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A b s t r a c t  
We report on our experience with the implementation of 
an algorithm for comparing shapes by computing the edit- 
distance between their medial axes. A shape-comparison 
method that is robust to various visual transformations has 
several applications in computer vision, including organizing 
and querying an image database, and object recognition. 

There are two components to research on this problem, 
mathematical formulation of the shape-comparison problem 
and the computational solution method. We have a clear, 
well-defined formulation and polynomial-time algorithms for 
solution. Previous research has involved either ill-defined 
formulations or heuristic methods for solution. 

Our starting-point for the implementation is the edit- 
distance algorithm of Klein et al. [6]. We discuss how we 
altered that algorithm to handle rotation-invariance while 
keeping down the time and storage requirements. Most 
important, we define costs for the edit-operations and give 
an algorithm for computing them. 

We use a database of shapes to illustrate that our 
approach performs intuitively in categorization and indexing 
tasks, and our results are better than previous approaches. 

1 I n t r o d u c t i o n  

In this paper, we report on implementation of and 
experience with an algorithmic approach to comparing 
two-dimensional shapes by computing the edit-distance 
between their skeletons. Having a quickly computable 
metric for shapes that  accords with visual intuition 
is useful in several applications. It can be used in 
organizing and querying a database of images. It is 
useful in object recognition and other computer-vision 
problems. It can provide the basis for measurement 
and comparison of medical structures by shape, e.g. 
comparing a patient 's bone's shape to the normal and 
quantifying the degree of difference. 

There are three elements to our metric, shock 
graphs, modified edit-distance, and boundary segment 
alignment. 

1.1 S h o c k  g r a p h s  
We represent shapes by their shock graphs. The 

shock graph of a shape is the medial axis, locus of cen- 
ters of circles that  are at least bitangent to the bound- 
ary, endowed with geometric and dynamics information. 
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Figure 1: A shape (a bonefish) and its medial axis organized 
as a shock graph. 

The distance to the boundary (radius of the circle) at 
each shock point can be interpreted as the time of for- 
mation of the shock in a wave propagation scheme where 
waves are send from the boundary. This dynamic inter- 
pretation of the shock trajectory allows us to associate a 
direction of flow, and instantaneous velocity (derivative 
with respect to radius) to each shock point [5, 11]. See 
Figure 1 for an example of a shock graph. 

Shock graphs are a richer descriptor of shape than 
the boundary by itself. Shock graphs encode informa- 
tion about the interior of the shape by pairing shape 
boundary segments. Moreover, shock graphs capture 
the hierarchical relationships between parts of a shape, 
making it less sensitive to occlusion, articulation and 
other visual transformations. 

1.2 M o d i f i e d  e d i t - d i s t a n c e  
Our approach to comparing shapes involves com- 

puting the edit-distance between their shock graphs. 
While definitions of edit-distance for trees have ap- 
peared in the literature, we gave [6] a definition that  
was appropriate to our application. Traditional edit- 
distance would perhaps be defined by three operations, 
(i) change the label of an edge, (ii) contract an edge, and 
(iii) the inverse operation uncontract an edge. Given a 
method of assigning costs to instances of these opera- 
tions, the edit-distance between two trees is defined as 
the minimum cost of a set of operations to transform 
one tree into another. 

The idea of using edit-distance to compare shapes 
is based on observing discrete changes in the shock 
graph as a shape morphed to another. The shock graph 
topology in general remains the same for finite extents 
of deformation, but  then experiences a transition, as 
illustrated in Figure 3. The set of these discrete 
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Figure 2: The first three columns show a schematic descrip- 
tion of the six possible transitions of shock structure, while 
the last three columns illustrate corresponding examples of 
shape deformations. The graph operations to make the right 
and left columns equivalent are: splice, contract (two types), 
and merge (three types). 

i /  / " ,  

Figure 3: The fish are similar but their shock graphs 
are topologically different. However, a contraction of the 
middlemost edge followed by an uncontraction can turn one 
shock graph into the other. 

transitions identify a continuous deformation sequence. 
Since the similarity between two shapes can be viewed 
as the extent of deformation needed to deform one 
shape to the another, similarity can be measured by 
summing up the cost of deformations between the shock 
transitions. 

