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Abstract. We consider the the relative power of two important synchronization
problems: set agreement and renaming. We show that renaming is strictly weaker
than set agreement, in a round-by-round model of computation. We introduce
new techniques, including previously unknown connections between properties
of manifolds and computation, as well as novel “symmetry-breaking” construc-
tions.

1 Introduction

A taskin an asynchronous system is a problem where each process starts with a private
input value, communicates with the others, and halts with a private output value. A
protocol is a program that solves the task. In asynchronous systems, it is desirable to
design protocols that aneait-free: any process that continues to run will halt with

an output value in a fixed number of steps, regardless of delays or failures by other
processes.

We are interested in thelative power of tasks: given two tasks, can one be used to
implement the other, or are they incomparable? One way to measure the relative power
of tasks is byconsensus numbers[11]. If a task can solve consensus [7] foprocesses
is universal in a system ofn processes in the sense that it can be used to construct
a protocol that solves any other task. Moreover, any task that solves consensus for
processes also solves consensus for fewer.

One question that has received substantial attention, and yet is still far from under-
stood, is the relative power of tasks too weak to solve consensus for two processes, the
so-called “subconsensus” tasks. For example, it is known that read/write memory can-
not solve consensus. After a substantial effort, it was discovered that two other tasks,
set agreement [6] and renaming [1], which are both subconsensus tasks, cannot be im-
plemented in read/write memory [3, 10, 13]. It follows that subconsensus tasks have a
“fine structure”, inaccessible by consensus-based analysis.

In this paper, we shed further light on this fine structure by showing that the re-
naming task is strictly weaker than the set agreement task, in a natural model of asyn-
chronous computation. a surprising result, since the two tasks are superficially quite
dissimilar. We introduce new techniques that may be helpful for other problems: a pre-
viously unknown connection between properties of manifolds and computation, as well
as novel “symmetry-breaking” constructions.
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Fig. 1. Standard Chromatic Subdivision

2.1 Combinatorial Topology

We start by reviewing standard terminology from combinatorial topology (mostly taken
from Munkres [12]). We employ concepts from combinatorial topology, in a style sim-
ilar to Attiya and Rajsbaum [2].

A simplicial complex A is a collection of finite non-empty sets, such thatlifis
an element of4, so is every non-empty subset df An elementA of A is called a
simplex, and an element ofl is called avertex. The dimension ofd is one less than
its number of elements. A subcollectighof A is called asubcomplex of A if B is
itself a complex. A subseB of simplex A is itself a simplex called &ace of A. We
refer to ann-dimensional simplex as ansimplex, and we sometimes use superscripts
(for exampleA™) to indicate a simplex’s dimension. Thiemension of a complex is
the largest dimension of any of its simplexes. Aimensional complex is full to
dimension n if every simplex inA is a face of am-simplex. All complexes considered
here are full to some dimension.

Let A andB be complexes. Aimplicial map M : A — B carries vertexes of
A to vertexes of5 so that every simplex aft maps to a simplex oB. An n-complex
is colored if there exists a mapd sending each vertex 0, ..., n} such that each-
simplex is labeled wit + 1 distinct colors. IfA is a colored simplexids(A) denotes
its set of colors. If4 andB are colored complexes, then a simplicial mep: A — B
is color-preserving if id(v) = id(M(v)) for every vertex in A.

For a simplexS, x(.5), the standard chromatic subdivision, is defined as follows.
Each vertex of(S) is a pair(s, F'), whereF' is a face of5, ands a vertex ofF". A set of
vertexes ofy(.S) define a simplex if for each pafs, F') and(s’, F’), id(s) andid(s")
are distinct, and eitheF C F’, or F’ C F. As s ranges over the vertexes §f the
vertexeqs, S) define thecentral smplex of x(.S). (The standard chromatic subdivision
is the colored analog of thebandard barycentric subdivision[12, p.96].)



