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Abstract

This paper presents a systematic, modular technique for
transforming a large class of unbounded shared-memory
algorithms into bounded algorithms. We show that any
unbounded algorithm based on a certain asynchronous
rounds structure can be “compiled” into a bounded al-
gorithm in a way that preserves correctness and run-
ning time. As evidence that the asynchronous rounds
structure is natural for wait-free algorithms, we identify
a number of unbounded algorithms in the literature to
which our transformation can either be applied directly,
or applied after minor modifications. The running
times of the resulting algorithms match these of their
unbounded counterparts and hence in most cases the
resulting algorithms are faster than any other known
bounded solutions to the corresponding problems. In
particular, we get a bounded consensus algorithm whose
running time is O(n log? n) and a bounded snasphot
scan algorithm whose running-time is O(n logn).

1 Introduction

Many wait-free shared-memory algorithms have poten-
tially unbounded running time, either because they
use randomization to converge, or because they imple-
ment long-lived objects that must service an unbounded
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stream of requests. It is desirable to design such algo-
rithms to consume bounded space: employing a bounded
number of variables, each holding a bounded range of
values. The question is both theoretical and practi-
cal. A full understanding of a problem should include
establishing whether a bounded solution exists, and
if so, whether such a solution is inherently more ex-
pensive than an unbounded solution. In practice, any
unbounded solution will eventually require more space
than is available, and due to increasing processor speeds
and network sizes, ‘eventually’ may occur sooner than
the algorithm designer expected.

Often, the easiest way to design a bounded algo-
rithm is first to derive an unbounded algorithm, and
then to “hand-craft” it into a bounded algorithm (viz.,
e.g.[1, 8,9, 10, 14, 15] among many others). The second
step is frequently much harder and more error-prone
than the first. This difficulty can usually be attributed
to an absence of modularity: one cannot reason about
functional correctness without reasoning about bound-
edness, and vice-versa.

This paper presents a systematic, modular technique
for transforming a large class of unbounded shared-
memory algorithms into bounded algorithms. We show
that any unbounded algorithm based on a certain asyn-
chronous rounds structure can be “compiled” into a
bounded algorithm in a way that preserves correctness
and running time. As evidence that the asynchronous
rounds structure is natural for wait-free algorithms, we
identify a number of unbounded algorithms in the liter-
ature to which our transformation can either be applied
directly, or applied after minor modifications: random-
ized consensus [2], atomic snapshot scan [3, 7], random-
ized atomic snapshot scan [6], generalized approximate
agreement [12], and long-lived data objects [13]. The
running times of the resulting algorithms match those
of their unbounded counterparts and hence in most
cases the resulting algorithms are faster than any other
known bounded solution to the corresponding problems.
Here running time is measured by the number of ac-



cesses to shared memory.

We consider the class of wait-free algorithms that
communicate via single-writer multi-reader atomic reg-
isters and proceed in a certain asynchronous rounds
communication structure. Starting from round 1, at
each round the process performs a computation, ad-
vances its round number, and proceeds to the next
round. A process’s actions, and the round to which
it advances, do not depend on its exact round number
but only on the distance of its current round number
from those of other processes. Moreover, the process’s
actions are not affected by any process whose round
number lags behind its own by more than a fixed limit.
We also assume (for now) that these round numbers
are the algorithm’s only source of unboundedness.

Our basic approach is as follows. We view round-
based algorithms as employing a round number abstrac-
tion, which is an abstract data object that maps each
process to its current round number. This abstraction
provides four basic operations: (1) a process can read
another process’s current round number, (2) it can de-
termine, up to a fixed maximum, how far apart two
round numbers are, (3) it can generate a new round
number for itself, and (4) it can write its new round
number to a shared variable. We show that any algo-
rithm that uses round numbers in this disciplined way
can be transformed, in a correctness-preserving way,
into a bounded algorithm.

Our transformation proceeds in two steps. We first
show how to implement the round number abstraction
using an intermediate algorithm in which the round
numbers are represented as unbounded round vectors.
To show that our intermediate implementation is cor-
rect, we show that every execution using the interme-
diate algorithm can be mapped (via a refinement map)
to an execution using the round number abstraction.
In particular, the compare operation returns the same
values in both executions. The intermediate algorithm
is non-trivial, and is the principal technical contribu-
tion of this paper. Translating the intermediate (un-
bounded) algorithm into a bounded algorithm is done
in a straightforward way by recycling values using the
traceable use abstraction of Dwork and Waarts [10].

It is customary to measure the complexity of shared
memory algorithms by the number of memory accesses
(reads and writes). Our transformation requires O(n)
memory accesses both to take a new round number and
to determine the distances among n current round num-
bers, the same number of accesses required by the orig-
inal unbounded round-based algorithms® and therefore

1The choice of new round number in the original algorithm
depends on the distance to the maximum round number of any
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our transformation does not degrade the running time
of the original algorithms. Our transformation does re-
quire larger registers, however. In particular, to find,
in linear time, the distance between every pair of cur-
rent rounds up to a fixed &k, we need registers of size
O(n®logn). Fortunately, all unbounded round-based
algorithms with which we are familiar do not need to
find the distance between every pair of current rounds,
but only between pairs in which neither element is “too
far” behind the highest current round number. For such
cases we modify our transformation so that it maintains
linear time complexity while requiring registers of size
only O(nlogn).

The principal contribution of this work is to pro-
vide a powerful abstraction to future algorithm design-
ers, freeing them to reason about functional correctness
independently of boundedness. Asynchronous shared-
memory algorithms have a well-deserved reputation for
conceptual complexity, and we believe that abstractions
such as bounded round numbers can alleviate this prob-
lem. A secondary contribution is that our transforma-
tion yields bounded algorithms that are often concep-
tually simpler, more modular, and more efficient than
their existing “hand-crafted” bounded counterparts.