The shock transitions have been completely classi- 
fied in [3] and displayed in Figure 2. Since each shock 
transition, should correspond to an edit operation, the 
traditional edit operations are not sufficient. A small 
protrusion in the boundary can result in new edges and 
nodes that  "interrupt" an edge; this affects matching 
since every point along the interrupted edge carries ge- 
ometric information. As shown in Figure 4, this phe- 
nomenon necessitates a merge operation that  removes 
one of the edges incident to a node and joins the re- 
maining two to form a single, longer edge. In [6], we 
gave a tree edit-distance algorithm that  incorporated 
the merge operation as well as some technical restric- 
tions arising from the application. 

F eL /8 \ E F //B EF //B 
X /c k/c 

Figure 4: The hooded rectangle can be transformed into 
the unhooded rectangle by splicing off the hood-edge, and 
merging the E edge and the F edge into a single EF edge. 

1.3 E n h a n c e m e n t s  t o  t h e  e d i t . d i s t a n c e  algo- 
r i t h m  

We needed to make several enhancements to the 
algorithm of [6] to make it useful. Most important,  that  
algorithm was designed for comparing rooted trees; in 
order that  our shape metric be rotation-invariant, we 
needed to compare unrooted trees. One could fix the 
root of one tree and then try all possible roots of the 
other, but  that  would multiply the time required by 
O(n) where n is the tree size. We take a slightly more 
sophisticated approach that  increases the running time 
by a sublinear factor. We combine this with use of a 
heuristic due to Zhang and Shasha [15] for reducing the 
running time for rooted trees. 

The second issue is storage requirements. Zhang 
and Shasha give a technique for keeping the storage re- 
quirement O(n2), and the algorithm of [6] can make use 
of this technique. However, our technique for handling 
unrooted trees seems to conflict with the storage-saving 
technique. We show that  by a careful ordering of sub- 
problems we can combine the two techniques. 

1.4 A s s i g n m e n t  o f  c o s t s  
One key issue not addressed in [6] was assignment of 

costs to edit operations. Naive costs (e.g. unit costs for 
all operations) results in terrible match quality. In this 
paper, we discuss a definition of costs and a dynamic- 
programming algorithm for computing costs that  result 
in high-quality matches. Our approach builds on expe- 
rience [9] with a metric for comparing curves. Concep- 
tually, the approach to comparing two curves consists 
of minimizing a functional over all possible alignments 
between the two curves; an alignment is essentially a 
pairing of points on the two curves. (See Figure 6.) 

Our goal here is to extend this idea to matching two 
shock-graph edges. A shock-graph edge represents not 
one curve but  two (the shape-boundary segments on 
opposite sides of the edge, as shown in Figure 5).The 
notion of alignment extends in a natural  way; an 
alignment is a pairing of points on one edge with points 
on the other. Such an alignment induces a pair of 
simultaneous alignments, an alignment between the left 
boundary segment of one edge and the left boundary 
segment of the other edge, and an alignment between 
the right boundary segments. One might think it is 
sufficient to choose the edge-alignment tha t  minimizes 
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Figure 5: The shock 8 and the corresponding shape 
boundary segments B + and B- are depicted as thick curves. 
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Figure 6: The alignment of two curves C and C is repre- 
sented by the pairing of points on the two curves (a). For a 
symmetric treatment this pairing is expressed via the align- 
ment curve (b). 

cost of the induced boundary-segment alignments. This, 
however, fails to take into account the distance of the 
boundary segments from the shock-graph edges and 
their relative orientations; one must add additional 
terms for this reason. 

1.5 R e s u l t s  
We illustrate the applicability of the proposed algo- 

r i thm to categorization and indexing tasks on a shape 
database. The experimental results are visually intu- 
itive. Moreover, our indexing results are better  than 
those presented in [10, 2, 1], when compared on a com- 
mon database of shapes. Note that  the focus of this 
paper is on the quality of the results, and not on the 
running time of the current implementation, which we 
believe that  we can significantly improved. 

1.6 P r e v i o u s  w o r k  in us ing  skeleton-matching 
for  s h a p e  comparison 

There has been extensive work done in the area of 
object recognition and shape matching. For a recent 
review see [14]. In this paper, we will mainly focus on 
approaches that  match the skeletal graphs. 

