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Abstract

We present a new propagator achieving bounds consistentigefdNTER-DISTANCE constraint. This con-
straint ensures that, among a set of varialtas. . ., X, the difference between two variables is at least
p. This restriction models, in particular, scheduling pesbé in which tasks requing contiguous units of a
disjunctive resource to be completed. Until now, the bestmpropagator for bounds consistency had time
complexity O(n®). In this work we propose a quadratic propagator for the sawel bf consistency. We
then show that the theoretical gain gives savings of an arfleragnitude in our benchmark of scheduling
problems. Our propagator is also the first one to filter theatdep.

1. Introduction

The cumulative scheduling problewith one resource of capacify consists of a set of taskg, ..., T to
which we associate four integer variables: a releasetjneedeadlinal;, a processing timp; and a capacity
requirement;j. Each taskl; must start at timeé; such thatj < tj < d; — pj. Let Q(t) be the set of tasks
imess at time, i.e. the taskg; such thatt; < t < t; + p;. We have the resource capacity constraint

T, rogy Ci = C. This problem is NP-Hard even in the case whére= 1 which we call, in this particular
case, thelisjunctive scheduling problem

Edge finders (Carlier and Pinson (1994); Mercier and Van &taytk (2005)) have largely been used to

solve scheduling problems. This technique reduces thevadtdr;, dj] by detecting time zones that must
be allocated to a subset of the tasks making these zonesilabésdor other tasks. The goal is to increase
release times and reduce deadlines without eliminatingfeagible solution. The problem is said to be
bounds consistenwhen intervaldr;j, di] have been fully shrunk, i.e. when there exists at least onsilike
schedule in which tasK; starts on tima; and at least one feasible schedule in which taskinishes on
timed;. Itis NP-Hard to make a scheduling problem bounds congistgan in the disjunctive case. For this
reason, edge finders try to reduce, in polynomial time, the sf the intervals without necessarily achieving
bounds consistency. A backtracking search assigns gfdiires to tasks and uses the edge finder to reduce
the size of the search tree.



We study the disjunctive scheduling problem when all tagksetthe same processing timge= p. This
problem can be solved in polynomial time (Garey et al. (1981} traditional algorithms only return one
solution that generally does not satisfy the side condsairhese side constraints can even make the problem
NP-Hard. See, for instance, the runway scheduling probkertiouchine et al. (2004)). The flexibility that
constraint programming offers to encode such problems &sant. A singleNTER-DISTANCE constraint
can encode the disjunctive scheduling problem. This caimttensures that starting times are pairwise distant
by at leasp units of time. The global constraint offers a stronger pngrthan thed(n?) associated binary
constraintgX; — Xj| = p.

Artiouchine and Baptiste (2005) recently propose®&n?) propagator that enforces bounds consistency
on the NTER-DISTANCE constraint. By achieving bounds consistency, their prapagprunes the search
space better than edge finding algorithms resulting in €nelioice points in the backtracking search and a
better time performance. We propose in this work a quadpatipagator that is faster both in theory and in
practice, even for small instances. We generalize titeR-DISTANCE constraint by letting the distané®
be a constrained variable whose domain can be pruned. Thisgto be useful when one wants to maximize
the distance between each pair of variables. The generafizaf the INTER-DISTANCE constraint as well
as the experiments with this new constraint extend the wazkipusly presented in Quimper et al. (2006).

Throughout the paper, we will consider the getb] as the interval of integer values betweiandb
inclusively. Ifa > b, then the intervda, b] is empty. We nevertheless say that the lower bound of theviaite
is min([a, b]) = a and the upper bound imax([a, b]) = b as for non-empty intervals.

We presentin Section 2 some notions about how bounds cenejstan be enforced on theTER-DISTANCE
constraint. We then explain in Section 3 how the computataonbe simplified. Based on this simplification,
we present in Section 4 our algorithm and a data structutestisures the quadratic behaviour of our propa-
gator. We show in Section 5 how bounds consistency can becadfon the distance variatfe Finally, we
present in Section 6 some experiments proving the efficiehoyr propagator.