Because of space limitations, some details are omitted
from the proofs.

1.1 Related Work

The insight that boundedness is best achieved by pro-
viding appropriate abstractions is due to Israeli and
Li [14], who introduced the notion of bounded times-
tamping. A bounded timestamp system allows pro-
cesses to take labels, or timestamps, consistent with the
real-time order of events. Israeli and Li developed a the-
ory of bounded sequential timestamping systems, that
is, timestamping systems for a world in which no two
operations take place concurrently. Dolev and Shavit [8)
were the first to define and construct bounded concur-
rent timestamping systems. Using the bounded concur-
rent timestamp abstraction, the formidable problem of
constructing bounded multi-reader multi-writer atomic
registers [15] becomes a straightforward exercise [11].

Bounded concurrent timestamps are not directly
applicable to the class of algorithms studied here.
Bounded timestamping systems are designed to reflect
the real-time order of events, and hence a new label
taken by a process has to be bigger than all current
labels taken beforehand, regardless of the process’ own
current label. Round-based algorithms, on the other

process in the system; determining this requires reading all round
numbers.



hand, are heavily based on the assumption that slow
processes must observe fast processes, and hence they
require that a new round number taken by a process
whose current round number lags behind should not be
bigger than the highest current round numbers.

The round number abstraction is strictly more pow-
erful than timestamping. Round numbers provide a no-
tion of distance: up to a fixed limit, one can determine
how far apart two round numbers are. In particular,
in contrast to bounded timestamping, bounded round
numbers can be equal. Also, as will be shown in the
full paper, bounded timestamping can be implemented
using the round number abstraction and one additional
single-writer-multi-reader register per process, the size
of a label. We see no similarly simple construction of
bounded round numbers from bounded timestamps.

A first step in bounding a round-based algorithm
was taken by Attiya, Dolev and Shavit [5]. They
“hand-crafted” the unbounded round-based random-
ized consensus algorithm of Aspnes and Herlihy [2] into
a bounded algorithm. This bounded construction is not
a direct implementation of the round number struc-
ture of the original algorithm, and therefore its proof
of correctness requires reasoning about functional cor-
rectness and boundedness simultaneously. The same
is true of Herlihy’s bounded construction for long-lived
objects [13]. In particular, neither of these techniques
could be used to bound algorithms in which a pro-
cess’s behavior depends on certain finite-state informa-
tion about its round number, such as its parity. More-
over, the techniques are based on snapshot scan, for
which no known deterministic bounded algorithm runs
faster than Q(n?).2

1.2 Applications

Our transformation can be applied to numerous un-
bounded algorithms in the literature, yielding bounded
algorithms with matching performance. Here we give
several examples.

The first application is to the fastest known algo-
rithm for randomized consensus, due to Aspnes and
Waarts [4]. This algorithm runs in O(nlog®n) steps
and has an unbounded round structure introduced by
Aspnes and Herlihy [2]. All known bounded solutions
to the problem require Q(n?) steps. It may be possible
to bound the algorithm of [4] using a similar technique

2Recently, Attiya and Rachman [7] developed an unbounded
atomic snapshot algorithm that runs in O(nlogn). They observe
that our construction can be used to bound their algorithm, as
well as the randomized atomic snapshot algorithms appearing in

(6]
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to the one of [5], but this may increase the running time
of the algorithm since it relies on atomic snapshots. As
shown in the full paper, our transformation can be ap-
plied to a slightly modified version of the unbounded
consensus protocol of [4] to give a bounded consensus
with matching running time that uses O(nlogn) size
registers. This closes the gap between the fastest un-
bounded and bounded known solutions for randomized
COnsensus.

A second application is to the new unbounded atomic
snapshot algorithm of Attiya and Rachman [7]. This al-
gorithm requires O(n logn) steps to perform an update
or take a snapshot, improving on the Q{n?) complexity
of earlier algorithms. This algorithm can be bounded
using our bounded round number abstraction.

The earliest atomic snapshot algorithm in the litera-
ture, due to Aspnes and Herlihy [3], is unbounded and
requires O(n?) steps to scan the memory or to update
a value. Attempts to bound this algorithm led to a
totally different snapshot algorithm [1] with matching
running time and registers of size O(nv), where v is the
size of a value. Using our transformation, we show that
the earlier algorithm can indeed be bounded, deriving
a bounded snapshot algorithm whose time complexity
matches the other two and that uses registers of size

max{O0(nv), O(nlogn)}.

In the above applications the bounded round numbers
were used to eliminate the use of variables that may as-
sume an unbounded number of values. Bounded round
numbers can sometimes be used to eliminate a second
kind of unboundedness: using an unbounded number of
variables. This kind of unboundedness typically arises
when designing long-lived data objects. In [13], Herlihy
implemented a long-lived randomized wait-free data ob-
ject by letting the processes execute an unbounded se-
quence of consensus protocols, called rounds, which de-
termine the order in which concurrent operations are
applied. Each consensus round uses a different variable
tagged by the round number. Bounding the number
of variables needed can be done by tagging each vari-
able with a bounded round number. The original algo-
rithm used a similar technique to that used by Attiya,
Dolev, and Shavit [5] to bound the round numbers; our
bounded round number abstraction can be applied di-
rectly to give a simpler and more efficient construction.

Additional applications such as generalized approxi-
mate agreement [12] and randomized snapshots [6], are
described in the full paper.



2 Round Number Abstraction

Many shared memory algorithms proceed in asyn-
chronous rounds of communication. Informally, the
round number counts the number of times a block of
code has been performed. Initially all processes are at
round 1. At each round the process performs a compu-
tation, and then advances its round number to a new
round. Often a process’s actions do not depend on its
exact round number but only on its distance from the
round numbers of other processes.

