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Abstract

A task is a distributed coordination problem in which each
process starts with a private input value taken from a finite
set, communicates with the other processes by applying op-
erations to shared objects, and eventually halts with a pri-
vate output value, also taken from a finite set. A protocol
is a distributed program that solves a task. A protocol is
t-resilient if it tolerates failures by t or fewer processes. A
task is solvable in a given model of computation if it has a
t-resilient protocol in that model. A set of tasks is decidable
in a given model of computation if there exists an effective
procedure for deciding whether any task in that set has a
t-resilient protocol.

This paper gives the first necessary and sufficient con-
ditions for task decidability in a range of different models
and resilience levels. We prove undecidability by exploiting
classical decidability results from algebraic topology, and we
prove decidability by explicit construction.

1 Introduction

A taskis a distributed coordination problem in which each
process starts with a private input value taken from a fi-
nite set, communicates with the other processes by apply-
ing operations to shared objects, and eventually halts with
a private output value, also taken from a finite set. Tasks
model “reactive” distributed systems such as databases, file
systems, or flight control systems. Input values represent in-
formation entering the system from the outside world, such
as a character typed at a keyboard, a message from another
computer, or a signal from a sensor. Output values model
effects on the outside world, such as an irrevocable decision
to commit a transaction, to dispense cash, or to launch a
missile.

A protocolis a distributed program that solves a task. A
task is solvable if it has a protocol. An extensive literature
has investigated the solvability of particular tasks, such as
consensus{2, 16, 18], renaming[4, 27, 28], and set agreement
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{11, 13, 26, 27, 28, 36]. Whether a task is solvable depends
on two important aspects of the model of computation: the
degree of resilience required, and the underlying communi-
cation model. We now describe each of these aspects in more
detail.

Modern multiprocessors are inherently asynchronous: pro-
cesses may be delayed without warning for a variety of rea-
sons, including interrupts, preemption, cache misses, com-
munication delays, or failures. We say that a protocol is
t-resilient it tolerates unbounded delay or failure by ¢ or
fewer processes, and it is wail-free if it tolerates delay or
failure by all but one of the processes.

Early work focused on models in which processes com-
municate either by message-passing or by reading and writ-
ing a shared memory. Although read/write models retain
theoretical interest, they are not an accurate reflection of
real distributed and concurrent systems. Modern multipro-
cessor architectures provide a variety of more powerful syn-
chronization primitives, including test-and-set [21], fetch-
and-add [20], compare-and-swap [30] and load-linked/store-
conditional [15, 32, 38]. It is known that each of these prim-
itives is more powerful than simple read/write memory {23].
Formally, we model such synchronization primitives as a pa-
rameterized family of (m, k)-set agreement objects, where m
is the number of processes that share an object, and k is a
measure of the object’s power: the smaller k with respect to
m, the more powerful the object.

We say that a set of tasks is decidable in a given model
of computation if there exists an effective procedure for de-
ciding whether any task in that set has a protocol in that
model. This paper proves the first necessary and sufficient
conditions for task decidability in a wide range of models
and resilience levels. We prove undecidability by exploit-
ing classical results from algebraic topology and we prove
decidability by explicit construction.

Our results are summarized in Figure 1. We find that
tasks are decidable in some models, but not others. In read-
write memory, it is known that tasks are decidable if and
only if at most one process may fail [7, 19]. Although (m, k)-
set agreement objects for 2 < k < m are strictly more pow-
erful than read-write memory [11, 28, 36], we show that
tasks in this model remain undecidable when more than one
process can fail. When k = 2, however, there is an abrupt
transition: we show that tasks are decidable if and only
if ¢, the number of processes that can fail, is less than m,
the number of processes that share a single object. Finally,
when k = 1, (m, 1)-set agreement is the same as m-process
consensus [2, 16, 18], and we show that tasks are decidable
if and only if ¢t < 2m.



To prove our decidability results, we draw a direct con-
nection between decidability and the ability to solve a par-
ticular task, the 2-set agreement task of Chaudhuri [13]. The
algorithms we present for the decidable models work for any
tasks.

We can use these results to analyze multiprocessor archi-
tectures: for t-resilient tasks to be decidable, an architecture
must support a synchronization primitive powerful enough
to allow {t/2] processes to reach consensus, or t of them to
reach (m, 2)-set agreement. For example, in an architecture
that supports only test-and-set (equivalent to 2-process con-
sensus), 3-resilient tasks are decidable, but 4-resilient tasks
are not. In architectures such as Digital’s Alpha AXP [38],
and IBM’s PowerPC [15], all processes can reach consensus,
so t-resilient tasks are decidable for any t. Although tasks
are undecidable in many of the models shown in Figure 1,
they are likely to be decidable in most models of practical
interest.

The proofs presented here establish a direct connection
between fundamental issues of distributed computing and
basic structures of algebraic topology, explaining why tasks
are decidable in some models and not in others: in the de-
cidable models the problem reduces to computing connec-
tivity while in the undecidable models the problem reduces
to computing contractibility (see next section). These re-
sults give further insight into the nature of distributed com-
puting by illustrating the qualitative difference between the
well-known computability theory for centralized sequential
systems and the emerging computability theory for asyn-
chronous distributed systems. In a centralized system, with-
out failures or asynchrony, the tasks considered in this paper
are not just decidable, they are easily seen to be solvable.
The need for coordination, however, can make even simple
tasks unsolvable, and simple families of tasks undecidable.
Indeed, our undecidability results hold even if the task spec-
ification is finite, and each process has access to its own
private oracle capable of solving undecidable problems.

model decidable | undecidable
read-write memory t=1 t>1
(m, k)-set agreement for k > 2 t=1 t>1
{m,2)-set agreement t<m t>m
m-consensus < 2m t>22m

Figure 1: Summary of Results

In this extended abstract we omit some generalizations
of the results, and many details about the model and proofs,
which can be found in the full version [22].