2. TheINTER-DISTANCE Constraint

Régin (1997) first introduced thevtER-DISTANCE constraint under the nangdobal minimum distance
constraint The expressionNTER-DISTANCE([X, ..., Xn], P) holds if and only if|X; — X;| = P for
alli 8 j. WhenP = 1, the INTER-DISTANCE specializes into an AL -DIFFERENT constraint (Régin
(1994); Mehlhorn and Thiel (2000); Lopez-Ortiz et al. (3)0 Régin (1994) showed that a single global
constraint, in many cases, causes more domain reductinﬂhh&@ equivalent binary constraints. This
observation also applies to th&TER-DISTANCE constraint which is the general case. Artiouchine and
Baptiste provided the first propagator for the bounds ctersty of the NTER-DISTANCE constraint. The
running time complexity of their propagator is cubic. Thgbout the paper, we will assume thatis fixed
to a valuep and therefore can be assigned to this value. In Section 5energlize to the case wheleis
not fixed and show how to enforce bounds consistency on afitcained variables.

We use the following problem as a running example.

Example 1 Consider a problem witim = 3 tasks with starting time$,, T,, and Tz and processing time
p = 6 subject to the following release times and deadlines.

rp=2 r, =10 rs =4
d1:12 d2:20 d3:21

Figure 1 shows the release times and deadlines as well assibfeaschedule.

Let the domain off; be the intervalr;,d; — p]i.e., T1 []3,6], T, []10,14], andT3 []4, 15]. After
propagation of the constrainiNTER-DISTANCE([T1, T2, T3], p), the variables get assigned to the following
values.
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I

Figure 1: Release times and deadlines for the three tasksiloles in Example 1. The black rectangles
represent a feasible schedule.

Here, taskT; must finish before or at tim& in order to allow tasksl>, and Tz to meet their deadlines.
TaskT, cannot start before time 14 since the two other tasks are owipteted before this time. Finally, task
T3 must be executed between tasksaand T, forcing its release time to be increased and its deadlinegto b
reduced.

Garey et al. (1981) designed an algorithm that finds a selstdisfying the NTER-DISTANCE constraint
in O(nlog n) steps. Their algorithm proceeds in two phases. In the fims@hthe algorithm computes a set
of intervalsF in which no tasks are allowed to start. We call this setftrbidden regiongnd denote it by
F. Their number is bounded above hythe number of tasks. Once these forbidden regions are dechpu
the second phase uses a greedy strategy to schedule the tasks

Artiouchine and Baptiste (2005) and Garey et al. (1981) weehtasic functions as main pillars of their
algorithm. We define the completion time of a schedule asithe 6f completion of the very last task and
the starting time of a schedule as the starting time of thg fiest task. Letect(F,r,q) be theearliest
completion timeof a schedule of tasks with release timeand unbounded deadline such that no task starts
in a forbidden region contained in the set of forbidden reglo. Symmetrically, letst(F, d, q) be thelatest
starting timeof a schedule of tasks with deadlind and unbounded release time such that no task starts in a
forbidden region i=. Computingect(F, r, q) andist(F, d, q) can be done i©(q) steps using the following
recurrences.

1

ect(F,r,q) = " =0 )
Ha) = |:n|1in{t[IIE|t2ect(F,r,q—1)}+p ifqg>0
_d ifq=0

Ist(F,d,q) = max{t IFl | t< Ist(F,d,q—1)—p} ifqg>0 (2)

The functionlst helps to explain the algorithm of Garey et al. (see Algorithjrthat computes the
forbidden regions-. Their algorithm starts with an empty set of regidghs= [and processes each release
time r in decreasing order. Consider a deadlthand letA(r,d) be the tasks whose release times and
deadlines are both contained in the intefvatl]. The valudst(F, d, |A(r, d)|) — r represents the amount of
slack in the intervd]r, d], i.e. an upper bound on the processing time that can be uskd intervalr, d] for
tasks that are not iA(r, d). If Ist(F, d, |[A(r, d)|) — r is smaller tham then there is not enough room to fit a
whole task not irA(r, d). The algorithm therefore appendsKothe forbidden regiofilst(F, d, |A(r, d)| +
1) + 1,r — 1]. Indeed, any task starting in this region consumes too mincé in the intervalr, d] to
allow the completion of the tasks iA(r, d). If Ist(F,d, |[A(r,d)]) — r < 0, there are too many tasks that
require to be executed in the interysld], the problem is unsolvable. Upon termination, the set djiftden
regions contains up ta distinct regions. These regions are sufficient to find a &wiub the problem but
are insufficient to enforce bounds consistency on #ER-DISTANCE constraint. Artiouchine and Baptiste
explain how to compute a larger set of regions that are seiffi¢o filter the NTER-DISTANCE constraint.