Sharvit et al. [10] have used the graduated assign- 
ment algorithm [4] to match shock graphs. The ap- 
proach enforces only pairwise consistency of nodes, and 
the match process does not necessarily preserve coher- 
ence of shapes. Siddiqi et al. [12, 8] use subgraph iso- 
morphism to match skeletal trees. Zhu and Yuille [16] 
have proposed FORMS for matching animate shapes 
by comparing their skeletal graphs using a branch and 
bound strategy. These approaches do not model the in- 
stabilities of the shock representation explicitly, which 
is problematic when dealing with visual transformations 
like occlusion, view point variation, and articulation. 
Liu and Geiger [7] use A* algorithm to match shape 
axis trees, which are computed by finding a correspon- 
dence between the shape outline and it mirror image. 
Their algorithm does not preserve ordering of edges at 
nodes which can result in matches that  do not preserve 

coherence of the shapes. 

1.7 Overview 
Our shape-comparison code consists of two phases. 

In the first phase, we compute the costs of all possible 
edit operations. The main goal here is to compare 
each path in one shock graph to each path in the 
other, computing a cost of deforming one to the other. 
This phase is described in Section 2. In the second 
phase, we use these costs in computing the edit-distance. 
This phase is described in Section 3. We summarize 
our experimental results in Section 4. The appendix 
contains figures and tables summarizing our results. 

2 Cost  of  Edit  Operat ions  

This section describes how we compute the cost of 
deforming an edge in a shock graph to an edge in the 
shock graph to be matched, and penalize the various 
edit operations. We first define the deform cost for a 
pair of edges. The edit operations can then be viewed 
as special cases of deform and the cost accordingly 
computed. 

Observe that  each edge in the shock graph repre- 
sents a pair of segments on the boundary of the shape, 
as shown in Figure 5. Hence, we can view the prob- 
lem of deforming an edge in a shock graph to an edge 
in another shock graph in terms of deforming the cor- 
responding boundary segments, i.e., as a "joint curve 
matching problem", which we tackle by extending our 
curve matching framework [9]. 

2.1 Curve a l ignment  
We now briefly summarize how we match a pair 

of curves i.e., how we find the optimal alignment and 
deformation cost for a pair of curves is found. For 
details, see [9]. Let the curves to be matched, C and 
C, be parameterized by arclength s and ~, respectively, 
as shown in Figure 6a. Let O(s) and 0(g) be the 
orientation of the two curves. The basic premise of 
the approach is that  the cost of matching two curves 
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Figure 7: This figure illustrates why joint curve matching 
of shape boundary segment pairs is not just matching the 
boundary segments independently. In all three cases (a), 
(b) and (c) the shape boundary segments are identical up 
to rotations and translations. Hence, the cost of matching 
them independently is zero. However, the cost of matching 
the pair as a whole should not be zero, as (/)the segments in 
(a) are farther apart than those in (b) suggesting that shape 
in (a) is wider than shape in (b), and (ii) the segments in 
(b) are widening whereas those in (c) are narrowing. Hence, 
in addition to stretching and bending of the individual 
boundary segments, we should penalize shape thinning by 
measuring the relative distances between the segments and 
relative orientation between the segments. 

can be expressed as the sum of the costs of matching 
infinitesimal subsegments, which is penalized by length 
and curvature differences. Specifically, we define the 
cost of matching infinitesimal segments on the two 
curves as # = [d~ - ds[ + RtdO - dOI, where R is a 
constant related to the average size of ds. (Note that  

dO curvature a = ~ . )  To ensure symmetric treatment of 
both curves, the alignment is represented as a pairing of 
points on the two curves. This leads to the notion of an 
a l i g n m e n t  curve  a, a(~) = (s(~), ~(~)), which is defined 
by the corresponding points on the two curves, as shown 
in Figure fib. Let the alignment curve be parameterized 
by ~. Then, the optimal correspondence between the 
curves can be found by minimizing the functional 

(2.1) #[a] = f0 L [I d~-d~s + R  d0(~) 

where L is the length of the alignment curve. The first 
term in the functional penalizes "stretching" while the 
second term penalizes "bending". The optimal align- 
ment is the one that  minimizes the above functional, 
and the distance between the curves C and C is defined 
as the cost of the optimal alignment. 

