulation.

Wehavealsoonly discussedrigid bodiesandpassivemotion.Will activeor volitional motioncomplicate
or breaktheideaswe've described?Will deformableor �uid bodyinteractionsaddnew kindsof variability
that aremoredif�cult to describeor control? We �nd suchquestionsintriguing, andintendto do further
researchon thetopic.

Acknowledgements

Theauthorsaregratefulto LeslieKaelbling for helpingusmake senseof our intuitive notionsof Bayesian
probability. We would like to dedicatethis paper to the late MinnesotaFats (Rudolf WanderoneJr.,
d. Jan18,1996).

References

[Ama84] J.Amanatides.Raytracingwith cones.ComputerGraphics, 18(3),1984.

[Bob85] DanielBobrow. QualitativeReasoningAboutPhysicalSystems. MIT Press,1985.

[FvDFH90] J. Foley, A. vanDam,S.Feiner, andJ.Hughes.ComputerGraphics:PrinciplesandPractice.
AddisonWesley, 2ndedition,1990.

[FW80] AlexanderL. FetterandJohnDirk Walecka.TheoreticalMechanicsof ParticlesandContinua.
McGraw-Hill, Inc., 1980.

[HS92] BernardoA. HubermanandPeterStruss.Chaos,QualitativeReasoning, andthePredictability
Problem. MIT Press,1992.

[HU93] Colin HowsonandPeterUrbach. Scienti�c Reasoning:TheBayesianApproach. OpenCourt
PublishingCompany, 1993.

[KMS85] S. Kerckhoff, H. Masur, andJ. Smillie. A rationalbilliard �o w is uniquelyergodic in almost
everydirection.Bulletinof theAmericalMathematicalSociety, 13(2):141–142,Oct1985.

[KR66] C.W. Kilmister andJ.E.Reeve. RationalMechanics. AmericanElsevier PublishingCompany,
1966.

[Rei71] Arnold L. Reimann.Physics:MechanicsandHeat. BarnesandNoble,1971.

[TNM95] DianeTang,J.ThomasNgo,andJoeMarks. N-bodyspacetimeconstraints.Journalof Visual-
izationandComputerAnimation, 6:143–154,1995.

14