Using the functiongect and Ist, Artiouchine and Baptiste describe two types of adjustnietervals
necessary and sufficient to maintain bounds consistench@iNTTER-DISTANCE constraint. Aninternal



F ~ [

R < the set of release times

D - the set of deadlines

forr in decreasing ordedo

d — argmin Ist(F,d, |A(r,d)]) —r
dmi

s « Ist(F,d, |A(r,d)]) —r
if s <0then
| return The problem is unsolvable
else ifs < p then
| F < F LIst(F,d, [A(r,d)| + 1) +1,r = 1]
re_tu_rn F . . . -
Algorithm 1: Algorithm that computes the forbidden regions. Garey gt1881) use special data structures
to obtain a complexity o©(n log n).

adjustment interval an interval in which no task is allowed to start. The sentéinal adjustment intervals
is a superset of the forbidden regidas

Definition 1 (Internal Adjustment Interval) Given two time points and d and an integel0 < q <
[A(r, d)|, theinternal adjustment intervd} 4 q is defined as follows.

lraq = [Ist(F,d,q+1)+1ect(F,r, |A(r,d)]—q)—1] 3)
Theorem 2 presents in which context we will use internal stijient intervals.

Theorem 2 (Artiouchine and Baptiste (2005))Given two time points, d, and an intege® < q < |A(r, d)|,
no task can start in the intervd} g q.

Internal adjustment intervals appear in problems wher@agof variables must be assigned to values in
an interval that is small enough to force a certain strudtwb® maintained. The internal adjustment intervals
ensure that a single variable does not occupy the “spac&/@Variables.

Theexternal adjustment intervadge intervals in which a subset of the tasks are not allowsthi.

Definition 3 (External Adjustment Intervals) Given two time points andd and an integel0 < q <
|A(r, d)|, theinternal adjustment intervé, q ¢ is defined as follows.

Theorem 4 shows the main property of external adjustmeeatvats.

Theorem 4 (Artiouchine and Baptiste (2005))Given two time points, d and an integed < q < |A(r, d)],
a taski ILA(r, d) cannot start in the intervelE, g q.

External adjustment intervals appear in problems whereamof variables compete for an interval of
values. The variables whose domain is not restricted tostiiall interval and hence do not belong to this
group of competing variables must be assigned to valueg@eut§the interval.

Table 1 shows the internal and external adjustment intefvain Example 1.

Artiouchine and Baptiste formally proved that the interauadl external adjustment intervals are necessary
and sulfficient to enforce bounds consistency on HEER-DISTANCE constraint.



Internal Adjustment Intervals

ri\d; 12 20 21
2 (7.7} {07.0513]F {[3,7],[9,13],[16, 197}
4 0 {[15, 9]} {[9, 9], [16, 15]}
10 0 {[15, 15]} {[16, 15]}
External Adjustment Intervals
ri\dj 12 20 21
2 {37 {B.7.0.138} {[-3 73,1319, 19]}
4 0 {9, 91} {13.91,[9, 151}
10 0 {[9, 15]} {[9, 15]}

Table 1: Internal and external adjustment intervals geadtay a pair of time point&;, dj) from Example 1.
Intervals are written in decreasing order with respect t@ampeterq. The forbidden regions are
F ={-3,1],[3,3],[9, 91}

3. Towards a Quadratic Time Propagator

Internal and external adjustment intervals in the worseceaay be computed with up to possible release
timesr, n possible deadlines and producé(n) adjustment intervals each. Therefo@(n®) adjustment
intervals could be checked in the worst case, hence the tinlbéccomplexity of the Artiouchine-Baptiste
propagator.

