
EUROGRAPHICSWorkshoponSketch-BasedInterfacesandModeling(2004)
JohnF. HughesandJoaquimA. Jorge(GuestEditors)

Epipolar methodsfor multi-view sketching

OlgaKarpenko� , JohnF. Hughes� andRameshRaskary

� Departmentof ComputerScience,Brown University, Providence,RI, USA
y MitsubishiElectricResearchLaboratories(MERL), Cambridge,MA, USA

{koa,jfh}@cs.brown.edu,raskar@merl.com

Abstract

Singleview sketch-basedmodelers likeSKETCHandTeddycanbepowerfultools,but sometimestheir inferences
are inadequate:in Teddy, for example, if onedrawsan animalshape, thecenterlineof the tail will alwayslie in
a planeratherthanbeingcurvedin 3D. In thesecases,multiple-view sketching seemslike a reasonablesolution:
a singlesketch getsviewedfrom a new direction,in which further sketching modi�es the shapein a way that's
consistentwith theoriginal sketch. Thispaperdescribesa testbedimplementationof such a multi-view sketching
approach, basedon epipolar lines,which is usedfor multi-view editingof the “backbone” lines for generalized
cylinders. Themethodworkswell on manyobjects—particularlythosewhere precisegeometryis not important,
but general shapeand form mustbe richer than thosewith planar symmetry—but is dif�cult to usein other
cases;somedif�culties mayberelatedto implementationchoices,but webelievethat themainproblemsare tied
to theunderlyingapproach, which while mathematicallysoundprovesto becognitivelydif�cult. We analyzethe
limitations,andsuggestapproachesfor futurework in multi-view sketch-basedmodeling.
Key words:Sketch-basedinterfaces,shapemodeling.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Modelingpackages

1. Intr oduction

Thesketchingof 3D shapeis becominga well-studiedarea,
asevidencedby theexistenceof thepresentworkshop.For
smoothshapes,someof themostpromisingwork startsfrom
a sketchof thesilhouetteof a shapeandguessesthe3D ge-
ometrythroughonealgorithmicprocessor another. For lin-
earforms — curvesin 3-space— onestartswith a projec-
tion of theform into someplaneandtriesto infer 3D shape.
All methodsmustaddressthefundamentalfactthatmultiple
shapesmayhave identicalprojections,sono singlesolution
will beright every time.Becauseasecondview of anobject
veryoftenresolvestheambiguitiesintroducedby projection,
it seemsasif a secondsketch,from a differentperspective,
mightbeausefultool.

We've built a simplemulti-view sketchingsystemto test
this idea.Oursystemis designedto supporttheconstruction
of curves(“backbones”)alongwhich generalizedcylinders
areextruded.Theuserdrawsthebackbonefrom onepointof
view, redrawsit from another, andtheconstraintsof epipolar

geometryareusedto �nd thecurve matchingbothsketches
ascloselyaspossible.

The methodworks well for certainsimple forms, but is
dif�cult to use in more complex cases.The problemsare
partlyalgorithmic— oursimplemethodfor matchingpoints
on the two sketchescannothandledif�cult cases— but we
alsobelieve that the techniqueitself is fundamentallydif�-
cult to work with, in partbecauseof theunexpectedappear-
anceof intermediateviews. We discussthe successesand
failuresof themethod,andideasfor futurework.

2. Relatedwork

Epipolar geometry has been used to reconstructscenes
in which one can determinepoint correspondencesbe-
tweenmultiple views (typically photographs);muchof the
work in image-basedrenderingstarts from this point of
view [MB95, Che95].

Many authorshave discussedtheissueof inferring shape
from 2D marks drawn by a user; approachesvary from

c
 TheEurographicsAssociation2004.