Therefore we can think of these round-based algo-
rithms as using a round number abstraction that as-
sociates each process with its current round number.
Round numbers have the order type of the integers.
This abstraction provides four basic operations:

e A process may read another process’s round num-
ber from a shared variable.

¢ The compare operation takes two round numbers.
If the absolute value of their difference is less than
or equal to some fixed k, then it returns their dif-
ference, otherwise it returns k + 1.

o The advance operation takes a set of round num-
bers S = {ry,...,mn}, and returns a new round
number for p equal to max{r, + 1, max(S)}.

e A process may write its new round number to a
shared variable.

We require that these operations be used in the follow-
ing disciplined way. FEach process starts a round by
collecting the current round numbers into a set S (i.e.,
reading them one-at-a-time in an arbitrary order), ap-
plying compare to elements of S, applying advance
to S to generate a new round number, and finally in-
stalling that newly-generated round number for itself.
All round-based shared memory algorithms known to us
either use this round number abstraction in this way, or
can be easily modified to do so.

Notice that if we were to replace the advance opera-
tion with an increment operation that simply returns
the next round number, then no bounded implementa-
tion would be possible. Once a process falls £ rounds
behind another, then the slower process must perform
at least £ increments to catch up. Since £ cannot be
bounded, neither can any implementation.

3 The Unbounded Algorithm

In this section we give an unbounded intermediate algo-
rithm for the round number abstraction in which round
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numbers are implemented by round vectors and the ab-
stract advance and compare operations are imple-
mented by the intermediate advance and intermediate
compare operations respectively. In Section 4, we show
how to bound this intermediate algorithm.

3.1 Intuition

To argue that the intermediate algorithm correctly im-
plements the round number abstraction, we will give a
refinement mapping that carries round vectors to round
numbers. Any execution of a protocol using the in-
termediate algorithm corresponds to some execution
of that protocol using the round number abstraction.
Moreover, the round vector returned by each call to
intermediate advance maps to the round number re-
turned by the corresponding call to advance, and the
difference observed by each call to intermediate com-
pare is the same as that observed by the corresponding
call to compare.

Recall that a process performing the advance op-
eration, may either increase its current round number
or copy the round number of another process. In the
first case we say that the process performs a positive
advance, whereas in the second case we say that it per-
forms a flat advance. The refinement mapping carries
the initial round vectors to round 1. In general, if r} is
taken by a positive advance, then it is mapped to r+1,
where r 1s the largest image under the mapping of the
round vectors collected by & when it generated ry. If
was taken by b through a flat intermediate advance
by copying a round vector 7., then r, is mapped to the
same round as r. is mapped.

3.2 The Construction

Each process has a current round vector and a current
private value. Each process draws its private values
from a separate local pool of values, and thus has its
own private values. Private values of different processes
are always considered distinct. A process introduces
a new current value for itself whenever it performs a
positive intermediate advance. For the intermediate
algorithm, the values are simply integers, and the pool
initially contains all natural numbers. Over time, the
values introduced by a process form a strictly increasing
sequence. Thus, a more recent value for a process is a
larger one. Not every element in the pool will necessar-
ily be introduced; sometimes numbers are skipped.

Process b’s current round vector, denoted by rp, con-
tains a vector of n entries and two additional fields. The



c-th entry of the vector, denoted by rp[c], is a record
containing the following fields. The recent field of ry[c]
contains a private value of ¢, the count field contains
an integer between 1 and & + 2, and the leader field is
a boolean variable. The first additional field, called the
source, contalns the id of a process; the second addi-
tional field, called wval, contains a private value of the
process named in the source field. We refer to these
fields of rs[c] as ry[c].recent, ry[c].count, and ry[c].leader,
and to the additional fields as ry.s0urce and ry.val. Ini-
tially, rs[c] = (0,1, True) for all ¢, ry.s0urce = b, and
ry.val = 1.

Denote by r} the ith round vector of process b. There
is a total order on the round vectors defined by the
round numbers to which they are mapped. The differ-
ence between two round vectors is defined as the dif-
ference between the round numbers to which they are
mapped. Given a set of n round vectors, one for each
process, we say that a process is a leader if its round
vector 1s maximal in the set. In this case we also say
that the round vector is a leader. We say that a round
vector r} observed a round vector rf if ri was taken by b
through a positive intermediate advance and r! was
one of the round vectors collected in that intermediate
advance, or r}; was copled by b from some r4 through
a flat intermediate advance and rg observed 7. A
private value of a process is observed by 7} if it was con-
tained in any vector observed by 7'(1;' A vector (value)
is observed by an advance operation if it is observed by
the round vector created by this advance.

Roughly speaking, r?)’s entries contain the follow-
ing values. rj[c].recent contains the most recent pri-
vate value of ¢ observed by r}. rj[c].count estimates
intuitively how many times b moved since the round
in which ¢ introduced the private value appearing in
ri[c].recent. Slightly more precisely, ri[c].count gives
the length of a sequence of positive intermediate ad-
vances, starting with the positive intermediate ad-
vance of ¢ that introduced the value appearing in
ri[c].recent, and ending with the positive intermedi-
ate advance that created r}, where each element in
the sequence (except the first) observed its predecessor.
(Process b may have taken r} through a flat intermedi-
ate advance; in which case by the ‘positive interme-
diate advance that created r}’ we refer to the positive
intermediate advance that created the round vector
that was finally copied into 7}.) ri[c].leader is True if
and only if ¢ was a leader in the set observed by ri
and in addition, the round vector of ¢ in that set was
taken by ¢ through a positive intermediate advance.
The field r;.source contains the name of the process
that created r{ through a positive intermediate ad-
vance, while r}.val contains the new private value that
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ry.source introduced for itself in the positive interme-
diate advance that created r}.