A complex isstrongly connected if any two n-simplexes can be joined by a “chain”
of n-simplexes in which each pair of neighboring simplexes has a confmen1)-
dimensional face. A compleX is a manifold with boundary (sometimes called a
pseudomanifold with boundary) if it is strongly connected, and ea¢h — 1)-simplex
in M is contained in precisely one or twe-simplexes. An(n — 1) simplex in. M
is aninterior simplex if it is contained in two-simplexes, and &oundary simplex
otherwise. Thdoundary subcomplex ofM, denoted M, is the subcomplex induced
by its boundary simplexes. For brevity, we will use “manifold” as an abbreviation for
“manifold with boundary”.

2.2 Distributed Computation

We are given a set of + 1 process idg0, ..., n}. An initial or final state of a process
is modeled as a vertex= (P, w), a pair consisting of a process Rland a valuew.
We say the vertex isolored with the process id. A set of + 1 mutually compatible
initial or final states is modeled as arsimplexA™ = (aq, . .., ay).

A task specification is given by a colorethput complex Z, a coloredutput complex
O, and a recursive relatiad carrying eachn-simplex ofZ to a set ofn-simplexes of
O, for each0 < m < n. A has the following interpretation: if then + 1) processes
named inS™ start with the designated input values, and the remainingn processes
fail without taking any steps, then each simplexAigS™) corresponds to a legal fi-
nal state of the non-faulty processesp#tocol is a program in which processes re-
ceive their inputs, communicate via shared objects, and eventually return with mutu-
ally compatible decision values. Any protocol has an assocgaiatdcol complex P,
in which each vertex is labeled with a process id and that process’s final state (called
its view). Each simplex thus corresponds to an equivalence class of executions that
“look the same” to the processes at its vertexes. The protocol complex corresponding
to executions starting from a fixed simpléX™ is denotedP(S™). We typically use
‘P to denote both a protocol and its complex. A protosmles a task if there exists
a color-preserving simpliciadecision map 6 : P — O such that for each simplex
R™ e P(S™),d(R™) € A(S™). Note that a protocol can also be considered as a task.

3 Tasks

In the immediate snapshot protocol [3], the processes share an array of registers, one
for each process, which for brevity we refer to asithmediate snapshot memory. This

memory provides a single operationrite-read, which writes the process state to its
register and takes an instantaneous snapshot of the others. Logically, the processes act
as if the round is divided intphases, where in each phase a set of processes is chosen,
disjoint from any set chosen in an earlier phase. The processes in the set simultaneously
write to their own registers, and then read all the others. The protocol complex for the
one-round immediate snapshot is just the standard chromatic subdivision. An algorithm
for implementing immediate snapshot from asynchronous read/write registers is given
by Borowsky and Gafni [3, 5].



In the k-Set Agreement task [6], each process starts with a private input value, com-
municates with the others, and then halts after choosing a private output value. Each
process is required to choose some process’s input, and atcndistinct values may
be chosen. For brevity we uset agreement as shorthand fofn + 1)-processi-Set
Agreement, since this is the easiest set agreement task known to be impossibiel for
processes using shared read/write memory [3, 9, 10, 13, 14].

Set agreement has a particularly simple interpretation in the simplicial model. A
protocol P, starting from an inpuk-simplex S ™, solves set agreement if and only if
there exists a (necessarily not color-preserving) simplicial map

d0:P(S") — 85"

that (1) carries eacR(S™) to S™, for dimensionsn in 0, ..., n, and (2) does not map
anyn-simplex of P(S™) onto S™.

TheRenaming task [1] can be formulated in several equivalent ways. Processes are
issued unique input names from a large name space, and must choose unique output
names taken from a smaller name space. To rule out trivial solutions, the protocol must
beanonymous[10]): the value chosen must depend on the protocol execution, not on the
specific process id. Formally, a protocol compfegS ™) is symmetric if any permuta-
tion 7 of the process ids induces a simplicial mapP(S™) — P(S™). All complexes
considered in this paper are symmetric. Recall that the protocol has a decision function
0 : P(S™) — O, whereQ is the output complex. The protocolasonymous if

m(36(P(5™))) = o(m(P(5")))

that is, relabeling process ids does not change the protocol’s decisions.

In theWeak Symmetry-Breaking (WSB) task, tasks have no input values and Boolean
output values. In every execution in which alk- 1 processes participate, at least one
process deciddsue and at least one process deciti#se. Like renaming, any protocol
that implements WSB must be anonymous.