2.2 Shock segment alignment 
The cost of matching edges of shock graphs is for- 

mulated as a joint curve matching problem of matching 
the corresponding boundary segment pairs. Hence, we 
penalize stretching and bending of the boundary seg- 
ments as in the case of curves. However, for joint curve 
matching of shape boundary segment pairs, match- 

d~ _.~d8 + B + 

.......... ~'~'~" ............... ,vS (shock) 

/ ! 

Figure 8: The shock S and the corresponding shape 
boundary segments B + and B-. 

ing the boundary segment pairs independently is not 
enough. In addition to the stretching and bending 
terms, we also need to include shape thinning terms to 
penalize the relative distance between the two segments 
(width of the shape) and the relative orientation of the 
boundary segments. This is illustrated in Figure 7. 

Let the edges of the shock graphs being matched, S 
and ,~, be parameterized by s and ~ respectively. Let the 
boundary segments corresponding to S, B + and B-  be 
parameterized by s + and s - .  Let 0 + (s +) and 0 - ( s - )  be 
orientations of B + and B- ,  as shown in Figure 8. The 
boundary segments of ,~ are similarly defined. Consider 
the cost of matching infinitesimal segments of the shock 
edges. The stretching term penalizes the differences in 
lengths of the shape boundary segments and is given 
by [d~ + - ds+l + [d~- - d s -  1. The bending term 
penalizes the differences in curvatures of the boundary 
segments and is given by ldO + - dO+[+ tdO- - dO- I. The 
relative distance between the two boundary segments 
is penalized by the differences in the width of the 
shape at the start  node of the edge t~o - r01, and 
the incremental difference at each corresponding shock 
segment and is given by Ida -  dr]. Similarly, the relative 
orientation differences are penalized initially by ]¢0- ¢01 
and incrementally by I d ¢ -  d¢l. Then, the cost of 
deforming the shock graph edges S and ,9 is computed 
by minimizing the functional defined on the alignment 
curve c~ parameterized by ~, 

(2.2) 
+ f: [R(I ¢_~ d O~- l + Ida- dO- _ l)]d  
+ f¢ - + i:o- 

where L is the length of the alignment curve. The 
optimal alignment c~* is the one tha t  minimizes the 
functional, and the distance between the shock edges 
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Figure 9: This figure illustrates the template that is 
used to in the Dynamic Programming implementation of 
Equation 2.2. The entry at ( i , j )  is the cost to match the 
curve segments sl,  s2,..  •, si and ~1, $2, • • •, ~j and denoted 
by d(i , j) .  To update the cost at (i , j)  (black dot) we limit 
the choices of the k and l in Equation 2.4, so that only costs 
at the a limited set of points (grey dots) are considered. 

S and ,.~ is defined as the cost of the optimal alignment, 

(2.3) d(S, ,~) = m~n#[a]. 

2.3 A l g o r i t h m  for  shock edge alignment 
To find the cost of deforming a pair of shock 

edges, we minimize the functional in Equation 2.2 by 
a dynamic-programming method. Let the edges of 
the shock graphs S and ,~ be discretized at samples 
Sl, s 2 , . . . ,  Sn and ~ ,  ~2, . . . ,  sin, respectively. These are 
samples along the axes in Figure 9. Let d(i, j )  denote 
the cost of matching the curve segments sl ,  s 2 , . . . ,  si 
and s l , ~ 2 , . . . , s j  and let 5([k,i],[l,j]) be the cost of 
matching the segments S k , . . . ,  si and s t , . . . ,  ~j. Then, 
the distance defined in Equation 2.3 satisfies the follow- 
ing update rule 

(2.4) d ( i , j ) = m i n  [ d ( i - k , j - l ) + 5 ( [ i - k , i ] , [ j - l , j ] ) ] .  
k,l 

We limit the choices of the k and l, as a first approxima- 
tion, to nine values achieved by using a small template 
as shown in Figure 9. 