Karpenko, Hughes,andRaskar/ Epipolarmethodsfor multi-view sketching

C1
C

2

E2E1

P

2
pp

1

Figure1: GivenanobjectpointP, twopinholecameraswith
theopticalcentersC1 andC2, andtwoimageplanes,wecan
de�ne anepipolarplane(C1;C2;P), twoepipolesE1 andE2
(thepointsof intersectionof theline (C1;C2) with theimage
planes)andtwoepipolarlines(shownin orange).

gesture-basedsystemslike Sketch [ZHH96], in which 3D
informationis partof thegesture's interpretation,to adhoc
in�ation algorithmslike the “elliptical cross-sectionsover
thechordalaxis” of Teddy[IMT99], to constraint-basedin-
ferenceenginesin which patternsin themarks(suchaspar-
allel linesor perpendicularlines)areusedasconstraintson
the3D reconstructionprocess,to systemsin which external
informationlike“shadows” canbeusedto resolvesomeam-
biguitiesin ashape[CMZ� 99].

Describinggeneralizedcylinders by a shapethat varies
along a backbonecurve is by now a standardtopic in
computer-aideddesign,well-covered in any textbook; the
only (slight)novelty in ourformulationis theuseof Bishop's
framingof acurve [Bis75].

3. Multi-view 3D curvesketchingwith epipolar
constraints

We now describeour simplemulti-view editingsystem,and
the typical user-interactionwith the system,but we begin
with aquick review of therelevantepipolargeometry.

3.1. Epipolar geometry

Considertwo imagesof thesameobjecttakenby two differ-
ent pinhole cameraswith centersat C1 andC2 . For each
point P on the object, there is an epipolar plane passing
throughthecentersC1, C2 andP (see�gure 1).

The lines formed by the intersectionof this planewith
two imageplanesare called epipolar lines. Eachepipolar
line is a projectionof the ray connectingthe object point
with theothercamerapositionontothecurrentimageplane.
Intuitively, onecanthink of anepipolarline asa line along
whichwecanmovetheprojectionpoint in thesecondimage
while preservingits projectionon the�rst image.

We candeterminethe3D positionof a pointP by sketch-
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Figure2: Sketchinga3Dcurveusingepipolarconstraints:a
userdrawsa redlineontheleft imageplanetocreateablack
3D curve; thenshecanmodifytheshapeof theblack curve
bydrawingits greenprojectionfroma differentpointof view
(ontheright imageplane).Thegreencurveis projectedonto
epipolarlines(thatareshownin orangeandintersectat the
epipoleE2). Asa result,a blue3D curveis created.Thepro-
jectionof this �nal blue3D curveonto the left image plane
remainedunchangedbecauseof theepipolarconstraints.

ing it from two pointsof view. Only by makingthe restric-
tion thatthesecond“sketch”of thepointP liesontheepipo-
lar line de�ned by the �rst cameraposition can we guar-
anteethat the resulting3D positionof P will be consistent
with bothviews.Thisideaformsthebasisfor ourmulti-view
sketchingsystem.

3.2. Multi-view sketching: the userperspective

Thesesimple observationsaboutepipolargeometryabove
leadusto aninterfacefor 3D curve sketching,wherea user
is given epipolarlines as a guide for modifying the curve
from a differentpoint of view (see�gure 2). We addedthis
interfaceto our previoussystem[KHR02] for drawing free-
form animals,andfoundit to beparticularlyusefulfor cre-
atingavarietyof animaltailsandotherobjectswhoseshape
canberepresentedby generalizedcylinders.

A usertypically carriesout the following steps(see�g-
ure3):

1. Theuserrotatesthevirtual camerawith theright mouse
buttonanddraws a curve (by draggingthemouse)from
any point of view. The userstroke is projectedon the
planepassingthroughthe world origin andperpendicu-
lar to thelook vectorof thevirtual camera.

2. When the userstartsrotating the virtual camerato �nd
anotherview from which to redraw thecurve, thesystem
displaysthe segmentsof epipolar lines — yellow seg-
mentspassingthrougheachpoint of the curve — that
serveasasketchingguide.