Definition 1. A task M is a manifold taskif for every input m-simplex S, for m in
0,...,n, M(S) isamanifold of dimension m and M (9S) = OM(S).

The immediate snapshot task is an example of a manifold task. A manifold task is a
special case of divided image [2].

4 Round-by-Round Computations

We study tasks in theound-by-round model [8], where processes execute in a sequence
of asynchronous rounds. Each round is associated with an object (which could be an
immediate snapshot memory, or another object). In each round, each process applies
one operation to that round’s object. Once a process has finished a round, it never re-
visits that round’s objects. The result of one round are carried to the next not though
objects, but through processor-local state.

It is known that for read/write memory alone, the round-by-round model is equiva-
lent to the usual model in which processes can access any object at any time [4, 5]. We



conjecture that the two models are equivalent for tasks as well, but the question remains
open.

The principal attraction of the round-by-round model is that manifold tasks are
closed under composition: given a set of tasks whose one-round protocol complexes
are manifolds, the result of their multi-round composition is also a manifold. For exam-
ple, consider the effect of iterating the immediate snapshot protocol. Running it once
yields the standard chromatic subdivision, and running it multiple times yielderan
ated subdivision, where each simple® in x"~1(I) is replaced with a copy of (R),
yielding the subdivisiorn " (I).

Although the protocol complex for the multi-round snapshot complex is a subdi-
vision of the input simplex, this property is not true of multi-round manifold tasks
in general. For example, the Moebius task introduced below has a boundary complex
equivalent to the boundary of a subdivided simplex, but the complex interior has a
“hole” (that is, non-trivial homology), so the multi-round composition of this task can-
not be a subdivided simplex. Nevertheless, a multi-round composition of a manifold
task is manifold task.

Lemma 1. If single-round protocol R is a manifold task, and A is a manifold, then
R(A) isamanifold, and R(0.A) = OR(A).

Proof. Let R"~! be an(n — 1)-simplex inR(.A). There are several cases to consider.
Supposek™~ 1 is an interior simplex ofR (A™) for somen-simplexA™ € A. Because
R(A™) is a manifold with boundary, there exist exactly twesimplexesk { and R} in
R(A™) such thatR"~! = Ry N RY.

SupposeR™~! is a simplex ofR(A"~1), for some interior simplexd™”~! ¢ A.
There are exactly twa-simplexesAy and AT in A™ such thatd"~! = A7 n A7
BecauseR™ ! is a boundary simplex dR(Ay), there exists exactly one-simplex
RZ in p(AR) such thatR"~! c Rp2. Similarly, because?”~! is a boundary simplex
of p(A7), there exists exactly one-simplex R7 in p(A7) such thatR"~! C R}. It
follows that there exist exactly two-simplexesky andR? in p(A™) such thatR"~! =
R} N RY.

SupposekR™~! is a simplex ofR(A" 1), for some boundary simplex™~! € A.
Becaused™ ! is a boundary simplex, there is exactly onsimplexA™ in A such that
An=1 c A" BecauseR™ ! is a boundary simplex dR(A™), there exists exactly one
n-simplex R™ in R(A™) such thatkR"~! c R". It follows that R"~! is a boundary
simplex of R(A). The last item implies thaR (0.4) C OR(A).

If R*~1 € OR(A), thenR"~1 € 9R(A"™), for someA™ in A. BecauseR is a
manifold task OR(A™) = R(OA™) R" ! is also inR(9A™), and therefordR (A) C
R(DA).

It remains to checlz (.A) is strongly connected. Pick two-simplexesR, and R;
of R(A). Let Ry € R(Ap) andR; € R(A;1). Becaused is a manifold, it is strongly
connected, and there exists a chaimedimplexesBy, ..., B, such thatd, = By,
A = By, and eachB; and B, ; share an(n — 1)-dimensional face. We argue by
induction onk. Whenk is zero, the result follows becau® A,) = R(A;) is a mani-
fold.