In order to compare two shock graphs, we need 
to compute the deform costs for every pair of paths 
in the two graphs. This is computationally expensive. 
However, we use the following heuristic to limit the 
number of path comparisons that  have to be made. 
Observe that  for the edit distance algorithm to consider 
matching a path in one shock graph to that  in the other 
shock graph, all other edges incident on the intermediate 
nodes of the two paths have to spliced, as illustrated in 
Figure 10. If the cost of splicing such incident edges 
is high, we do not consider the case of deforming that  

, I  

Figure 10: To consider the deform involving path consisting 
of edges ACEG, the other edges incident on the intermediate 
nodes (here B, D and F) have to spliced. 

particular pair of paths. In comparing all pairs of 
paths, there are overlapping subproblems, i.e., when 
computing the deform cost for a pair of paths, we can 
use the computations done for the subpaths. Currently, 
we do not take advantage of this, and treat  all pairs of 
paths independently. We plan to address this issue in 
later implementations. 

2.4 Cos t  o f  splice/contract operations 
Now we show that  splice and contract operations 

can be viewed as special cases of deforming a shock edge 
to another, and how their costs can derived from the 
deform cost. The splice operation prunes a leaf edge in 
the shock graph. In the shape domain, this corresponds 
to pruning out a protrusion, and replacing it with a 
circular arc, as shown in Figure l l a .  The cost of a 
splice operation can be viewed as deforming the shape 
boundary segments corresponding to the protrusion to 
the circular arc resulting from the splice operation. The 
cost is derived from Equation 2.2 as follows: The first 
two terms reduce to I f d s  + + f d s - - 2 ~ r l ,  the third and 
fourth terms to 0, the fifth and sixth terms to 2r, and 
the last two terms to 0, thus giving 

(2.5) = lfds+ +fds--2¢rl+2v, 

The contract operation removes an edge between high 
degree nodes, as shown in Figure l l b .  Unlike other 
shape edit operations, the contract operation is not 
a local operation and affects the shape as a whole. 
However, we can view the contract operation by itself, as 
deforming the contracted edge to nothing. In addition, 
the operation introduces a discontinuity in the shape if 
the width of the adjacent high degree nodes are not the 
same. This is penalized by the difference in widths at 
the adjacent high degree nodes. The contract cost is 
given by 

(2.6) 

Observe that  the merge operation does not affect the 
topology of the shock graph. It merely changes the 
properties of the boundary segments, which is handled 
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Figure l h  (a) Splice operation results in replacing a 
protrusion with a circular arc, thus the splice cost can be 
viewed as the cost of a deformation sequence which shrinks 
the protrusion away. (b) Contract operation. 

directly by the deform process. Thus, we do not need 
to additionally penalize merges. 

3 T h e  e d i t - d i s t a n c e  a l g o r i t h m  

There  are two edit operations, which modify the topol- 
ogy of the shock graph, contract and splice, plus their 
inverses. The first operation contracts an edge. The 
second operation operates on a node with three inci- 
dent edges, one of which is a leaf edge. The operation 
removes the leaf edge and turns the remaining two edges 
into one edge, concatenating their geometric data. The 
final edit operation is deform, which alters the geometric 
da ta  on an edge. 1 

Let v be a degree-three node of a tree T, and let e 
be an incident edge. Let T '  be the subtree rooted at v 
containing e but  no other edges incident to v. Starting 
at  the leaves of T ' ,  the edges of T '  can be spliced away 
until none is left, and the two other edges incident to 
v have become one. As a preprocessing step, the cost 
of carrying out these splices is computed and stored for 
all nodes v and incident edges e. The time and space 
required is linear. 

3.1 P r e l i m i n a r i e s  
We star t  with some terminology and definitions. 

For any undirected graph G, there is a corresponding 
directed graph G'  with the same nodeset: for each edge 
{u, v} of G, there are two oppositely directed arcs uv 

1 In the paper  [6], we described an additional operat ion,  merge, 
which operates  on a node with two incident edges and turns  these 
two edges into one edge. However, because of the costs we adopt  
for this paper,  it does no harm to carry out all possible merges 
in a preprocessing step. This  rids the input  trees of degree-two 
nodes. We therefore assume that  the trees have no such nodes. 

(a) 

Figure 12: (a) A tree (bold) and its Euler tour (dashed 
arrows). (b) The upper figure is a tree T with a dart d. The 
lower figure is the modified tree T[d], obtained by deleting 
branches to the right of d, designating as dashed the edges 
to the left of d, and contracting the edges from the root to 
d. 

and vu in G' .  We refer to these arcs as the darts of 
G (corresponding to {u, v}). The mate of uv, written 
mate(uv),  is vu, and vice versa. The head of uv is v, 
and the tail is u. If  the graph is a rooted tree, we say 
a dart  of the graph is down-pointing if the dar t ' s  head 
is farther from the root than  the tail, and up-pointing 
otherwise. 