In fact, the union of all internal and external adjustmetgivals consists of a maximum 6f(n?) disjoint
intervals. It is therefore possible to ignore intervals thiee subsets of already discovered intervals in order
to achieve a quadratic complexity. To avoid computing reldunt adjustment intervals, we introduce the
notion of dominance between two pairs of time points. Wheia g@f time points dominates another pair,
the adjustment regions of the dominant pair contain somgstdgent regions of the other pair.

Definition 5 (Dominance) A pair of time points(r, d) dominates a pair of time poini@tdY if we have
min(lr.a,q) < Min(ly 4/ q) andmax(ly,q,q) = max(ly g q) forall 0 < g < min(|A(r, d)|, |A(rSdY)). We

write (r,d) C(d;dY.

Notice that we usually havpA(r,d)| & |A(r5dY|. The definition of dominance only applies for
below min(JA(r, d)|, |A(rFdY|). Also, for a fixed deadling, the dominance operatod i3 transitive,
i.e. if (rj,d) [(#;,d) and(rj,d) [(#,d) hold, then(ri,d) [(#,d) holds. In Example 1 we have
(2,21) 4 21).

The following lemmas describe a property of @ andlst functions that will allow us to efficiently
decide if a pair of time points dominates another one.

Lemma 6 If ect(F, r,q) < ect(F, riqY thenect(F, r,q + k) < ect(F, r5/g™+ k) for anyk = 0.

Proof The proof is by induction olk. The base cask = 0 is trivial. Suppose that the lemma holds for
k — 1. We haveect(F, r,q + k) = ect(F,r,q + k — 1) + p + s wheres is a (potentially null) shift caused
by the (potentially empty) forbidden regidfy = [ect(F,r,q + k — 1),ect(F,r,q + k — 1) +s] [FH.
Similarly we haveect(F, r5q™+ k) = ect(F,r5q™+ k — 1) + p + sPwheres"is the shift caused by
the forbidden regiorF; = [ect(F, r5g™+ k — 1), ect(F, rHg™+ k — 1) + s [CEL If s is large enough

to obtainect(F,r,q + k) = ect(F, r g™+ k), then we haves; [H;. SinceF;j is a subset ofF,
both functionsect(F, r,q + k) andect(F, r5q”+ k) are shifted to the same value. We therefore obtain
ect(F, r,q + k) = ect(F, rq™+ k) which completes the induction step. [ ]

Lemma 7 If Ist(F,d, q) < Ist(F, d5qY thenlst(F, d, q + k) < Ist(F, d5 g™+ k) for anyk = 0.



Proof Symmetric to the proof of Lemma 6. |

We now describe three different situations in which a patiro€ points dominates another one. The first
case is described in Lemma 8.

Lemma 8 Consider the pairs of time poings, d) and(r, dJ such thad < dY If |A(r, d)| = |A(r, dY| then
(r,d) C(ddy.
Proof Letk = |A(r,d)| = |A(r,dY|. We havelst(F,d,0) < Ist(F,d50) and by Lemma 7, for any

0 < g < k, we havelst(F, d,q + 1) < Ist(F,dq + 1). This impliesmin(ly q,q) < min(l;q4 ) and since
we havemax(lr.g,q) = max(lr.a,q) we have(r,d) [(dd"5. [ |

From Lemma 8 we conclude thét0,20) [(10,21) in Example 1. Similarly, we have the following
Lemma.
Lemma 9 Consider the pairs of time poin{s, d) and (r5d) such thatr < rHand|A(r, d)| = |A(r5d)).
Then(r,d) [(d;d).
Proof Letk = |A(r,d)] = |A(r5d)|. We haveect(F,r,0) < ect(F, r50) and by Lemma 6, for any

0<q <Kk, ect(F,r,k —q) < ect(F, r7k — q). This impliesmax(lr.q4) < max(lr,4,4) and since we have
min(lr.g,q) = Min(ly q4,4) we have(r,d) C(d/d). [ |

In Example 1, Lemma 9 detec(d, 20) [(10, 20). We show a last case where a pair of time points
dominates another one.

Lemma 10 Let (r,d) and (r5'd) be two pairs of time points such thi\(r,d)] = |A(r5d)| + k and
ect(F, r, k) < ect(F, r50). Then(rfd) [(dd).