The code for the intermediate compare operation
appears in Figure 1. The intermediate compare op-
eration correctly returns differences up to k. For differ-
ences greater than k it returns +(k+1). A difference of
£(k+1) is not guaranteed to be accurate, although the
sign is always correct and the magnitude returned is a
lower bound on the magnitude of the actual difference.

Define the c-difference of r1 from 7y as (r1[c].recent —
rolc].recent) + (ry[c].count — rylc].count)  provided
ric].recent > rolc].recent, and —1 otherwise. Intu-
itively, the c-difference of r1 from rs says how many
times process 1 moved since the time process 2 took r
upto the time process 1 took ry, according to a third
{not necessarily distinct) party c. In order to find how
far ahead a given round vector ry is of another round
vector rp, intermediate compare looks at all their c-
differences for which ry[c].leader = True and takes the
maximurm.

The code for the intermediate advance operation
appears in Figure 4. In order to generate a new round
vector the process, say b, is first required to identify the
leaders. The code for determining whether a process
is a leader appears in Figure 2. If b is not among the
leaders, it takes as its own new round vector a round
vector of one of the leaders. Otherwise, it generates
a succesor to its current round vector as described in
Figure 3. Roughly speaking, the round vector generated
by b as a successor to its current round vector shows
that, according to each process ¢, process b made at
least one more move than indicated by any other current
round vector.

3.3 Proof of Correctness

Given an execution of an algorithm that uses the round-
based abstraction, and an execution of the correspond-
ing intermediate algorithm, we say that the two execu-
tions correspond if (1) operations related to the round
numbers implementation (advances, compares, reads
and writes of round vectors/numbers) appear in both
executions in the same time intervals; and (2) opera-
tions that are unrelated to the round number abstrac-
tion, such as simple reads, writes and coin flips, ap-
pear in both executions in the same time intervals, and
return the same results. Recall that by definition, in
an algorithm that uses the round number abstraction,
the actions of a process do not depend on its exact
round number but only on its distance from the round
numbers of the other processes, and, perhaps, on some
finite-state information, such as the parity of the round.



We view a process’ initial round vector (resp., round
number), as being returned by a positive intermediate
advance (resp., advance). Thus, to prove that our in-
termediate construction implements the round number
abstaction, it is enough to show:

Theorem 3.1 Consider an ezecution E of the inter-
mediate algorithm. There is a corresponding execution
E' of the original algorithm such that the following hold:

1. The round vector returned by each call to inter-
mediate advance in E maps, under the refine-
ment mapping defined in Section 3.1, to the round
number returned by the corresponding call to ad-
vance n E’.

2. The difference observed by each call to intermedi-
ate compare n E is the same as the one that 1s

observed by the corresponding call to compare in
E'.

Proof: Consider the first write of a round vector that
is mapped to r. Assume this write is done by process fr.
(‘fr’ stands for ‘the first process to write a round vector
mapped to r’.) Observe that this round vector must
have been taken through a positive intermediate ad-
vance, and hence it must contain a new private value
for fr. Denote this private value by vs.. We prove the
theorem together with two additional technical state-
ments. Define the c-distance of round vector ry from
round vector r. to be rq[c].recent + r1[c].count — r;.val
provided ry[c].recent > r..val and r..source = ¢ (that
is, provided r; observed r. directly or indirectly and r
was taken by a positive intermediate advance). If
rile].recent < r..val (that is, if ry did not observe ),
of if r;.source # ¢, then define the c-distance to be L.

3. Let v’ be taken by c through a positive interme-
diate advance and mapped to round r. For all
i > 1, if the c-distance of r] from vt 1s 4, then ]
1s mapped to a round > r + 4.

4. Let fr be the first process to write a round vector
7¢- that is mapped to round r. Foralll <1< k42,
if a round vectorr‘g is mapped to r+ 1, then the fr-
distance of rj from vy, is > i, and if mn addition,
i=1, then r*g[fr].leader = True. If a round vector
7{ is mapped to r + 1 for i > k + 2, then the fr-
distance ofr{; Jrom rg, is at least k + 2.

We define a step as (1) the performance of one of the
operations that are not related to the implementation of
the round number abstraction, or (2) an invocation or
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completion of one of the operations related to the round
number abstractions (we separate each of the latter to
two steps since they are not necessarily atomic). Let
(E,t) denote the prefix of execution E upto the first
point in which ¢ steps are completed. We construct
E’ inductively so that for any ¢, (E’,t) corresponds to
(E,t) so that all four statements hold.

(E’,0) will be the initial state of an execution of
the original algorithm. We first show that (E’,0) cor-
responds to (£,0) and all four statements hold. Re-
call that by convention, we view all initial round vec-
tors/numbers as taken by positive advance just before
the execution begins. So our base case considers each of
the intermediate advance that yields an initial round
vector. By convention, each initial vector is mapped to
round number 1. Thus, each initial call to interme-
diate advance returns an initial round vector that is
mapped to round number 1. On the other hand, the
initial round numbers in E’ are also 1, and therefore
also an initial call to advance returns round number 1,
and Statement 1 follows. Statement 2 holds vacuously,
since there have been no invocations of intermediate
compare at (E,(). Statement 3 holds vacuously since
for any ¢, the c-distance between any two initial round
vectors is 0. Statement 4 holds vacuously since it con-
siders round vectors that are mapped to different round
numbers, but all initial round vectors are mapped to the
same round number.