We say a rooted tree is ordered if the tree is 
endowed with, for each node, a total  ordering of the 
node's children. Similarly, an unrooted tree is ordered 
if the tree is endowed with, for each node v, a cycle 
(vl v2 . . .  Vk) of the neighbors of v. An ordering 
of an unrooted tree is a combinatorial  representation 
of an embedding of the tree in the plane for such 
representation of embeddings of general planar graphs). 

The Euler tour of an ordered tree[13] is a cycle 
consisting of all its darts,  traversing the tree in, say, 
clockwise order (see Figure 12a). An Euler string of the 
tree is a consecutive subsequence of this cycle. For a 
dart  d of a tree, let next(d) denote the next dart  in the 
tree 's  Euler tour. We note tha t  an Euler tour of a shock 
graph represents a traversal of the shape boundary. 

Let T be a tree and d a dart  of T. T -  d consists 
of two components,  one containing the head of d and 
one containing the tail. Let T(d) denote the component  
containing the head of d, rooted at  tha t  head. 

For a rooted ordered tree T and a dart  d of T, let 
T[d] denote the tree obtained from T as follows. Let 
P be the pa th  from the root of T to the tail of d. As 
illustrated in Figure 12b, delete each branch hanging off 
the right of P ,  designate as "dashed" each edge hanging 
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off the left of P,  and then contract the edges of P.  

3.2 The outer dynamic program 
We use the algorithm described in [6], with several 

changes: some simplifications to take into account the 
cost assignment, a modification to handle unrooted 
trees, and some tricks for reducing the time and storage 
required. 

The algorithm in [6] handled rooted, ordered trees. 
One approach to handling unrooted trees is to select 
a root r for one tree, say T2 (the choice of root r 
is discussed later), and try all possible roots of T:, 
outputting the minimum edit-distance found. It turns 
out that  this would involve solving some subproblems 
several times; we can achieve the same effect without 
increasing the time as much by solving each subproblem 
once. In order to do so while keeping down the storage 
requirements, we need to choose carefully the order of 
subproblems solved. 

We use an idea of Zhang and Shasha [15] to achieve 
O(n 2) space. The idea is essentially to formulate the 
algorithm as a dynamic program each of whose steps 
is in turn implemented as a dynamic program. The 
outer dynamic program is as follows. For each dart bl 
of T1 and each dart b2 of T2 that  is down-pointing with 
respect to the root r, we have a table entry M[bl,b21 
assigned the rooted-tree edit-distance between Tl(b:) 
and T2(b2). We refer to the subproblem of computing 
this distance as bl-b2 subtree edit-distance. There are 
O(n:n2) subproblems, where ni is the number of nodes 
in Ti. The ordering of solution of all these subproblems 
is critical, and is discussed later. 

Once all these subproblems have been solved, a 
further O(nl) subproblems must be solved, called the 
complete subproblems: for every dart cl of T1, consider 
T: as rooted at the head of c: and ordered so that  the 
tail of cl is the leftmost child of the root. Then compute 
the rooted edit-distance between this tree and T2 rooted 
at r. Finally, take the minimum of these O(n:) distances 
as the unrooted distance. 

3.3 The inner dynamic program 
Now we describe the dynamic program used to 

compute each bl-b2 subtree edit-distance. The same 
method is used to solve the complete subproblems. For 
each dart dl of Tl(bl) and each dart d2 of T2(b2), we 
have a table entry Aid1, d2] assigned the rooted edit- 
distance between Tl(bl)[dl] and T2(bz)[d2]. 2 In the 
following, we omit details on base cases. We discuss 
the ordering of subproblems after giving the code. 

ZFor technical  reasons,  here we allow a sub t ree  rooted a t  a 
dashed  edge to  be spliced ou t  [6]. 

Assign to A[dl, d~] the following value: 
If dl is up-pointing then 

if next(all) is up-pointing then 
return A[next(d:), d2] 

else (next dart is down-pointing) 
return 

min{A[next (dl), d2], 
A[next (mate(next (dl))), d2] 

+ splicecost (next (d:)) } 
and similarly for d2. 