Proof Clearly, for0 < q < |A(r5d)|, the internal adjustment intervalsq ¢ and Iy 4 q share the same
lower bound. For the upper bounds, we have the following:

max(ly,q,q) = ect(F, r, [A(r,d)| —q) —1
= ect(F,r,|ASd)| +k—q)) —1

5
< ect(F, rF|A(rHd)]—q)—1  Using Lemma 6 andct(F, r, k) < ect(F, r50) ®)
= max(ly d,q)
Therefore we havértd) (1 d). [ ]

In Example 1, we havél0, 20) (&, 20) from Lemma 10.

Lemma 10 is crucial to obtain a quadratic algorithm. Consaldeadlined and a sequence of release
timesr; < rp < ... < rg suchthat(r;,d) [(h,d) 1. [(f,d). There can be up t®(n?) internal
adjustment intervals associated to these pairs of timetgoltevertheless, the union of &I(n?) intervals
can be given by the union of onl®(n) intervals. Given two integerp andq such thatl < j < k and
0 = q < |A(rj,d)|, we first notice that the following intervals all share a sdaveer bound. The union of
the intervals is therefore equal to the interval whose uppeand is the greatest.

—
lridg = [min(ly; a9, 1@Ia<xj max(lr;.d,9)] (6)
i=1 -
= [min(lrj ,d,q)a max(lrj ,d,q)] (7)
= Irdg (8)



We see that up t®(n) adjustment intervals can be contained in a single intekysilhg this observation,

we compute the union of all adjustment intervals formed leyghirs(ry, d), . .., (rk, d) using the following
equation. To simplify the notation, we IRA(rk+1, d)| = 0 sincery+; is undefined.
S U e S U] e
Iri,d,q = Iri,d,q 9)
i=1  q=0 i=1g=|A(ri4+1,d)|

Notice that the left hand side of Equation 9 I@@&?) infﬁs while the right hand side has ori{n)
intervals. Indeed, the number of intervals to unite is givgn ;_; (JA(ri, d)|—|A(ri+1, d)]). The telescopic
series simplifies tdA(ry, d)| — |A(rk+1, d)] = |A(ry, d)|. In Example 1 since we hav@, 20) (10, 20)
we obtain the following:

(I2,20,0 [1d 20,1) C(ho,200) = l2,20,1 [l 20,0
[9, 7] ]Ik, 15]
= [15,15]

Theorem 11 There areO(n?) internal adjustment intervals that subsume any other imeadjustment
interval.

Proof Consider a deadlind and two release times < rj. For every valued = q < |[A(rj, d)|, we
havemin(lr;,aq) = min(ly; aq). We havemax(ly; q4,q4) = max(ly; q,q) if and only if (rj,d) [C(;,d).
Consequently, we havie; a4, [Id 4, if and only if (rj, d) (g, d).

Consider the list of release tim&és < r, < ... < r, sorted in non-decreasing order. If for soke
we have(rg,d) [(dk+1,d), we can safely ignore the release timg.1 since for every interval we have
lr1,dq L aq for0 =< q < |A(rk+1,d,q)|. After removing all dominated release times, we obtain a
list of release timesy,, [rd, 1. [Cd,. Equation 9 shows how the internal adjustment interValg,
for anyr andq are subsumed b@(n) intervals. Since there a@(n) deadlinedl, there aréd(n?) internal
adjustment intervals that subsume any other internal adpr#t interval. [ |

4. A Quadratic Propagator
4.1 General Scheme

The idea behind the algorithm s the following. We proceshateadline in increasing order. If two deadlines
d; andd; are equal and their associated release times saisfyr;, we process both deadlines at the same
time but used; as a reference. For every deadlishe we compute the longest sequence of release times
My, < Iy, <...<ry suchthat(ry,,d;j) [(d,,di) 1 [(d,,d;)as we did in Theorem 11. Using
this sequence and Equation 9, we compute the union of alinat@djustment intervals generated by the
pairs of time points whose deadlineds To build the sequence, we iterate through all the releasestin
non-decreasing order. Two cases can occur where we cay skijela release time.