3. As theuserredraws thecurve from a new point of view,
thenew strokegetsprojectedon theepipolarlines.
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Figure 3: (a) A userdrawsa curveon the image plane. (b)
Whenthe virtual camera is rotated,epipolar lines appear
asyellowsegmentsat each point of thestroke. (c) Theuser
redrawsthe selectedcurvefrom a new point of view by in-
putinga new greenstroke. (d) A new stroke is projectedon
the epipolar lines and the coordinatesof the pointsof the
original curve are updatedto satisfynew constraints. (e)
Theresultingcurvefroma differentangle- noticethat new
epipolarlinesarecalculatedfor each pointof thenew curve.

4. Oncethe redraw operationis completeandthe userro-
tatesthe virtual cameraagain, the epipolarlines areup-
dated— they becomeprojectionsof theraysconnecting
thepreviouseyepointwith thestrokepointsontothecur-
rent imageplane.We only keeptrackof themostrecent
previouscameraposition,sothemodi�cation of thecurve
in thecurrentview will only beconsistentwith thecurve
projectionin the view last usedfor sketching.The user
repeatssteps3 and4 till a satisfactoryresultis achieved.

In additionto redrawing, theusercanperformthefollow-
ing operations:

� Select and move individual points or segmentsof the
curvealongtheepipolarlines.

� Selectastrokeandtranslateit alongtheepipolarlines.

� Placethe curvesin a hierarchy by attachingthemto one
another(useful if the userwants to createa wireframe
chair, for example).

� “Shear” the stroke by draggingjust oneof the points.A
stroke with the end points A and B can be modi�ed by
draggingany intermediatepointC alongthecorrespond-
ing epipolarline.TheendpointsA andB will remain�x ed
andpositionsof all the points in betweenwill be calcu-
latedastheintersectionsof theplanede�ned by (A, B, C)
andthecorrespondingepipolarlines.

In practice,we foundthe“redraw” operationto bethemost
usefulandintuitive.

For eachsegmentof thenewly redrawn strokeweneedto
decidewhichepipolarline to projectit to, becausenormally
it wouldintersectmorethanoneepipolarline.Thealgorithm
wearecurrentlyusingis thefollowing:

1. Consider the �rst segment of the stroke and check
whetherit intersectsthe epipolar line correspondingto
the�rst pointof theold stroke.If it doesnot,checkinter-
sectionwith theepipolarline correspondingto thesecond
pointof theold stroke, thenthird, etc.

2. Assumethat the segmentwith the index i � 1 waspro-
jectedonto epipolar line with the index j. Then, for a
segmentwith theindex i, searchfor the�rst epipolarline
it intersectsstartingwith epipolarline indexed j + 1.

3. Skip thepoint if thecorrespondingsegmentdoesnot in-
tersectany epipolarlinessatisfyingthecriteriaabove.

Thissimplealgorithmseemsto work moderatelywell for
curveswith relatively low curvature;its drawbacksaredis-
cussedbelow.

After the desiredbackbonecurve is obtained,a usercan
selecttwo planesperpendicularto thecurveanddraw cross-
sectionstrokes on them; theseare then interpolatedalong
theaxisto constructthegeneralizedcylinder. To do that,the
userclicks nearsomepoint on the backbonecurve, and a
small gray semi-transparentsquareshows up at this point
perpendicularto the curve segment(�gure 4). This is the
“plane” on which the usercandraw a cross-sectionstroke.
Thevirtual camera(or thecurve)canberotatedto adjustthe
view in suchawaythatthe“plane” is approximatelyparallel
to the view plane.It is the mostconvenientview to draw a
cross-sectionstroke asthereareno distortionsasthestroke
getsprojectedontothe“plane” (astheuserdraws it).

Thesecondcross-sectionstrokeisdrawn in thesameman-
ner. Thesystemalsoallows theuserto draw just onecross-
section;in this caseits scaledor non-scaledcopy is propa-
gatedalongthecurve. In any case,oncetwo cross-sections
arespeci�ed, thesystemneedsto interpolatethe intermedi-
atecross-sectionstrokesbetweenthem.