2 Related Work

Perhaps the first paper to investigate the solvability of dis-
tributed tasks was the landmark 1985 paper of Fischer, Lynch,
and Paterson [18] which showed that consensus, then consid-
ered an abstraction of the database commitment problem,
had no 1-resilient message-passing protocol. Other tasks
that attracted attention include renaming[4, 27, 28] and set
agreement [11, 13, 26, 27, 28, 36]. The first decidability re-
sult for decision tasks is due to Biran, Moran, and Zaks [7],
who, extending [34], showed that tasks are decidable in the
1-resilient message-passing model (later shown to be equiva-
lent to 1-resilient read-write memory [6]). The same authors
also showed that deciding 1-solvability is NP-complete (8],
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and give an optimal algorithm [9]. Taubenfeld et al. [41]
showed that tasks with initial failures only are decidable.

Surprisingly, perhaps, there were no further decidability
results for decision tasks until 1996, when Gafni and Kout-
soupias [19], recognizing the important link between task
decidability and contractibility, showed that wait-free tasks
for three or more processes are undecidable in the wait-free
read-write model. Qur results extend this line of research
in two directions: they apply to arbitrary levels of resilience
{(not just wait-free protocols), and to a variety of more real-
istic computational models (not just read-write memory).

In a related area, Chor and Moscovici [14] give decidable
conditions characterizing the tasks that can be solved using
randomized consensus.

Herlihy and Shavit [28, 29] introduced a formalism for
tasks based on the classical concept of simplicial complexes.
They used elementary homology theory to show certain im-
possibility results for set agreement and renaming. (The set
agreement results were shown independently by Borowsky
and Gafni [11] and Saks and Zaharoglou [36] using different
techniques.) More recently, Herlihy and Rajsbaum used ho-
mology theory to derive further impossibility results for set
agreement [25, 26], and to unify a variety of known impossi-
bility results in terms of the theory of chain maps and chain
complexes [27]. Using the same simplicial model, Attiya and
Rajsbaum [5] give purely combinatorial proofs of several im-
possibility results that had required algebraic techniques.

Computational topology encompasses a number of cele-
brated undecidable problems. For finitely-presented groups,
the word problem (whether an expression reduces to the
unit element) was shown to be undecidable by S.P. Novikov
in 1955, and the isomorphism problem (whether two such
groups are isomorphic) was shown to be undecidable by
M.O. Rabin in 1958. In this paper, we exploit the well-
known undecidability of the contractibility problem. Con-
tractibility requires deciding whether a loop A in a finite
simplicial complex K can be continuously deformed to a
point. From a finite description of K one can construct a
finite presentation of its fundamental group. Any finitely-
presented group can be realized as the fundamental group
of some complex. A loop A is contractible in K if and only if
A represents the identity element of the fundamental group
of K. It follows that deciding contractibility is equivalent
to deciding the word problem for finitely-presented groups,
which is known to be undecidable. (For a more complete
discussion of these issues, see Miller [33], Stillwell [40], or
Sergeraert [37].)

In Section 7, we give a generic algorithm for any solv-
able task in the (m,k)-set agreement models where tasks
are decidable. Our algorithm builds on earlier work of Bi-
ran, Moran, and Zaks [7] and of Borowsky and Gafni [10],
who outline an algorithm for solving decision tasks in all
the (m, k)-set agreement models. Our algorithm differs from
that of Borowsky and Gafni in several respects. Most im-
portantly, our algorithm is constructive: given nothing but
the task specification, we can test certain graph connectivity
conditions to decide whether the task is solvable, and if so,
give an algorithm. By contrast, the Borowsky-Gafni algo-
rithm is designed to work in all cases (not just the decidable
ones) and hence is not constructive. Their conditions are
given in terms of the existence of a certain map from one
simplicial complex to another. The existence of this map is,
in general, not decidable.

An object is a long-lived data structure subject to a po-
tentially unbounded sequence of operations (unlike a task,
in which each process participates once). Jayanti and Toueg



[31] construct a class of objects for which it is undecidable
whether an object has a wait-free two-process implemen-
tation in read/write memory. This construction, however,
appears to depend in an essential way on the use of infinite
complexes and non-recursive specifications. By contrast, our
undecidability results here apply even when all complexes
are finite and all task specifications are recursive.

3 Model

A set of n+1 sequential threads of control, called processes,
communicate by applying operations to shared objects. In
every model considered here, objects share a set of variables
called read-write memory, possibly augmented by more pow-
erful objects. An (m, k)-setobject x is a set of k or fewer val-
ues, initially empty. At most m distinct processes may apply
operations to an {m, k)-set object. The object provides two
operations: insert and choose. If |z| < k, insert(z, v) inserts
v into z, and if |z| = k, insert(z, v) has no effect. If |z| > 0,
choose(z) returns an arbitrary element from z. Given an
(m, k)-set object, one can easily solve the (m, k)-set agree-
ment task ([13}), and vice-versa.

An initial or final state of a process is modeled as a ver-
tez, U = (P,v), a pair consisting of a process id P and a
value v (either input or output). We speak of the vertex
as being colored with the process id. A set of d + 1 mu-
tually compatible initial or final states is modeled as a d-
dimensional simplex {or d-simplex) S = {%0,...,8q4). We
say that 35,..., 3 span S%. Simplex S is a (proper) face of
T if the vertexes of S form a (proper) subset of the vertexes
of T. Where convenient, we use superscripts to indicate di-
mensions of simplexes. By convention, a dimension d < 0
denotes an empty simplex. The set of process ids associated
with simplex S™ is denoted by ids(S™), and the set of values
by vals(5™).