Else (both dl and d2 are down-pointing) 
min{A[next(dl), d2] + contractcost (dl), 

Aid1, next(d2)] + contractcost(d2), 
minmatchcost (dl, d2) } 

where 
minmatchcost(dl, d2) = 

minfl .12 cost of deforming path in T: from dl to f :  
into path in T2 from d2 to f2 
+ M[fl, f2] 
+ A[next(mate(dl)), next(mate(d2))] 

and the rain is over all down-pointing darts f l  that  are 
descendents of dl and f2 that  are descendents of d2. 

3.4 Ordering the subproblems of  the inner dy- 
namic program 

Consider a computation of the inner dynamic pro- 
gram used to compute the bl-b2 subtree edit-distance. 
Let a~ be the dart immediately preceeding mate(bi). A 
subproblem of the inner dynamic program involves com- 
puting the value of Aid1, d2], which requires the values 
of other entries A[d~, d~] where d~ comes after di but 
before ai in the Euler tour of Ti. Thus we should solve 
these subproblems A[dl, d2] starting with dl = a: and 
d2 = a2 and working backward through the Euler tours 
of the two trees. 

3.5 Ordering the subproblems of  the outer dy- 
namic program 

Each subproblem of the outer dynamic program 
(not including the complete subproblems) has the form 
"compute (and assign to M[bl, b2]) the bl-b2 subtree 
edit-distance." In computing this distance (using the 
inner dynamic program), we need values M[b~, b~] where 
b~ is a down-pointing dart of Ti(bi), and therefore bi 
points toward b~ in Ti but not vice versa. The relation 
< among darts of T/defined by 

b{ < bl if bl points toward b~ but not vice versa 

is a partial order, so there is a total order consistent 
with it. We can then take a total order on the pairs 
(bl, b2) such that  if b~ < b: and b~ < b2 then M[b~, b~] 
is computed before M[b:, b2]. 
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The complete subproblems are solved after all the 
incomplete ones. No complete subproblem depends on 
any other complete subproblem. 

3.6 P i g g y b a c k i n g  t h e  c o m p u t a t i o n  o f  s o m e  sub-  
p r o b l e m s  o f  t h e  o u t e r  dynamic  program 

The subproblems of the outer dynamic program are 
indexed by pairs bl,b2. Here bl ranges over all darts 
in T1, while b2 ranges over only those darts that  are 
down-pointing with respect to the root of T2. We can 
effectively restrict the range of b2 further by using a 
technique of Zhang and Shasha. Let b 2 be a down- 
pointing dart  of T2. For another down-pointing dart 
b~, we say b2 covers b~ if b2 points to b~ and the path 
from b2 to b[ only goes toward left children (never to 
right children). 

Zhang and Shasha observe that  (in our terms) for 
any dart  bl of T1, during the inner dynamic program 
computing the bl-b2 subtree edit-distance, we can also 
compute the bl-b~ subtree edit-distance. 

The latter is the edit-distance between T1 (bl) and 
T2(b~). One step in computing the former is assigning 
to A[dl,d2] the edit-distance between T(bl)[dl] and 
T(b2)[d2], where dl = next(b1) and d2 = next(b~). 
However, T(bl)[dl] is just T(bl) by choice of dl, and 
T(b2)[d2] is T2(b2)[b[] by choice of 42 and the covering 
property. 

This suggests we select a subset S of down-pointing 
darts of T2 such that  for any down-pointing dart  b[ of 
T2 that  is not in S, there is some dart  b2 in S that  covers 
b~. For this purpose, imagine that  the rooted tree T2 is 
T(b) for some artificial dart  b, and include b in S. Then 
b covers the darts going down the leftmost branch of T2. 
(That  is, subtree edit-distances involving these darts 
can be computed while solving complete subproblems.) 
The next darts to be included in S are the children darts 
of the root of T2 (not including the leftmost child dart),  
and so on. 

3.7 Ana lys i s  
The time is dominated by the invocations of 

minmatchcost. There is a term in some invocation 
of minmatchcost for every tuple (bl, dl, f l ,  b2, d2, f2), 
where b~ is a dart  of Ti, d~ is a dart in Ti(bi), and fi 
is a dart  in Ti(di). Thus the time is proportional to the 
number of triples (bl, dl,  f l )  times the number of triples 
(b2, d2, A). 