3.3. Inter polation betweenthe cross-sections

To interpolatebetweencross-sections,we needa continu-
ous framing of the curve, i.e., a basisfor the plane nor-
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Figure4: TheBishopframingalongthecurve. Theblueand
greenlinesare thetwo vectors of theBishopframe;thered
linesare in thedirectionof the tangentvectors. Noticethat
theBishopframeis continuousevenat thein�ection between
thetwobends.

mal to thecurve at eachpoint, but onewhich changescon-
tinuously. The normal and binormal vectorsof the Frenet
frame [MP77] [DC76] almost work, but at points where
the curvatureis zero,the normalis unde�ned,andin prac-
tice often “�ips” to its negative. The Bishop framing of a
curve [Bis75], however, works �ne (see�gure 4). It is de-
�ned by �rst picking a single unit vector B1(0) which is
orthogonalto the unit tangentvector T(0) there,and then
extendingB1 alongthecurve by therule thatB0

1(t) is a lin-
ear combinationof B1(t) and T(t). The secondvector in
the frame of the tangentplane is then simply de�ned by
B2(t) = T(t) � B1(t). For a polyhedralcurve, the vector
B1(t) changesonly at vertices;at verticesit is changedby
applyingtherotationM thatrotatesthepreviousedgedirec-
tion into thenext edgedirectionby a rotationaboutanaxis
determinedby their cross-product.Whentheanglebetween
the two directionvectorsis zero,the axis is unde�ned,but
the rotationamountis zero,so oneusesthe identity matrix
for M. Thesoleconstrainton this processis thatno two se-
quentialedge-vectorsof the polyhedralcurve be in exactly
oppositedirections.

With thisBishopframingof thecurve,wecaninterpolate
cross-sectionseasily:we take thestartingandendingcross-
sectionsandrepresenteachin the coordinatesystemof the
Bishopframeatthecorrespondingpoint;wetheninterpolate
betweenthe cross-sectiondrawings, andplacethe interpo-
latedcross-sectionsat thecorrespondingpointsof thecurve,

usingtheBishopframeasacoordinatesystem.In ourtestbed
system,the interiors of cross-sectioncurves are restricted
to be star-shapedwith respectto the origin: a ray from the
origin in direction q must intersectthe curve at a single
pointwhosedistancefrom theorigin is calledr(q). We then
interpolatethe curvesby interpolatingbetweenthe associ-
atedr-functions.More sophisticatedapproaches,basedon
2D curve morphing([AMZ99], [SG92]), are possible,but
werenotgermaneto thetestingof theepipolar-manipulation
method,sowedid not implementthem.

3.4. Typical results

Figure 5 shows how our systemcan be usedto model a
shapelike thatof thewire that trails behindtheLuxo lamp
in “Luxo, Jr.”. The curve hasa wavy shapein the xy-plane
and a bump in the xz-plane;constructingsucha curve in
Teddyor similar systemswould be cumbersome.Figure 6
demonstratesthevarioustails (with differentbackbonesand
cross-sections)thatcanbecreated.Themouseandthemon-
key weregeneratedusingourpreviouslypresentedfree-form
sketchingsystem[KHR02]. Thenew interfacefor sketching
with epipolarconstraints�ts well in theexisting framework.
By default, a ”blob” (a nodein the scenegraphcontaining
a blob-shapedobject) is createdwhenever a userdraws a
stroke,but theusercanpressakey to activate“curvesketch-
ing with epipolarconstraints”mode.After theeditingof the
curve is completeand cross-sectionsare inputted, the re-
sulting generalizedcylinder becomesa “blob” and can be
selected,transformed,insertedinto a hierarchy andmerged
with theotherblobsasdescribedin thepaper[KHR02]. The
systemis interactive andthe interfaceallows simpleshapes
to becreatedin acoupleof minutes.