For the inductive step, assume (E’,t) corresponds to
(E,t) so that the four statements hold, and we will show
how to extend (E’,¢) so that (E’,{+ 1) corresponds to
(E,t+1) and the four statements continue to hold. Con-
sider the (f 4+ 1)th step in E. Since (E’,t) corresponds
to (E,t) so that all four statements hold, an analogous
step can be taken also as step ¢ + 1 of E’. That 1s, if
step t + 1 of E is a coin flip of process p, there is an
extension of E’ in which step ¢ + 1 is the same coin flip
of process p with the same result; if step t -+ 1 of E is a
simple read (write) operation of a certain register done
by process p, again there is an extension of E’ in which
step ¢ + 1 is the same read (write) and with the same
result. Similarly, if step £+ 1 in E is an invocation or a
completion of an intermediate advance, intermedi-
ate compare, read or write of a round vector, there is
an extension of E’ in which step t+1 is the invocation or
a completion of an advance, compare, read or write
of a round number respectively. Moreover, observe that
if step t + 1 of E is a completion of a read that returns
some round vector 7;, then there is an extension of E’
in which step ¢+ 1 is a completion of a read that returns
the round number rz to which r, 1s mapped.

Clearly, if step t + 1 of E is not a return of an in-
termediate advance or a return of an intermedi-



ate compare, then (£’ ¢ + 1) constructed above cor-
responds to (E,t + 1) and the four statements hold.
Therefore, to complete the proof we have to show that
if step £+ 1 of £ is the completion of an intermediate
advance or an intermediate compare then State-
ments 1, 2, 3, and 4 still hold. Specifically, if step ¢ + 1
of E' is the return of an intermediate advance we
need only prove Statements 1, 3, and 4. If step t + 1
is the return of an intermediate compare, we need
only prove Statement 2.

Assume first that the ¢ + 1st step is a return of an
intermediate advance of some process, say process
p. Denote this intermediate advance by A. Con-
sider the extension of E’ in which the ¢ + 1 step is a
return of an advance operation done by p. Denote this
advance by A’. Denote the set of round vectors that
are the input of A by: ry,...,7,, and for each ¢, de-
note by 7 the round number to which r; is mapped.
Recall that the input to A is the result of a collect in
E preceding A, and the input to A’ is the result of a
collect in E' preceding A’. We observed above that the
set returned by a sequence of reads in E’ is simply the
round numbers to which the round vectors returned by
the corresponding sequence of reads in E are mapped.
Therefore, the input given to A’ will be the round num-
bers rl,...,rn, to which the above ry,...,r, given to
A are mapped.

We will prove Statements 1, 3, and 4 for the case
where the intermediate advance returned in A is
a positive intermediate advance of p. The case in
which the intermediate advance returned in A is flat
will immediately follow.

Proof of Statement 1

Recall that the property of a round vector being a
leader among a set of round vectors is determined by
the mapping. If a round vector is detected by interme-
diate advance as being a leader, then by the inductive
hypothesis the vector is truly a leader, as determined
by the mapping.

Now, by definition, when a process performs a pos-
itive intermediate advance, its new round vector is
mapped to a round number that is greater by 1 than
the maximum among all round vectors observed by the
intermediate advance (more precisely, greater by 1
than the maximum among all the round numbers to
which the round vectors observed by this intermedi-
ate advance are mapped). Since A is a positive inter-
mediate advance of process p, A must have detected
round vector r, as maximal among the round vectors
observed by it.  Thus, the new round vector returned
by A will be mapped to rp + 1, where rp is the round
number to which r, was mapped when given to A. It
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remains to show that the new round number returned
by A’ is also rp 4+ 1. However, since A detected 7, as
a leader using invocations of the intermediate com-
pare operation, the inductive hypothesis implies that
A’ will detect rp as a leader using the corresponding in-
vocations of the compare operation. Thus also A’ will
be a positive advance, and hence will return round
number rp + 1, and we are done.

Proof of Statement 3

Let rl’, denote the new round vector returned for p by
a positive intermediate advance A, and let v, denote
r,.val. Note that since A is positive, r,.source = p and

!
prval. Note !
rp-val is a private value of p.

Clearly, the inductive hypothesis implies that the
statement holds for any b,c # p. If ¢ = b = p, the
statement holds vacuously since the c-distance of a vec-
tor from itself is less than 1. Also if ¢ = p # b the claim
vacuously holds since by definition of a c-distance, 7}
can be of p-distance > 0 from 7’;’9 only if the value for p
in 74 [p].recent is at least as recent as v,, and this can’t
happen at (E,t+ 1), since r;, has just been returned.

To complete the proof of the statement, we consider
the case where p = b # c¢. Thus, assume that r! is
mapped to round r, the e-distance of r;, from 7! is 4,
for some 7 > 1, and we will show that r,’, is mapped to
round > r 4.

Let v, rl.val. (Since r, was taken by a posi-
tive intermediate advance, v. is a private value of
process c.} By definition of c-distance it follows that
rplc].recent + r,[c].count = v, + i. We proceed by in-
duction on 7. If ¢ = 1 then r, observed rl, which is
mapped to r, so r, is mapped at least to r+ 1. If i > 1
then, by the construction of the successor operation,
r;) observed some ry with c-distance to rlc of it —1. By
induction, ry is mapped at least to r + ¢ — 1. It follows
by definition of the mapping and the fact that r;, is pro-
duced by a positive intermediate advance that r, is

mapped at least to r 4 <.
Proof of Statement 4

The inductive hypothesis implies that the statement
holds for any fr,b # p. If fr = p, the statement holds
vacuously since this means that p is the first process to
write a round vector that is mapped to round number
r, and hence at (E,t + 1) there is no process whose
round vector is mapped to a round number greater than
r. Therefore, we only need to consider the case where

b=p# fr.

Let 7, denote the new round vector for p returned at
(E,t+1). Let r, be mapped to round r+i, where ¢ > 1.