The complete set of possible initial (or final) states is
represented by a set of simplexes, closed under containment,
called a simplicial complez (or complex) K. The dimension
of a complex is the highest dimension of any of its simplexes.
In this paper all the complexes of dimension n are full in the
sense that every simplex is contained in some n-simplex.
The k-th skeleton of a complex, skel*(K), is the subcomplex
consisting of all simplexes of dimension k or less. A map
u : K = L carrying vertexes to vertexes is simplicial if it also
carries simplexes to simplexes. It is surjective if every vertex
in £ is the image of a vertex in K. A complex is colored if
each vertex is labeled with a process id, and each m-simplex
is labeled with m + 1 distinct colors. If K and £ are colored
complexes, then u is color-preservingif id(¥) = id(u(9)).

A task specification is given by a colored input complex
Z, a colored output compler (}, and a recursive relation A
carrying each m-simplex of 7 to a set of m-simplexes of O,
for each 0 < m < n. A has the following interpretation: if
the (m+ 1) processes named in S™ start with the designated
input values, and the remaining n — m processes fail without
taking any steps, then each simplex in A(S™) corresponds
to a legal final state. Note that a task specification makes
no mention of resilience.

A protocolis a program in which each process receives a
private input value, communicates with the other processes
via shared objects, and eventually halts with with a private
output value. As many as ¢ processes may fail by halting,
and any non-faulty process chooses an output and halts af-
ter a finite number of steps; Any process that completes the
protocol has an associated view, which is the record of op-
erations applied to the shared objects. For example, if the
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Figure 2: Contractible and Non-Contractible Loops

processes share a read/write memory, a process view is the
sequence of variables and values read and written.

Any protocol has an associated protocol compler P, de-
fined as follows. Each vertex is labeled with a process id
and a possible view for that process. A set of vertexes
{(Pi,,vi )., (Pi,,vi,) span a simplex of P if and only if
there is some execution in which P;,, ..., P;, finish the pro-
tocol with respective views v;,,...,v;,. Each simplex thus
corresponds to an equivalence class of executions that “look
the same” to the processes at its vertexes. The subcom-
plex of P corresponding to executions starting from a fixed
simplex S™ is denoted P(S™). The protocol complex P de-
pends both on the protocol and the degree of resilience. A
protocol solves a task if there exists a color-preserving sim-
plicial decision map § : P — O such that for each simplex
R™ € P(S™), 8(R™) € A(S™). Informally, when a process
finished the protocol, it applies the decision map to its view
to choose its output. We say that a process participates in
a protocol execution if it takes any steps.

Although simplexes and complexes can be defined in a
purely combinatorial way, it is frequently useful to give them
a geometric interpretation. An embedding of a complex in
Euclidean space maps each vertex to a point, each simplex to
the convex hull of its affinely-independent vertexes, and each
complex to a set of simplexes where each pair of simplexes
intersect (as point sets) in a common face, or not at all. Any
complex can be embedded in Euclidean space of sufficiently
high dimension [40, p.22]. The polyhedron for a complex K,
denoted |K|, is the point set underlying its embedding. Let
5™ = (3o,...,8n). The star of S™ in K, written st(S™, K),
is the set of simplexes of X containing S™, together with
their faces. The link of S™ in K, written link(S™, K) is the
set of all simplexes in st(S™, K) that do not contain S™.

Consider a point ko € |K|. We call ko the base point. A
loop x in K with base point ko is a continuous map from the
unit interval I = [0,1] to |K]:

k:I—=|K|

such that x(0) = x(1) = ko. A loop is simple if a(t) is
unique for all 0 < ¢t < 1. Two loops x and A with base point
vo are homotopic if one can be continuously deformed to
the other while leaving the base point fixed. More precisely,
there exists a continuous map h : I x I — |C|, called a
homotopy, such that h(s,0) = k(s), h(s,1) = A(s), and



h(0,t) = h(1,t) = vo for all ¢t € {0,1]. Homotopy is an
equivalence relation. A loop is contractibleif it is homotopic
to the trivial loop ko. A complex is simply connectedif every
loop is contractible.

An edge loop k is a sequence of vertices such that each two
consecutive vertices span a 1-simplex of K, and the initial is
equal to the final vertex. Every loop whose base point is a
vertex is homotopic to an edge loop, so we can go back and
forth between loops and edge loops at will.

Throughout this paper, S* = (), §),32) is a 2-simplex,
Si; its face (3, ;), S? the complex consisting of all faces of
52 (including 5?), and 8' the boundary complez consisting
of all proper faces of S? (not including S?). It is sometimes
convenient to treat a loop x as a continuous map

K|S = K]

Lemma 0.1 ([39, 1.3.12]) The following two conditions are

equivalent:
1. x(}8}) is contractible, and

2. Kk can be extended to a continuous map f: |82 - |K|.

4 Loop Agreement

Loop agreement is a family of tasks that includes generaliza-
tions of k-set agreement and approximate agreement. Let
be a finite (uncolored) 2-dimensional simplicial complex, &
a loop of K, and l-c.o, El, Ez three distinguished vertexes in .
For distinct 1, 7, and %, let xi;j be the subpath of « linking E;
to E_,- without passing through I_e.y., and assume these three
paths are simple. In the (K, A)-loop agreement task for n+1
processes, each process has an input value in {0,1,2}. For
each input simplex S™, for 0 < m < n, let vals(S™) be the
set of input values, and define A by:

vals(S™) | A(S™)
{i} all decide k;
{t,7} vertexes span simplex in &;;
{0,1,2} | vertexes span simplex in K

In other words, the processes converge on a simplex in K. If
all processes have the same input value, they converge on the
corresponding vertex. If they have only two distinct input
vertexes, they converge on some simplex (either a vertex or
an edge) along the path linking their vertexes. Finally, if
the processes have all three input vertexes, they converge to
any simplex of K.
Here are some examples of loop agreement tasks.