3.5. Problems/limitations

Figure 7 demonstratesthe caseon which “redraw” opera-
tion fails. Assumethat a �at spiral curve wasdrawn in the
xz-planeanda userwantsto addtorsionto this �at curve in
y, to createa three-dimensionalspiralcurve.Whena virtual
camerais rotatedto any intuitiveview for the“redraw” oper-
ation,theepipolarlinesobstructtheview of eachotherand
confusethe userratherthan help. When the userattempts
the“redraw” operation,thesystemdoesnot projecta newly
drawn stroke on epipolar lines correctly, becauseit is not
clearwhichpointmatcheswhichepipolarline.A betteralgo-
rithm for matchingtwo sketchesdrawn from differentpoints
of view mightmakethemodelingof curveswith highcurva-
tureeasier.

3.6. Simplegeometryediting

Supposethat a userwantsto draw a simpleshape,like the
backandseatof achair;boththebackandseatarerectangu-
lar, andthey areat90degreesto oneanother. Figure8 shows
theprocesstheuseremploys in theepipolareditingsystem.
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Figure5: A generalizedcylinderin a shapelikethatof Luxo,
Jr.'s power cord; the small vertical bump is in a different
planefromthemaincurvatureof thecord.

First theuserdraws thebackandseat,but assherotatesthe
view, it becomesclearthat theseat,ratherthanstickingout
towardstheuser, is actuallyaparallelogramlying in the�rst
view-plane.It provesto bedif�cult to gettheseatto beper-
pendicularto thebackby re-sketchingthesidesof theseat.
Theonly view in which this would beeasyis onethatlooks
alongtheedgejoining theseatandback. . .but in thatview,
onecannotproperlysketchthenew positionof theseat!The
usertries to do it by usingthe“shear”operation:thestroke
correspondingto theseatof thechair is selectedandoneof
thecornersis draggedalongtheepipolarline in a new view
to shearthe seatandmake it perpendicularto the backof
thechair. Unfortunately, shearingis not very intuitive andit
is hardto adjusttheseatandthebackof thechair from just
oneattempt.

From situationslike this, it becomesclear that although
a pair of views may completelydeterminethe shapeof an
object,that determinationdependscritically on the relative
view directionsandtheorientationof theobjectitself; auser
with acasualcamera-positioningtool maynotbeableto de-
terminehow thesearerelatedandwhat theeventualconse-
quencesof heractionswill be.

4. Discussionand futur ework

Epipolar-basedmulti-view sketchingmightprove,in its cur-
rent form, to bea usefultool in a largercollectionof meth-
ods, but one would probably not want to build a system
basedon this ideaalone.On the otherhand,theremay be

(a) (b)

(c) (d)

(e) (f)

(g)

Figure 6: Examplesof thegeneratedgeneralizedcylinders.
(a)-(b)Thelizard's tail is generatedfromtwocross-sections
that are a morph betweena circle and a triangle. (c)-(d)
Themousetail is createdfrom two circular cross-sections.
(e)-(f) Thisgeneralizedcylindershowsoff the interpolation
between�ower-shapedandcircular cross-sections.(g) The
monkey's tail hasa simplecircular cross-section.

waysto improve themethodby makingclevererguessesof
themeaningof thesketchin the�rst view - there'snopartic-
ular reasonto infer thatthis sketchis planar, for instance.In
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(a) (b)

(c)

Figure7: (a) Assumethat thefollowing�at spiral curvewas
drawn in the bottomplane(xz-plane)and a userwantsto
addtorsionto this �at curvein y. (b) Whenthevirtual cam-
era is rotatedto the mostintuitive view for “r edraw” op-
eration, thesystemcannotprojecta newly drawnstroke on
theepipolarlinesbecauseit is unclearwhich point matches
which epipolarline.

this section,we discussthe limitations andpossibilitiesfor
futurework on this topic.