First consider the case ¢ > 1. Since r; is mapped to
r+1, r;, must have observed some round vector, say ry,
that is mapped to r 4+ ¢ — 1. The inductive hypothesis
on the statement implies that the fr-distance of rq is
at least 1 — 1, if i — 1 < k4 2, and at least k& + 2
otherwise. Lines 2, 3, and 4 of the successor operation
imply therefore that if ¢ < k + 1, the fr-distance of r;,
is at least 7 and otherwise, for i > k41, its fr-distance
is at least k + 2, and the claim follows.

Next consider the case where 7 = 1, that is, where
rp is mapped to r 4 1. By definition of the mapping
this means that the maximal round vector observed by
7, was mapped to r. Since r, was returned by a posi-
tive intermediate advance A, r, must have been de-
tected as a leader by A. The inductive hypothesis im-
plies that r, was indeed maximal in the set of round
vectors observed by A. Hence r, is also mapped to r.
Since A starts only after r, is written, and the latter is
written not before fr writes ry,, we have that A starts
only after 7y, is written. Therefore, r;) must have ob-
served r;,. Recall that r;. was taken by a positive
intermediate advance. It follows from the code for
the successor operation that r,[fr].recent is at least
as recent as ry,.val, the private value that r;, has for
fr. Thus, the fr-distance of r, from ry, is at least 1.

Next we show that r,[fr].leader = T'rue. Since fr
is the first process to write a round vector mapped to
r, it follows from the definition of the mapping that
fr must have taken ry, through a positive interme-
diate advance. Hence, r;, is the result of a succes-
sor operation done by the intermediate advance that
returned r;,, and it follows from line 9 of the succes-
sor operation that r¢..source = fr. In addition, re-
member that r;, was a leader among the set of round
vectors observed by A, and hence by the inductive hy-
pothesis must have been detected as such by A. Since
7¢r.s0urce = fr, and 7y, 1s detected by A as a leader,
it follows from Lines 5 and 6 of the successor operation
that r,[fr].leader = True.

Proof of Statement 2:

Now we assume that the ¢ + 1st step of E 1s a return
of an intermediate compare operation done by some
process, say process p, and we will prove Statement 2.
Denote this intermediate compare by C. Consider
the extension of E’ in which the ¢ + 1st step is a return
of an intermediate compare operation done by p.
Denote this intermediate compare by C’. Denote
the two round vectors that are the input of C by 71, ra,
and for each 7, denote by ri the round number to which
r; 1s mapped. Recall that the input to C is the result of
a sequence of reads in E preceding C, and the input to
C’ is the result of a sequence of reads in E’ preceding
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C’. We observed above that the set returned by a collect
in B’ is simply the round numbers to which the round
vectors returned by the corresponding collect in E' are
mapped. Therefore, the input given to C’ will be the
round numbers rl,r2, to which the above r{,ry given
to C are mapped. Without loss of generality, assume
rl > r2.

To complete the proof we need to show that the value
returned by C is exactly the difference r1 — 72, unless
this difference exceeds k, in which case the value re-
turned is k + 1. Denote by A the intermediate ad-
vance operation of process 2 that returned r5. The in-
termediate compare operation implies that the value
returned as the difference of r; from r4 is the maximum
difference among all c-differences of rq from ry com-
puted for each ¢ such that r..leader = True. Note that
this means that r. was obtained by a positive interme-
diate advance and was observed by ro to be a leader.
First we show that for each such r. the c-difference of
ry from r, is at most r1 — r2.

Since ry is mapped to r2, it follows from the definition
of the mapping that the maximal round vector observed
by ro was mapped to 72 — 1. Since r, was observed by
ro as a leader, and since by the inductive hypothesis
this means that r. was indeed a leader among the set of
round vectors observed by ry, we have that r; is mapped
to r2 — 1. Therefore, it follows from Statement 3 that
the ¢ distance of ry from r, is at most r1 — 72 + 1.
On the other hand, since r3 observed r,, the c-distance
of ry from 7. is at least 1. Finally, if ri]c].recent —
rofc].recent < 0, then the c-difference of »; and rs is
—1 < r1 — r2. If on the other hand, ri{c].recent —
rofc].recent > 0 then, since r; observed r. so did ri,
and therefore the c-difference of r; and ry 1s exactly

‘the c-distance of ry from r. minus the c-distance of ry

from r.. Thus, the c-difference of 1 from r2 is at most
rl —r2,

Denote by fr the first process to write a round vector
mapped to r2 — 1. Combining Statements 3 and 4 we
get that the fr-distance of ro from ry, is exactly 1, and
ro{fr].leader = True. Combining Statement 3 and 4
again we also get that the fr-distance of r1 from ry, is
exactly r1 =724+ 1ifrl —r2+4+1<k+1, and at least
k + 2 otherwise. Thus intermediate compare(r, r;)
will return the value r1 — r2 provided this value is not
greater than k, and otherwise will return & + 1.



intermediate compare(r;, ;)

1. For each ¢
2. If rofc].leader = True
and 7 [c].recent > ry[c].recent
3. then temp(c] :=
(r1[c].recent — rolc].recent)
+(r1[e].count — ryc].count)
else templc] := —1
MAX := max { temp[1],..., temp[n]}
If Max >0
then return ( min { MAX, k + 1} )
else for each ¢
If 7y[c].leader = True
and ryfc].recent > rq{c].recent
then temp[c] :=
(ra[c].recent — ry[c].recent)
+(ra[c].count — ryi[c].count)
MAX := max { temp[1],..., temp(n]}
Return(-min { MAX, & + 1})

© x>

11.
12.