¢ In the (3,2)-set agreement task [12], each of n + 1 pro-
cesses has an input taken from a set of 3 possible val-
ues, and each chooses an output value such that (1)
each output is some process’s input, and (2) no more
than 2 distinct values are chosen. This task is the loop
agreement task (skel'(8%),¢), where ( is the edge loop
(30, 1), (%1, 82), (32, 50).

s Let 0(S?) be an arbitrary subdivision of . In the
2-dimensional uncolored simplex agreement task, each
process starts with a vertex in S2. If § € 82 is the
face spanned by the vertexes corresponding to inputs
of participating processes, then the processes converge
on & simplex in o(S). (This task is the uncolored ver-
sion of simplex agreement [29].) This task is the loop
agreement (o(S?), 0(¢)), where ¢ is the loop described
in the previous task.
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¢ The 2-dimensional barycentric agreementtask is uncol-
ored simplex agreement for the barycentric subdivision
(35, p.96] bary(S?) of 8.

e An c-approzimate agreement task [17] can be defined
as a l-dimensional version of barycentric agreement,
bary?(S?), for large enough £, where two of the vertices
of the loop are equal. Processes start with 0 or 1, and
they have to decide real numbers which differ by at
most €.

We will show that (K, A)-loop agreement is solvable in
some models if and only if A is contractible in K, implying
that tasks are undecidable in those models.

Formally, the output complex of lo%) agreement is de-

fined in terms of the colorized complex K as follows.

' o The vertexes are all combinations of the form (P;, ¥),
where P; is a process id and ¢ a vertex of K.

o Vertexes (Po, to), ..., {Pk, Uk} lie on a simplex in K if
and only if the P; are distinct process ids, and (¥, . . ., Uk)
is a simplex in K. (Note that the ¥; need not be dis-
tinct.)

Let 7 : K = K be the projection map. We require that for
every input simplex S™ (of the colorized input complex) and

output simplex K™ € A(S™) C K, w(K™) C K satisfies the
conditions given above.

$ Contractible Implies Solvable

tA

boundary S'

Figure 3: Proof of Theorem 1

Theorem 1 Ifx is contractible in K, then (K, x)-loop agree-
ment has an (n + 1)-process wait-free read/write protocol.



Note that if loop agreement has a wait-free read/write
protocol, it also has a t-resilient read/write protocol, for
0 <t < n, as well as a t-resilient protocol in any model
combining read/write memory with other objects.

We first observe that the barycentric agreement task de-
scribed above has a simple wait-free read-write protocol. Let
S be the simplex of § spanned by the input vertexes. Each
process writes its input to a shared array, snapshots the ar-
ray [1}, and chooses the barycenter of the simplex spanned
by the vertexes read. By iterating this protocol N times,
the processes can choose vertexes on a single sxmglex of
bary™ (52%), the iterated barycentric subdivision of $*.

We can view & as a continuous map || — |K]| (see
top of Figure 3). Lemma 0.1 implies that because K is con-
tractible, it can be extended to a continuous map

F:18% = 1K)

such that f(3;) = ki, and f carries each face S} to kij (see
middle of Figure 3).

A simplicial approzimation of f is a simplicial map ¢ :
baryN (K) = L, for some large enough N, such that ¢(3;) =

k., and ¢ carries every simplex in baryN (S,J) to a simplex
in x;; (see bottom of Figure 3). The classical Simplicial
Approximation Theorem [35, Th. 16.1] states that f has a
simplicial approximation.

If x is contractible in K, we can now give a wait-free
read-write protocol for gC k)-loop agreement. Each process
starts with a vertex in 5, applies iterated barycentric agree-
ment to choose a vertex in bary™(S5?), and then applies the
decision map ¢ to choose a vertex in K.

An unusual aspect of this construction is that it ex-
ploits a classical theorem of algebraic topology to derive
an algorithm. Most other applications of such theorems
[25, 26, 27, 28] have been used to derive impossibility re-
sults.

6 Solvable Implies Contractible

Consider a t-resilient (K, x)-loop agreement protocol II in
which n + 1 processes communicate by a read/write mem-
ory possibly augmented by other objects. Call P, ..., P; the
low-order processes, and Pi41,..., P, the high-order pro-
cesses (wait-free protocols have no high-order processes).
Any such protocol II for loop agreement can be transformed
into a protocol I insensitive to high-order inputs:

¢ If all low-order processes have input &}, then all pro-
cesses decide 3.

o If all low-order processes have input 3; or 3, then all
vertexes chosen lie on a 1-simplex in &;;.

Each process writes its input value to an array, waits for
at least n — t + 1 inputs to appear, and then replaces its
own input with that of the process with the least id. It
then executes the protocol II. This “preprocessing” ensures
that every process starts the protocol with the input of some
low-order process. Henceforth, without loss of generality, we
restrict our attention to such protocols.

