
Proofi (Sketch) Suppose not. Pick the smallest n

for which the lemma fails to hold. Define the predi-

cate

p(s) = (VU) H~(CCJ(s)) = O for g < j .
ldim(:(s))l

where U ranges over all sets of processes with pending

operations. In any final state, Cu (s) = Co(s), which

is a single simplex, so p holds. By Lemma 4.3 there

exists a state s* critical for p for the protocol II. Let

U* be a set that violates p.

A set of operations is commuting if executing them

in any order returns the same results to the calling

processes and leave the objects in the same state.

A set of operations is weakly commuting if apply-

ing them in any order leaves the objects in the same

state (although the operations may return different

results depending on the order). For example, pend-

ing read and write operations to the same object

are weakly commuting, as are pending operations to

a used (m, j)-consensus object. Pending operations

on distinct objects commute. Commuting implies

weakly commuting.

Suppose we execute the operations in U in some

order. A winner set is the set of process ids from any

simplex in Cu (s), and a loser set is the complement

of a winner set in U. A winner set is maximal if it

is not contained in any larger winner set, and the

complementary loser set is mmimal. Winner sets are

closed under intersection, and loser sets under union.

Any winner set can be expressed as the intersection

of maximal winner sets, any loser set as the union of

minimal loser sets.

We consider two cases: (1) the pending operations

in U are weakly commuting, and (2) some object’s

pending operations in U are not weakly commuting.

In the first case, for each winner set Wi and com-

plementary L;, let si be the state reached from s* by

executing the operations in Wi followed by the op-

erations in Li. Let IIi be the protocol starting in St

identical to H except that the processes in Li do not

participate. Let Di be the reachable complex for IIi

in s;.

(b(s’) = (y,
where the index i ranges over all maxtmal winner sets

Wi

We claim that for any winner set Wi (not just max-

imal ones),

H~(Di) = O for q < j .
[1

dim (’Di )

m“

If Li is empty, then II; = II, and 3(si) = ‘Di, and

the claim follows because s* is critical. Otherwise it

follows because n is minimal. From Lemma 4.6,

Hq(Cu. (s*)) = O for q < j .
[

dim(Cu. (s*))

1
7

m

and Cu. (s* ) satisfies p, a contradiction.

In the second case, there exists an object x whose

set of pending operations Uz G U is not weakly com-

muting. Each ordering of Uz defines a set of winners

and losers as above. For each maximal winner set Wi

(and minimal Li), let IIi be the protocol starting in

s* identical to II except that the processes in Li do

not participate. Let Dfi) (s*) be the reachable com-

plex for 11~ from s*, D(i) (s* ) the reachable complex

for 11~ in executions in khich Pj E U* – Li takes the

first step, and

Because the operations in U. do not commute, each

loser set Li is non-empty, so IIi is a protocol for

strictly fewer than n + 1 processes. Because n is min-

imal, each ‘D$) satisfies p:

Hq(’D$)) = O for q < j .

1 1

dim (D$) )

m

Let M = U* –Li. The ‘D~~ (s*) cover Cu. (s*) for

maximal winner sets Wi, so Lemma 4.6 implies that

Hq(Cu. (s*)) = O for q < j ,

ldim(Df’(s*))J

and Cu. (s* ) satisfies p, a contradiction. n

We are now ready to present the paper’s second

main result.

Theorem 4.8 C“ (m, j) is simply connected with

Proof: By Lemma 4.7, for all U ~ W,

Hq(CCJ(S)) = O for q < j.
ldim(:(s))l

so by Lemma 4.6,

[1Hq(Cn(m, j)) =Oforq <j. ~ .

The proof that Cm (m, j) is simply connected is sim-

ilar to the proof of Lemma 4.2, replacing the Mayer-

Vietoris sequence with the with Siefert/Van Kampen

theorem ([8, 4.12]). n
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5 Conclusions

We have presented for the first time combinatorial

properties of an asynchronous system in which pro-

cesses communicate by objects more powerful than

readjwrite registers. We have proved two general the-

orems about the solvability of set consensus.

The first theorem characterizes a wide class of pro-

tocols that cannot solve set consensus. Suppose a

protocol has a full information complex 7(U) when

only the processes in U participate. If F(U) is con-

nected for Ill I ~ c, simply connected for IU I > 2c, and

has HQ(X(U)) = O for q < lU1/c, then that protocol

cannot solve (n + 1, [n/cj )-consensus. The proof of

the result is general enough to point out a property

that any solvable task should satisfy: there will al-

ways be at least one execution where the number of

decided values is at least [n/cj + 1.

The second theorem states that the full infor-

mation complex C“ (m, j) for any protocol using

(m, j)-consensus objects is simply connected for n >

2 lm/jJ, with no “holes” in the lower dimensions:

HlIq(Yn(m, j)) = O for g < j . ~ .

One implication of these two theorems is that (n+

1, k)-consensus is impossible if k < j . [n/m], which

implies n/k > m/j.
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