Figure 1: The intermediate compare Operation

4 Bounding the
Construction

Unbounded

In this section we show how to implement the inter-
mediate algorithm using only a bounded number of
values. The unbounded round vectors will be imple-
mented by bounded round vectors and the interme-
diate advance and intermediate compare opera-
tions will be implemented by bounded advance and
bounded compare operations respectively. We refer
to the resulting algorithm as the bounded algorithm.

leader(c, {r1,72,...,7n})

1. Lead := True

2. For each d # ¢:

3. temp:= intermediate compare(r., rq)
4, If temp< 0

5. then Lead := False

6. Return(Lead)

Figure 2: The leader Primitive

successor({ry,rs,..

Tt

1. For each ¢

2. temp[c].recent :=
max{ri[c].recent, ..., ry[c].recent}
2.5. temp(c].recent :=
max{ry.val, ..., r,.val, temp|c].recent}

where the max is over all r;

for which r;.source = ¢
3. temp[c].count :=

max{ry[c].count, ..., rp[c].count, 0} + 1

where the max is taken over all r;

for which r;[c].recent > templc].recent
4. If templc].count > k + 1,

then templc].count := k + 2

5. If leader(c, {r1,72,...,7a}) and
re[c].source = ¢

6. then temp{c].leader := True

7. else temp[c].leader := False

8. temp.val := temp[b].recent + 1
9. temp.source := b
11. Return (temp);

Figure 3: The successor Primitive; Code for Process b

The running time of bounded advance and
bounded compare is linear, and hence is the same
as the running time of advance and compare of the
original algorithm. Thus, bounding an algorithm that
uses the round number abstraction preserves its run-
ning time. The registers are of size O(n3logn). In the
next section we show that for round-based algorithms
that satisfy some additional restrictions, the registers’
size can be reduced to O(nlogn), while preserving lin-
ear time complexity. All round-based algorithms with
which we are familiar satisfy these restrictions.

intermediate advance({ry,r,..

If leader(b, {r1,r2,...,7})
then return(successor({ry,rs,...,r,}))

else for each ¢ # b
If leader(c, {r1,72,...,m})

then return(r.)

T })
1.
2.
3.
4.
5]

Figure 4: The intermediate advance Operation;
Code for Process b
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The transformation described in this section is
achieved in a straightforward fashion by using the
Traceable Use abstraction of [10] to recycle the pri-
vate values. In the bounded implementation, each pro-
cess maintains a bounded number of private values and
a record of the distance between each pair of values. We
use the Traceable Use abstraction to enable the pro-
cess to determine which of its private values currently
exist in the system (i.e., may appear even if they are
not reissued).

The Traceable Use algorithm provides a traceable
read operation for reading round vectors, and a trace-
able write operation for writing them. To transform
the code for the intermediate algorithm to the code of
the bounded algorithm, replace each read of a round
vector with a traceable read and each write with a
traceable write.

In addition to having traceable read and traceable
write replace round vector reads and writes, the code
for bounded advance and bounded compare is
slightly modified as follows. Each process maintains a
single distance register containing the distance informa-
tion among its private values. The register contains an
array of pairs (v, j) so that v is a private value and j de-
scribes the positive distance of v from the private value
in the preceding pair if this distance is less than k + 2;
otherwise, j = k + 2.

When a process performs a bounded advance or a
bounded compare, it first collects the round vectors
of all the processes {using traceable read) and then
collects all the distance registers. It then has all the
information it needs to compute the distance relation-
ships among the set of round vectors.

If, after comparing the collected round numbers, the
process decides to increase its round vector (i.e., to per-
form a positive intermediate advance), it does not
issue a new private value but reissues one of its private
values that is not in the system anymore; the distance
between this private value and other existing private
values is recorded correctly in its distance register. This
completes the description of the bounded implementa-
tion of the round number abstraction.

It is easily seen that bounded advance and
bounded compare implement intermediate ad-
vance and intermediate compare respectively and
hence:

Theorem 4.1 Consider an execution E of the bounded
algorithm. There 1s a corresponding execution E’ of the
original algorithm such that the following hold:
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1. The round vector returned by each call to bounded
advance in E maps to the round number returned
by the corresponding call to advance in E'.

2. The difference observed by each call to bounded
compare in E is the same as the one that s ob-
served by the corresponding call to compare in E'.

Finally we discuss the complexity of the bounded al-
gorithm. Using the Traceable Use implementation of
Dwork and Waarts, the write or read of a single round
vector requires n steps. It is also possible to collect n
round vectors, one for each process, in n steps, using an
operation they call traceable collect. Employing the
Traceable Use involves also using its garbage col-
lection operation to determine which values are in use.
We say that a private value travels a distance d if there
was a chain of d processes each of which copied this
value from the process preceding it in this chain. The
complexity of garbage collection depends on how far
a value can ‘travel’.® In particular, if a private value can
travel distance d then garbage collection performs d
collects, during each of which it reads O(n?) registers.

It can be shown that in our bounded algorithm a
value never travels a distance greater than O(n). Using
this observation, we see that each process needs to have
a pool of ©(n3) private values. The pool is split into
two halves. At any time (except the very first time the
pool is used) one half is exhausted and the other half ac-
tive. Garbage collection is performed on the exhausted
half while the active half is being consumed. Garbage
collection requires n big collects each of which reads
O(n?) registers. Each big collect may return at most
6n? values as being in use. Thus, at least n® values
are returned to the exhausted half for re-use each time
garbage collectionis performed. The cost of garbage
collection is O(n®) steps. These steps (and not just
their cost) are amortized over the O(n®) bounded ad-
vance operations needed to exhaust half of the pool,
thereby preserving linear time complexity.

5 Reducing the Register Size

In this section we describe implementations of ad-
vance and compare, in which the size of the registers
is only O(nlogn), while the running time of each op-
eration remains linear. The implementation is tailored
for algorithms that satisfy some additional restrictions.