Define the join of simplexes R™ = (fo,...,m) and S™ =
(86,...,8n) to be the (m + n + 1) simplex
™S = (Fo,. ..y Tmy 80,0 0, 80

A 2-decomposition of t + 1 is a sequence (do,d;,d>)

non-negative integers such that Z?:o(d" +1)=t+1 A
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(do, dy, dz2)-decomposition of an input simplex S™ is any ex-
pression of the form

§" =581 -8 8",
where dim(5;) = d;, and S™~*~! is labeled with the high-

order processes. Hence, each S; has at least one vertex.
Definition 6.1 A t-faulty model of computation is 2-weak
if there exists a 2-decomposition (do,d1,d2) of ¢t + 1, such
that for every protocol P, every input simplex S™, and every
(da, d1, d2)-decomposition of S,
S" =55 -8 51,
e each P(S:-S;-S™*) is connected, and
e P(S™) is simply connected.

Notice that in order for a 2-decomposition (do, dy,dz) of
t + 1 to exist, t must be at least 2.

PGLAT™)

Figure 4: Proof of Theorem 2

Theorem 2 If (K, k)-loop agreement has a t-resilient pro-
tocol in a 2-weak model, then K is contractible in K.

Proof: The proof is illustrated in Figure 4 for the wait-
free case. Pick the input simplex where each process in S;
has input i{. As noted above, we can ignore all high-order
inputs. Because each S; is non-empty, we can pick a vertex
§; from each S;. We now define a continuous map

1187 = [P(S™)I-

Define §; = f(3i) to be any vertex in P(; - S"“‘l)
Because P(S; - S; - S"~'"!) is connected, there is a path

/\.'_,' I IP(S. . Sj . S"_t_l)l



linking ¢; and §;. Define f((1 —¢)-q +¢-q;) = Aij(¢).
Applying this construction to each face of 5%, we have

718 = |P(So- 81 -82- 8™ ).

Because P(S™) is simply connected, f(|S'}) is contractible.
By Lemma 0.1, f can be extended to |S?|.

Let § : P = K be the decision map composed with the
projection map 7. Let g : |$?| — |K| be the composition:

15%] L |P(S™)| S 1K)

We claim that g(|8']) = |x|. In & - $7"*~!, all low-order
processes have input i, so all processes in P(5; - S*™*71)
choose &; (top of Figure 4), and g(5i) = ki. In 5;-8;-§™~*1,
all low-order processes have inputs i or j, so all processes in
P(5: - S**) choose vertexes along i; (middle of Figure
4). Let 1,7, and k be distinct. Because «;; is a simple path,
9(IS%1) = |ki;]. It follows that x is contractible (bottom of
Figure 4). n

Theorem 3 Tasks are undecidable in any 2-weak model.

Proof: It is easy to show that contractibility is also unde-
cidable even for simple loops (proof in full paper). It follows
from Theorems 1 and 2 that in 2-weak models, (K, x)-loop
agreement has a protocol if and only if « is contractible in
K, so a decision procedure for loop agreement would yield a
decision procedure for contractibility, which is known to be
undecidable. ]

Each of the models shown as undecidable in Figure 1 is 2-
weak. (For read/write memory, see Herlihy and Shavit [28],
and for the other cases, Herlihy and Rajsbaum [24, 27).)

7 Decidability

So far, we have established that tasks are undecidable in any
2-weak model. We establish a remarkably simple sufficient
condition for a family of tasks to be decidable, via Theorem 6
of the next section.

Theorem 4 Tasks are decidable in any model that admits
an (n + 1,2)-set agreement protocol.

Theorem 4 gives us a straightforward technique for iden-
tifying decidable models. For example, in the 1l-resilient
read/write model, each of the two low-order process simply
writes its input to a register and halts, while each of the
n — 1 high-order processes simply waits and decides the first
low-order value to appear in a register.

Corollary 4.1 Tasks are decidable in any I-resilient model
that includes read/write registers.

In the t-resilient (m,2)-set agreement model, where t <
m, each low-order process participates in an (m, 2)-set agree-
ment protocol, writes its decision to a register, and halts. As
before, the high-order processes wait for any low-order pro-
cess to decide.

Corollary 4.2 Tasks are decidable in the t-resilient (m, 2)-
set agreement model when t < m.

In the t-resilient m-consensus model, where t < 2m,
P, ..., Pm_1 participate in one consensus protocol, while
Prs, ..., P, participate in another. On completion, each low-
order process writes its decision to a register, and halts,
while the high-order processes wait for a low-order process
to decide.
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Corollary 4.3 Tasks are decidable in the t-resilient m-consensus

model when t < 2m.

Note that these three corollaries establish the decidabil-
ity claims of Figure 1.

7.1 Protocol Complexes

We now examine some important structural properties of
protocol complexes in the decidable models.

Definition 7.1 A k-path in an n-complex K is a sequence
of n-simplexes Sg, ..., Sx such that dim(ST'NS7,,) > n—k.
A complex K is k-path connecied if any pair of n-simplexes
can be linked by a k-path.

Notice that if the dimension n of K is less than k, then K is
trivially k-path connected, since by definition the dimension
of an empty simplex is —1. When k < n, if X is k-path
connected then it is connected in the usual sense.

Lemma 4.1 If ¢ : K > L is a color-preserving simplicial
map, and K is k-path connected, then so is $(K).

Definition 7.2 A complex K is k-link connected if, for each
K*' e K, link(K*,K) is k-path connected.

Since dim(link(K*%, K)) = n—£—1,if K is k-link connected,
then the link of any K is connected in the usual sense if
£<n—-k-1.

Lemma 4.2 If P is a protocol complez then for every input
simplez §*, n—1 < £ < n, P(S*) has the following properties
tn the following models:

Model P(S)

read/write 1-link connected forn -1 <f<n
(m,2)-set agree 1-link connectedforn—t<€<n
m-consensus m-link connected forn —t+m <£<n

7.2 OQutput Complexes

Most earlier work in this area [10, 25, 26, 27, 28] was con-
cerned with proving the impossibility of specific tasks in
specific models. If a task has a protocol in a particular
model, then there exists a map from the protocol complex
to that task’s output complex. This map preserves certain
topological properties. If all protocol complexes in a model
can be shown to be topologically “incompatible” with a spe-
cific task’s output complex, then that task has no protocol
in that model.