To count the former, we can choose bl in O(nl) ways 
and f l  in O(nl) ways. Once these are chosen, since dl 
must be between them, there are O(diameter(T1)) ways 
to choose dl. 

To count the latter, note that  we restrict our at- 
tention to darts b2 that  are down-pointing with respect 

/ 

Figure 13: The result of matching the shock graphs of two 
planes. The lightly colored edges in the shock graphs have 
been pruned. Observe that the correspondence obtained is 
intuitive, i.e., the nose, wings, and tail of the first plane 
is matched to the nose, wings, and tail respectively of the 
second plane. 

to the root of T2. We can choose ff2 in O(n2) ways. 
Once f2 is chosen, we can choose each of b2 and d2 in 
O(depth(T2)) ways. 

Thus a very loose upper bound on the 
time required for computing edit-distance is 
O(n~n2diameter(T1)(depth(T2))2). 

3.8 Choice  of  root  
There is a problem with fixing the root of one 

of the trees: for any down-pointing dart  d of T2, 
our algorithm prevents splices tha t  would involve the 
elimination of all edges not in T2(d). However, by 
an appropriate choice of root, we hope to ensure that  
all such prevented splices are prohibitively expensive 
anyway, and hence that  they would not appear in the 
optimal edit sequence. We choose as the root of T~ a 
degree-three node r with outgoing darts gl,g2,g3 so as 
to maximize ~ = minj{splicecost(gi)}. This guarantees 
that  any prevented splice would have cost at least ~. 

This heuristic works well; it seems to occur only 
rarely that  the best edit sequence is prevented. A 
somewhat safer heuristic would be to t ry  several nodes 
with high values of ~ but  we have not yet tried that.  

4 Resul t s  

In this section, we present the results of applying our 
matching approach to a database of 36 binary shapes. 
The database consists of shapes from six different cat- 
egories (fishes, tools, planes, rabbits, "greebles", and 
hands) with six different shapes in each category. Com- 
paxisons are made between every pair of shapes. Fig- 
ure 13 shows an example of the resulting correspondence 
and Figure 14 shows the running times for comparing 
all the shapes in our database. The palrwise compar- 
ison results are reported in Table 1. The five nearest 
neighbors for each shape are highlighted. Observe that  
the shapes are categorized intuitively, i.e., the nearest 

788 



~ ~ ~ ~  ~ o  

Table 1: The optimal edit distance costs for pairwise matching shapes in the database. 

neighbors of the "tool" shapes are in the "tool" cate- is a significant improvement over the results in [10, 2] 
gory. The nearest neighbors belong to the same cate- and marginally better than those in [1]. We believe 
gory in 36/36, 36/36, 36/36, 34/36, and 32/36 cases, however, that  when the dimensions of variations of the 
respectively, database include significant occlusion, and articulation 

A similar database (of 25 shapes) has been used these differences will be magnified. 
in [10, 2, 1]. We now compare our performance to Table 2 shows the results of indexing into the above 
theirs. The performance of the matching algorithm shape database using user drawn queries. In most cases, 
on this database has been was reported in terms of the algorithm returns shapes that  are visually intuitive, 
the categorization results, i.e., the number of times the i.e., if the query shape is a "fish" the top matches 
three nearest neighbors belonged to the same category, are "fishes". Our indexing results are a significant 
The results in proportions reported are as follows: (23, improvement over those presented in [10]. 
21, 20) in [10], (25, 21, 19) in [2], and (25, 24, 23) in [1]. We have demonstrated that  our approach performs 
The performance of our approach is (25, 25, 22) which categorization and indexing tasks intuitively, and our 
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Table 2: This figure depicts the results of indexing user- 
drawn sketches into our database of shapes. In every row, 
the left most shape is the filled user sketch, and the top 
five matches in the database are shown. The sketches in 
the first five rows were used in [10] to illustrate indexing 
results. In [10], for all the queries 3/5 top matches were 
from the same category. In contrast, our approach picks 
shapes from the correct category in the top five matches in 
all cases except the plane, where the fourth and fifth choices 
are incorrect. 

experimental results are better than those of previous 
approaches. 
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