3The implementation of [10] assumes that this distance is at
most two. As mentioned in that paper, the implementation can
easily be extended to handle travelling for further distances.



In particular, we consider algorithms in which a pro-
cess does not need to measure the distances of arbitrary
pairs of rounds, but only the distance between rounds
that are at most k behind the leader. During an ad-
vance operation a process must invoke the compare
operation to determine if it is a leader. If during such
a compare operation the process detects that none of
the round numbers collected by it is a leader anymore, it
has only to acquire the identity of any one process that
has a round number at least as large as the maximum
round number at the beginning of the advance oper-
ation. All round-based algorithms known to us satisfy
these restrictions.

We first describe how to implement the intermedi-
ate advance operation in linear time using registers of
size O(nlogn). We refer to this implementation as the
efficient bounded advance operation.

When a process ¢ performs an intermediate ad-
vance operation, it is required for each process b to find
the maximum value for b among all the values for b that
it has seen. If the distance information 1s maintained
in registers of size at most O(nlogn), then this could
potentially require n reads for each other process, for a
total of O(n?) reads. However, inspection of the inter-
mediate advance operation immediately shows that
all that process c really needs to know is (1) whether
or not ¢ itself is a leader; if so, (2) for each process b,
has b introduced for itself a newer value than the one
¢ had for b; and if ¢ is not a leader, (3) the identity of
any one process that has a round vector at least as large
as the maximum round vector at the time c began the
intermediate advance operation.

To this end, we define a special auxiliary distance
register DISTANCE; for each process b. When b per-
forms a positive intermediate advance, it writes a
new round number, which includes a new value v, that
b introduces for itself. Just before doing this write, b
writes to DISTANCE, vs and the list of &’s 3 previous
values, together with their distances from v, (k + 2 for
each distance greater than k + 1).

Now, when a process ¢ performs an eflicient
bounded advance operation, it first collects, using
traceable collect, the round vectors of all the other
processes. It then collects (using a simple collect, z.e.,
not using Traceable Use) all the DISTANCE registers.
Let S be the set of round vectors collected, and let M
be the maximum round vector in S. Let O be the set
of DISTANCE registers collected.

We say a round vector r € S is ruled out by O if for
some b, r[b].recent ¢ DISTANCE,. Round vectors in S
that are not ruled out by @ are called contenders.
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First, c looks for a b such that for all r € .S, r[b].recent
contains neither b’s most recent value vy, as determined
by O, nor the first predecessor of this value, again as
determined by O. In other words, r{b].recent = 0, where
7 1s not one of the two most recent values introduced
by b for itself, as determined by DISTANCE;. It then
reads b’s round number, using the traceable read, and
returns the result as its new round vector. This is a flat
efficient bounded advance.

As we show below, if no b as described above exists,
then the set of contenders cannot be empty. Process ¢
compares the contenders as described in the intermedi-
ate algorithm, using the information in O to do so, and
from this computes M. If ¢’s round number In S was
ruled out, it takes M as its new round vector. This is
a flat efficient bounded advance. If ¢’s round vector
in S was not ruled out, it compares this to M using
the information in . If they are equal, then, using the
information in O, ¢ determines the newest value seen
in S for each process b, and computes the appropriate
offset. This is a positive efficient bounded advance.
Otherwise (¢’s round vector in S is less than M), c takes
M as its new round vector, performing a flat efficient
bounded advance.

Lemma 5.1 Let R € S, and let b be any process. If
R[b].recent = vp, then M[b]l.recent = v, where v}, 1s
either vy or one of its two predecessors.

Proof: Suppose the lemma is false. We abuse nota-
tion by letting M also denote the process from which ¢
obtained M. First, assume M was obtained by a pos-
itive advance. Then b introduced for itself three new
values after M began the traceable read of b’s round
number during the advance that resulted in round vec-
tor M, and before ¢ completed its scan. Thus, b made
at least two positive advances in that interval. Let M
be mapped to r. During its scan M had a round num-
ber mapped to » — 1. Since b was performing positive
advances, the first such advance completely within the
interval is mapped to at least ». The second such ad-
vance is mapped to at least » + 1. Thus, if R[b].recent
is three steps ahead of M[b].recent then R is mapped
to at least 7 + 1, contradicting the fact that M 1s the
maximum round number in S.

Finally, we can relax the assumption that M was ob-
tained by a positive advance, simply by replacing the
process M with the process that first constructed M
during a positive advance. Nothing in the argument
changes. ]

Corollary 5.1 If M s ruled out, then there exists a b
so that for all R € S, R[b].recent contains neither b’s



most recent value vy, as determined by O, nor the first
predecessor of this value, again as determaned by O.

Lemma 5.2 If for all R € S, R[b].recent contains ne:-
ther b’s most recent value vy, as determined by O, nor
the first predecessor of this value, again as determined
by O, then during the efficient bounded advance op-
eration of ¢, b has made a complete positive efficient
bounded advance and wrote its resulting new round
vector.

Proof: [t is immediate that b has introduced for itself
two new values since the beginning of ¢’s advance op-
eration. Since b introduces a new value for itself only
during a positive advance, at least the second value was
introduced during a positive advance that takes place
completely within the time interval of the advance. B

Observe that the above lemma implies that the round
vector b has when ¢ completes its efficient bounded
advance is at least as large as the maximum round
vector at the time ¢ began the efficient bounded ad-
vance. Putting this together, either we can find a pro-
cess b that has taken a positive efficient bounded ad-
vance since the beginning of ¢’s advance operation or
M is not ruled out by O, and will be recognized as
the maximum and can be compared with ¢’s round vec-
tor. In either case, efficient bounded advance im-
plements intermediate advance, and we are done.

This completes the description of efficient bounded
advance. The implementation of the restricted com-
pare 1s analogous and omitted from the abstract.
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