Here, however, we must work in the opposite direction:
given an arbitrary task specification, we must decide whether
it is the image under a simplicial map of some protocol com-
plex. As noted above, protocol complexes in the decidable
models are k-link connected, for model-specific values of k.
Unfortunately, link connectivity is not conserved by sim-
plicial maps: the decision map is free to “glue” together
arbitrary simplexes of matching color, so output simplexes
of solvable tasks may have disconnected links. Nevertheless,
we show in the full paper that it is possible to “pre-process”
output complexes of solvable tasks in a way that restores
the link connectivity of the underlying protocol complex.
Informally, the preprocessing step discards “small” simpli-
cial intersections in a way that ensures that every simplex
of dimension n — ¢ or greater in the preprocessed output
complex has a connected link. We then show that these two
tasks are equivalent in the following sense.



Theorem 5 Given a model of computation in which proto-
col complexzes are k-link connected, and given a task (Z,0, A),
one can construct a “preprocessed” task {I,0",A*} such
that

1. for each input simplex S of dimension greater than or
equal n — t, A*(S) is k-link connected,

2. {Z,0, A) has a t-resilient protocol if and only if (T, 0*, A*)

does, and

3. if {Z,0, A) has a t-resilient protocol with a surjective
decision map, then so does (Z,0*, A*).

Moreover, this preprocessing is computable.

8 Conditions

A restriction of a task (Z,0,A) is a task (Z,0,T), where
for every input simplex S, n —t < dim(5) < n, I'(S) C
A(S). To solve a task, it suffices to solve any restriction
of that task. A task (Z,0,A) is extensible if any set of at
least n — t 4+ 1 processes can choose their outputs without
knowledge of the remaining processes’ inputs.

Definition 8.1 A t¢-resilient model of computation has con-
sensus number k if it admits a t-resilient k-process consensus
protocol, but no t-resilient (k + 1)-process consensus proto-
col.

Lemma 5.1 Any model of computation with consensus num-
ber greater than one admits an {n+ 1)-process counting pro-
tocol, in which each process takes a unique non-negative in-
teger, and if some process takes t, then at least i+1 processes
are participating in the protocol.

Proof: Use 2-consensus protocols as balancers in a count-
ing network [3]. |

Lemma 5.2 If a t-resilient model of computation has con-
sensus number k, then for any protocol P, P(s’) is k-path
connected, forn—t < {<n,

Theorem 8 In any t-resilient model of computation with
consensus number k that admits an (n + 1,2)-set agreement
protocol, (I,0, A} has a t-resilient protocol if and only if it
has a restrictionT" such that the preprocessed task (Z, 0", T}
satisfies the following conditions:

Extensibility If So C Si, and dim(So) > n — t, then
I*(So) CT7(51)-

Connectivity If dim(S) > n—t, then I'*(S) is k-path con-
nected.

These conditions are computable: there are only a finite set
of restrictions T', extensibility and k-path connectivity are
decidable, and T"* is computable by Theorem 5.

8.1 Necessity

Assume we have a t-resilient protocol P for (Z,0, A} with
decision map § : P — O. Define the restriction I'(S) =
3(P(S)). Theorem 5 states that there exists t-resilient pro-
tocol P* for (Z,0*,T'*} with decision map §*. Moreover,
because the decision map & for {Z, O,T} is surjective, so is
the decision map §* for (Z,0",T").

Lemma 8.1 A task has a t-resilient protocol only if the ex-
tensibility condition is satisfied.
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shared vertex INPUTS[n] :=[1,...,1];
shared simplex FIRST[t][n] := [L,...,L];
shared simplex seconD{t][n]:={L,...,1];
simplex S;,U;,T; = ,0,0

protocol(vertex 1)
1: INPUTS[{] := 1;
2: wait until scan(INPUTS) has > n — t + 1 vertexes;
3: S, :=join of all vertexes from scan{INPUTS)
4: FIRST[0}[:] := agree(S:)
for r in 0..t do

5: SECOND[r][{] := (NT | T € scan(FIRST[r]));
6: view; := {T | T # L € scan(SEcOND{r])}
T: if (30 € (NT | T € views)) | :d(?) = P;
then decide ¥;
end if ;
8: Ui:= (7| 7 €T € view; and id(¥) # P;)
9: Ti:=U; - (Ve T | id(9) ¢ ids(Us))

10:  S;:= (8| § € scan(INPUTS))
11:  FRST[r + 1][i] := link-agree(T;, S;i);
end for ;
end protocol

Figure 5: A Generic Protocol

Proof: Because §” is surjective, some execution of the pro-
tocol leads to a state in which the processes in ids(S*) halt
with values from T¢. If T'(S%) is not contained in I'(S*),
then if the remaining processes then start the protocol, they
cannot be assigned output values consistent with T*. |

Lemma 6.2 A task has a t-resilient protocol only if the con-
nectivity condition condition is satisfied.

Proof: The model has consensus number k, so by Lemma
5.2, P*(S%) is k-path connected. Because §° is surjective,
6*(P*(S%)) = I'*(SY) is also k-path connected by Lemma

1. |

8.2 Sufficiency

We now define a “generic” protocol that solves any exten-
sible task. This protocol calls two model-specific tasks as
subroutines. We give explicit protocols for these tasks in
the decidable models of computation.