Assume the result for chains of length- 1. Let .S be an(n — 1)-simplex on the
common boundary oR(A;_1) andR(A4y), and letSy (S1) be the uniquer-simplex



in R(Ax—1) (R(Ag)) havingS as a face. By the induction hypothesis, there exists a
chain fromR, to Sy, and fromS; to R;. SinceS, andS; share a commofn — 1)-
dimensional face, we have constructed a chain fRygrto R;. a

Corollary 1. Theresult of composing manifold tasks is a manifold task.

5 Structural Results

51 Set Agreement
Theorem 1. No manifold task can solve set agreement.

Proof. Let M be a manifold task, and |&t™ be an input:-simplex. ASperner labeling

is defined as follows Define a map carrying each vertex.bt(S™) to a vertex ofS™.

For each fac&™ of S™, where the dimensiom ranges front to n, map each vertex of
M(S™) with one of the vertexes i§™. Sperner's Lemma states that there must exist
at least oner-simplex in M(S™) that mapsonto S™ (that is, maps to: + 1 distinct
vertexes).

Now suppose we can solve set agreement by some repeated composiitaraf
one-round immediate-snapshot protocols. By Corollary 1, the resulting complex s itself
a manifold. The decision mapinduces a Sperner labeling: for each f&& of S,
formin0,...,n, ¢ carries each vertex of1(S™) to a vertex ofS™. It follows that
there is somer-simplex of M (S™) that maps on to every vertex 6f*, contradicting
the definition of the set agreement task. ad

5.2 Renaming vs Weak Symmetry-Breaking
Lemma 2. Renaming implements Weak Symmetry-Breaking.

Proof. Then + 1 processes call a Renaming protocol to choose unique names in the
range0, ...,2n — 1. Each process then choogese if its chosen name is even, and
false if odd. At least process must choasee and at least onéalse. This protocol is
anonymous. O

Lemma 3. Weak Symmetry-Breaking implements Renaming.

Proof. Attiya et al. [1] give a renaming algorithm far+ 1 processes arh + 1 names

with the property that it: < n+ 1 processes actually participate, then they are assigned
names at mostk — 1 names. Consider the algorithm illustrated in Figure 2. Create two
instances of this renaming algorithiRy and R;. The processes first execute a weak
symmetry-breaking task. ThHe > 0 processes that decidieie each take a name from
Ry, choosing at mos2k — 1 names in the rang®, ..., 2k — 2. The othem — k£ + 1
processes that decidi@se each take an intermediate name frétn, choosing at most

2n — 2k + 1 names in the range, ..., 2n — 2k. Each process in the second group

4 Other authors call this constructSperner coloring, but we have already used “coloring” to
mean labeling with process ids.



/1l data fields

WEB wsb = new WEB();

Renami ng RO = new Renaming(); // renaming task instance
Renaming Rl = new Renaming(); // renaming task instance
/1 algorithm

int chooseNanme(int n) { /'l there are n+l processes
bool ean side = wsh. choose();
i nt nane;
if (side) {
return RO.choose();
} else {
return (2xn) - R1.choose();
}
}

Fig. 2. Implementing Renaming from WSB

chooses a name by subtracting its intermediate name Irargielding a name in the
range2n — 2k —1,...,2n — 1. Since these ranges do not overlap, this algorithm solves
renaming fom + 1 processes angh names. O

Corollary 2. Renaming is equivalent to Weak Symmetry-Breaking.

5.3 Set Agreement vs Weak Symmetry-Breaking

We now show set agreement solves weak symmetry-breaking. Assume we have a pro-
tocol that solves set agreement. We also need an instance of the Attiya et al. [1] protocol
that assigns to each af+ 1 processes a unique name in the rabge.,2n + 1. This
protocol uses only read/write memory, and is anonymous. Consider the protocol shown
in Figure 3.

The processes first call the Attiya protocol to choose ids in the range, 2n — 1.
This step ensures that the protocol as a whole is anonymous. The processes that choose
names in the range, . .., n call the first set agreement object’s decide method, using
its own anonymous id as input. The process then reads through the array, retiraing
if it finds its own id, andfalse otherwise. The processes that choose names in the range
n+1,...,2n — 2 do the same using the other set agreement object and the other output
array, except that they return inverted values.