Despitethe “obviousness”of multi-view sketching,it is
surprisinglyhardto usein practice.Why is this?Theprob-
lem, in caseslike the spiral above, is partly due to the
simplicity of our matching-and-reconstructionalgorithm.If
it were easierto indicatewhich points in the new sketch
matchedwhich onesin the old sketch,someof theseprob-
lemswouldberesolved.But it is partof thenatureof sketch-
ing that we want to make informal drawings, not spend
time preciselyindicatingcorrespondences.Furthermore,for
views that are nearly parallel, the sensitivity of the recon-
structionto small changesin the input canbeenormous—
multi-view sketchingworksbestfor nearlyorthogonalpairs
of views.

As the “chair” example demonstrates,there's a further
problem:astheusersketchesthebackandseatof thechair,
shehasa clear3-dimensionalideaof what shehasdrawn.
But as the view is rotated,this notion becomesuntenable,
andthe world mustbe readjustedto make the notion valid
again. This cognitive dissonance— betweenwhat the user
“knew” thatshe'd drawn andwhatsheseesastheresult—
makesthe user's taskoneof “�xing the world” ratherthan

(a) (b)

(c) (d)

(e) (f)

Figure 8: (a) Theuserhasdrawn the back of a chair (as
a rectangle)and its seat (as a parallelogram). (b) When
the user views it from a new direction, it is clear that the
back andseatareactuallycoplanar. (c)-(d)Theusertries to
modifytheseatin this new view by usinga shearoperation
to make themactuallyperpendicular, but (e)-(f) the results,
seenfromanotherview, showthat,althoughtheseatandthe
back of thechair arenotcoplanaranymore, they arestill not
at 90degreesto oneanother.

“saying what sheknows.” We suspectthat it is this aspect
of theexperiencethatmostmakesour multi-view sketching
awkward. Of course,the problemmentionedin describing
the chair constructionis relevant aswell: the particularsof
the relationshipbetweentwo views mayhave a largeeffect
on the resultof a multi-view drawing, but theseparticulars
aredif�cult for auserto determine,andtheireffectsmaynot
beatall obvious.

The depth-inferenceusedin our systemis the simplest
possible:all strokes are assumedto be in the view plane
until they're redrawn from a new view. If we usedsome
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more sophisticatedinferencelike Lipson's geometriccon-
straints[LS97], the rotatedview might be lessjarring, asit
would beonly slightly unexpectedratherthantotally unex-
pected.Of course,if theuserintendedto draw a squareand
diamondin thesameplane,therotatedview would bemore
jarring in thelattercase.Thisnaturallyleadsoneto consider
thequestion“Which is morelikely?” It maybethata prob-
abilistic formulationof theproblemcouldform thebasisfor
a fruitful approach.For 3D curve sketching,for instance,it
is conceivable that one could createa reasonableprior on
curvesandthenaskfor a maximumlikelihoodestimateof
the curve drawn, given that its projectionmust matchthe
drawing.

Thesensitivity of thecurvereconstructionwhentheviews
arenear-parallelhintsat a moregeneralproblem:sinceit is
dif�cult to draw the sameobject from two differentviews
andhave the two drawings be consistent,is therea way to
treatthetwo drawingsaseachproviding evidenceaboutthe
shaperatherthanabsoluteconstraints?

Whenwe considera relatedproblem— how to perform
multi-view sketchingof blobbymodelslike thosesupported
by Teddy — we seethe issueariseagain: if we draw the
shapeviewed alongthe z- andx-axes,the y-extent in both
views mustbe the same.And yet a humanhasno problem
in resolvingtwo apparentlyinconsistentdrawingsto infer a
3D form, evenif theheightsof thedrawingsareslightly dif-
ferent.Onceagain, a probabilisticformulationmayprovide
asolution:if onetreatsthedrawingsasnoisyevidenceabout
theshape,somesortof maximumlikelihoodestimateof the
shape(with respectto a prior distribution) may be a good
way to infer the shape.Of course,the correctprior is un-
known, anddependson theclassof shapesbeingsketched:
theshapesof man-madeandnaturalobjectsevidently have
quitedifferentdistributions!
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