The generic protocol appears in Figure 5. Let (Z,0, A)
be the task, (Z,0,I'} the restriction, and (Z,0*,I'*) the
preprocessed task satisfying the Extensibility and Connec-
tivity conditions. By Theorem 5, it is sufficient to show that
{Z,0*,T*) has a protocol.

The first model-specific task is basic agreement:

T; := agree(S;).

The input to each P; is an input simplex S; of dimension at

least n — t, where the S; are faces of a single input simplex.

Each output is a simplex T; in I'*(US;), such that NT; # 0.
The second model-specific task is link agreement:

R; := link-agred(T;, Si).

The input to each P; is a pair of simplexes T; and S;, where
each S; is an input simplex, T; € I'*(S;), and n — ¢t <



dim(T;) < dim(S:i), and the S; are faces of a single sim-
plex. The outputs R; are simplexes in link(NT;, ' (US:))
such that NR; # 0.

Informally, the generic protocol works as follows. The
processes share an (n+ 1)-element array of vertexes INPUTS,
and two (t+1) by (n+ 1)-element arrays of simplexes FIRST
and SECOND. We use “scan{A[r])” to denote an atomic snap-
shot scan [1] of the r-th row of array A. Variables marked
by subscripts are local variables.

At the start of the protocol, each P; writes its input
vertex to INPUTS[i] (Line 1), and waits until it observes at
least n — ¢t + 1 input vertexes (Line 2). P; then constructs
a simplex S; by taking the join of all the input vertexes it
observes (Line 3). P; then calls the basic agreement proto-
col with argument S;, and writes the resulting simplex to
FIRST{0][¢] (Line 4).

P; then enters the loop. It atomically scans the FIRST[0]
array (line 5), takes the intersection of the non-empty sim-
plexes that it scans, and writes this simplex to SEcoND[0][z],
and scans SECOND[0] to construct a set of simplexes view;
{Line 6). Because FIRST[0] is scanned atomically, the sim-
plexes in view; are ordered by inclusion. If every simplex in
view; has a vertex ¥ with process id P;, then P; decides ¢
(Line 7). Because all simplexes returned by basic agreement
have at least one vertex in common, at least one process
halts in round 0.

If P; does not halt, then it constructs a simplex T; of
vertexes of processes that may have halted. Any process
(other than P; itself) with a vertex in view; may have halted,
so P; constructs U; by joining the vertexes in view; other
than its own (Line 8). Any process with a vertex already in
T; (empty in the first round) but not in view; is joined with
U; to form T; (Line 9). P; recomputes S; by rescanning the
INPUTS array {Line 10), calls a link agreement protocol with
arguments T; and S;, and writes the result to FIRsT[1][t].

Each subsequent iteration of the loop proceeds in the
same way, except that simplexes written to FIRST[r] are gen-
erated by the link agreement protocol instead of basic agree-
ment. The first vertex written to each FIRST[r] appears in
every simplex in the round-r version of view;, so at least one
process halts in each subsequent round.

In the following lemmas, T‘(r) denotes the value of T; at
the end of round r. and NT'" denotes the intersection of
all non-empty T,-('). Let r range over the rounds completed
by some process.

Lemma 6.8 NT") is a simplez.

Proof: All simplexes written to FIRST[0] are chosen by link
agreement, so they have a common intersection. Because
scans are atomic, if P;’s scan of FIRST[0] is ordered before
P;’s, then P:’s observed set of simplexes is included in P;’s,
and therefore P;’s intersection is included in P;’s. All sim-
plexes written to SECOND[0] are faces of a common simplex,
and so is T;.

Assume inductively that NT(") is a simplex, for r > 0.
All 7in NT ) but not in NT(") are chosen by link agree-
ment, and so lie on a common simplex in link(NT(", T*(5")).
n

Lemma 6.4 dim(NT") > r.

Proof: Let T be the first simplex written to FIRST{0] (Line
4). T appears in every scan of FIRST[0] (Line 5), and is
a face of every simplex written to sEcOND[0] (Line 5) and
scanned into view; (Line 6). Every process with a vertex
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in T halts with that vertex (Line 7), and T is a face of the
U; constructed by each non-halted process. It follows that
T c NT, so dim(NT®) > 0.

In each subsequent round, let R be the first simplex writ-
ten to FIRST[r]. Because R is returned by a link agreement
protocol, R ¢ NT'7, but the same argument shows that
RenT+Y, [

Lemma 8.8 The protocol of Figure 5 is correct.

Proof: If P; has a vertex ¢ in NT{") then it halts with
U before round r 4 1. Conversely, if P; halts at round r
with &, then ¥ € NT+. Since every NT(") is a simplex
(Lemma 6.3), all processes halt on a common simplex. At
least one process halts at round 0 (Lemma 6.4), and at least
one process halts in each subsequent round (Lemma 6.4), so
all processes halt by the end of round n + 1.

To show that the conditions of Theorem 6 are sufficient, we
need only show that basic agreement and link agreement are
solvable in any model that admits an (n+1, 2)-set agreement
protocol.

8.2.1 Basic Agreement

shared simplex INPUTS[r] := [1L,...
basic-agree(simplex S;)
INPUTS[i} := S;
ri ;= counter()
if (ri < k)
then S; := consensus(S;)
else Si:= (US| S € scan(INPUTS));
end if
S = 2-set-agree(S;)
return (basic-graph-agree(S))
end basic-agree

1)

Figure 6: Basic Agreement Protocol for k > 1

We show how to solve basic agreement in any model of
computation that admits a (n+1, 2)-set agreement protocol.

Definition 8.2 Let K be a complex. Define the adjacency
graph adj(K) to be a graph where each vertex is labeled
with a simplex of K, and there is an edge from one vertex to
another if and only if both simplexes are faces of a common
simplex.