Lemma 4. Some process decidestrue

Proof. At least one process goes to the first set agreement object. Of these, the process
whose id is first to be written to the output array decittes. ad

Lemma5. Some process decides false

Proof. There are two cases to consider: (1) all processes go to the first set-agreement,
or (2) some go to the first and some to the second. In the first case, if all processes



int[2][n] output; // tw (n+l)-elenent arrays, initially -1
ABDPR r enarne; /1 ABDPR renam ng al gorithm
Set Agree sa[2]; /1 set agreenent protocol objects
bool ean choose(int ne) {
int id = renane. choose(ne); // anonynous id
if (id < n+1) {
output[0][id] = sa[0].decide(id);

foreach (int i in output[0]) {
if (i ==1id) return true;

}

return fal se;

} else {

output[1][id] = sa[1l].decide(id);

foreach (int i in output[1]) {
if (i ==1id) return fal se;

}

return true;

Fig. 3. Implementing WSB from set agreement

decidetrue, then alln + 1 inputs were chosen as decision values, violating the Set
Agreement specification. In the second case, the processes that go to the second set-
agreement object, the process whose id is first to be written ddeides O

Corollary 3. Set Agreement solves Weak Symmetry-Breaking.

This result shows that any task that solves Set Agreement also solves renaming,
ruling out the possibility that the two tasks are incomparable.

We next introduce a new task, called tMeebius task, because in two dimensions
its one-round protocol complex is a Moebius strip. (Of course, in higher dimensions,
the complex is not a Moebius strip, although it is still a non-orientable manifold with
boundary.)

This task is defined in even dimensions, sorlet= 2N. Consider a system of
processesPy, ..., Pyy. Let Sy, ..., Son be2N + 1 disjoint (2V)-simplexes, and let
S;; be the face ob; opposite vertexP;.

Let X; = x(S;), the standard chromatic subdivision®f, and letX;; = x(X;).

We call X;; the external face of X; (even though it is technically a complex), and
the X;;, for i # j, theinternal faces.

Let U, be the set of process ids i;;: 0 to 2N + 1 except forj. Letn; : U; — U;
send the index with rankin U; to the index with rank + N mod 2N.

Identify each internal faceé(;; with X, (;);. Becauser;(r;(i)) = i, each(2N —
1)-simplex in an external face lies in exactly tWBN )-simplexes, so the result is a
manifold. (This also why the construction only works in even dimensions.)

The Moebius task itself is defined as follows. L¥t be the input:-simplex. The
Moebius complexM (S™) is defined so that its boundary compl@#1(S™) is a sub-
division of the boundary compleXS™ of the input simplex. For each proper fagé&



Fig.4. One-round Moebius task protocol complex for 3 processes)

Fig.5. Weak Symmetry-breaking from one-round Moebius task protocol



of S™, for m < n, the task specification mag carriesS™ to them-simplexes in the
unique face oD M (S™) with the same set of process ids. Finally,mapsS™ to all
n-simplexes ofM (5™).

Theorem 2. The Moebius task cannot solve Set Agreement.

Proof. The one-round Moebius task is a manifold task, so composing the Moebius task
with itself, with read/write rounds, or with any other manifold task yields a manifold
task (Corollary 1). So by Corollary 1, the Moebius task cannot solve Set Agreement.

O

To show this task solves weak symmetry breaking, we color the edges with black
and white pebbles (that iue or false values) so that no simplex is monochrome. For
the central simplex of eacl;, color each node black except for the one labeled with
P;. For the central simplex of each external fa€g, color the centra|2N — 2)-simplex
black. The rest are white.

Every(2N — 1)-simplexX in X; intersects both a face, either internal or external,
and a centra{2N — 1)-simplex. If X intersects an internal face, then the vertexes on
that face are white, and the vertexes on the central simplex are blackntérsects the
internal face, then it intersects the white node of the central simplék; pand a black
node of the central simplex of ;.

Theorem 3. Set agreement implements renaming but not vice-versa.

Proof. Set agreement solves weak symmetry-breaking (Corollary 3) which solves re-
naming (Corollary 2).

On the other hand, if renaming solves set agreement, then so does WSB, and so
does the Moebius task, contradicting Theorem 1. O
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