To avoid cumbersome notation, we use a simplex S to de-
note both the simplex and its corresponding vertex in the
adjacency graph, relying on context to disambiguate. Now
consider the following task,

(adj(I), adj(O%), B),
where

B(S) = S
B(So,sl) adj(l"'(So USl)).

The basic graph agreement task is defined in terms of the
colorized version: Each process receives as input a simplex
from Z. Like basic agreement, all are faces of a common
simplex in Z. Unlike basic agreement, there may be at most
two distinct inputs, So and S;. The processes choose sim-
plexes from I'*(So U S1). There are at most two distinct



shared pair INPUTS[n] :=[L,..., L1];
link-agree(simplex T;, S;)
INPUTS[E] := (Si, T5)
ri 1= counter()
if (ri < k)
then (S;,T;) := consensus(S;, T;)
else S;:= (US| {S,T) € scan(INPUTS))
T; .= (NT | (S,T) € scan(INPUTS))
end if
{Si, T;) := 2-set-agree(S;, Ti)
return (link-graph-agree(S;, T:))
end link-agree

Figure 7: Link Agreement Protocol

outputs, and one must be a face of the other. In the full pa-
per, we show that the Connectivity condition ensures that
basic graph agreement has a wait-free read-write protocol if
all inputs are S, or if dim(So USy) > k.

We now describe a basic agreement protocol. If k = 1,
then the processes run (n + 1, 2)-set agreement to choose
at most two input simplexes, So and S, which are used as
input to basic graph agreement. Since dim(Sp U S1) > 1,
basic graph agreement has a wait-free read/write protocol.

Ifk > 1, the protocol is illustrated in Figure 6. Each pro-
cess starts by writing its input simplex to an INPUTS array.
By Lemma 5.1, this model admits a counter protocol with
the property that if it returns i to a process, then no other
process receives i, and at least i + 1 processes have already
invoked the protocol. The processes invoke the counter pro-
tocol. Al processes that receive a number less than k ex-
ecute a k-consensus protocol to agree on an input simplex.
They use this simplex as input to an (n + 1, 2)-set agree-
ment protocol. The remaining processes rescan the INPUTS
array, taking the union of all simplexes present, and use
that union as input to the (n+ 1, 2)-set agreement protocol.
Since all input simplexes are faces of a single input simplex,
these unions are well-defined. Moreover, because more than
k processes have invoked the counter protocol, each process
has a vertex labeled with its own color in its input, the di-
mension of each such union must be k or greater. Let Sp
and Sy be the simplexes returned by the set agreement pro-
tocol. These simplexes are used as input to a basic graph
agreement protocol, and the output of the graph protocol is
returned as the output of the basic agreement protocol. Ei-
ther So and S are the same, or if they are different, then at
least one has dimension greater than k, and so does SoU S;.
In either case, basic agreement has a wait-free read/write
protacol.

8.2.2 Link Agreement

Just as for basic agreement, we argue by reduction to a graph
problem. Define the link graph agreement task in terms of
the colorized version of [£, adj(O"), A] as follows. The input
complex L is a graph where each vertex is labeled with a pair
{So, To), where So is an input simplex of dimension at least
n—t, To € T*(Ss), and dim(Tp) < dim(So). There is an edge
((So,T8),{51,Th}) in L if So and S are faces of a common
simplex in Z, and To N T) is non-empty. The relation A is
given by

A(So,To)

R; € adj(link(T:,T*(S)))
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A((So,To),(S1,ﬂ)) adj(link(To nTl,So US1 ))

On a single input, the task chooses a fixed simplex R; in
link(T;,T*(S5:)). On two inputs, the task returns at most
two intersecting simplexes in link(T; N T;,5; U S;). This
task is essentially the same as link agreement, except that
at most two distinct inputs are permitted.

The k-link connectivity of I'* ensures that this task has
a wait-free read/write protocol if all inputs are the same, or
if

dim(link(To N Ty, S0 US1)) > k.

We are now ready to present a link agreement protocol. If
k = 1, then the processes run (n + 1,2)-set agreement to
choose at most two pairs, (So,To) and {S1,T:), which are
used as inputs to link graph agreement. Since

dim(link(To N T1,T* (S U S1))) > 1,

link graph agreement has a wait-free read/write protocol.
If k > 1, the protocol is illustrated in Figure 7. Each
process starts by writing its pair to an INPUTS array. The
processes invoke a counter protocol, and all processes that
receive a number less than k execute a k-consensus proto-
col to agree on a pair. They use this pair as input to an
(n + 1,2)-set agreement protocol. The remaining processes
rescan the INPUTS array, taking the union of all the non-
empty Si, the intersection of all the non-empty T, and use
the resulting pair as input to the (n 4 1,2)-set agreement
protocol. Because more than & processes have invoked the
counter protocol, and each such process has a vertex in its
T: but not its S;, the difference in dimension of the S; and
T; must be k or greater. Let (So,To) and {S;,T1) be the
simplexes returned by the set agreement protocol. These
simplexes are used as input to a link graph agreement pro-
tocol, whose result is returned. It remains to check that link
graph agreement has a protocol. Either (So, 7o) and (S5, T1)
are the same, or if they are different, then the dimensions of
So U Sy and Tp NT: differ by at least k. In either case, link
graph agreement has a wait-free read/write protocol.

9 Conclusions

An interesting problem is to identify interesting classes of
decidable tasks. For example, loop agreement is decidable
if and only if K has a fundamental group with a decidable
word problem (e.g,, if K is a surface). Are there similar
characterizations for arbitrary tasks?
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