Case 1 ¢; > di): Suppose that the deadlidg associated t@; has not been processed yet, idg.> d;.
For such a release timg, two cases can occur. We choose the smallest releasergimiose deadline
has already been processed and suchrihat rj. If such arg exists, ther]A(rj, d;)| = |A(rk, di)| and
Lemma 9 insures thdt, di) (1, d;). All adjustment intervals frongr;, d;) will be taken into account
when iterating througink. If no suchry exists, then we havA(rj, d;) = [@nd no adjustment intervals are
associated to the p&lrj, di). In either case, the pafr;j, d;) can be ignored.



Case 2 ¢j > ri): A release timer; greater tharr; can also be safely ignored. Léf be the deadline
processed befordj. Since|A(rj, di)| = |A(rj, d)|, Lemma 8 insures that we hagg, d;) [(4;,d;) and
adjustment intervals fror(rj, d;) have already been taken into account when processing

We prove that Algorithm 2 constructs for every deadliih@ sequence;, < rj, < ... < rj, such that
(rj,,di) C(4,,di) o1 (@, di). This sequence with Equation 9 compute the adjustmentialter

Let D be the set of deadlines sorted in increasing order. If twallilees are equal, exclude from the
one whose associated release time is the smallest.
P-LA-LU - LId<i<sn

1 for di (O do

P ~ P [ |dj =di}

I « min(P)

2 for j CPInl,i]do

a « |A(rj, di)l

b — |A(r, di)

if ect(F, r;,b—a) < rj then

L Ui « Ui Llg) la<q<b}

I~ J;

Ui « Ui E,q) |0=q < [A(r,di)[}
| for (j,q) LUy doA — A [T, 4,
g for all deadlinedd; in non-decreasing ordedlo
rHe min{t A | t=r;}
if dj I then
10 | for (,q) CUkdo A — A [CEk; q,q

for i LU, n]dor;  rP

Algorithm 2: Enforcing bounds consistency for theTIER-DISTANCE constraint. We assume that the
forbidden region$ have already been computed and that release times are sodethat; < rj.; and

ri = ri+1 CdiE dj+;.

Lemma 12 Algorithm 2 encodes in the data structudg a sequencér;,, d;) (0, d;) 1 (M, d;)
generating all internal adjustment intervals associatedhte deadlin;.

Proof Thefor loop on line 2 processes each release tieuch thatd; < d; andry < r;. Other release
times can be safely ignored as they correspond to the caseb2 stated above.

Line 3 tests whethegct(F, rj,b — a) < rj. The first time Line 3 is executed, the test is positive since
I = j = min(P) anda = b. We therefore includ@mincp), di) in the sequence. Subsequent tests are positive
only if the pair(rj, d;) dominates the last pafr, d;) tested positive as proved below.

ect(F,r,b—a) < r; =[ecl(F, r,b—a) < ect(F, rj,0) by definition ofect (10)
=Lecl(F,r,b—q) <ect(F,rj,a—q) Q=g <a by Lemma6 (11)
=L(rdd;) (4, di) by def. of dominance (12)

Similarly, one can prove that a negative test implies ¢hatl;) (1}, d;) and that the paifr;, di) should
not belong to the sequence. The sequancé ra 1 [rdis therefore not missing any release time.

Each time the relatiogr, di) [(d, d;) is discovered, the algorithm appendd.ipthe tuples(j, q) for
[A(rj, di)] = q < |A(r, di)]. Each tuple(j,q) Uy will be used later to create the internal internal adjust-
ment intervald; 4; . According to Equation 9, these intervals are sufficient. [ |



Following Artiouchine and Baptiste (2005), the secdmdloop on line 8 processes the deadlines in non-
decreasing order. The external adjustment intervals arefibre computed in an order that ensures that the
processed variable is not contained in @wfr;, d;) considered so far.

Algorithm 2 only prunes the release times. Following Pu@@8@), one can prune the deadlines by creat-
ing the symmetric problem where taSkhas release timg’= —d; and deadline"= —r;. Algorithm 2 can
then prune the release times in the symmetric problem, wiriches the deadlines in the original problem.

The data structurd® andU; can be implemented using some linked lists. However, tahtaalgorithm
running in quadratic time, we need to craft a special datzcsire to store the adjustment intervalsAn
This data structure should allow the execution of lines 7argj 10 in no more tha®(n) time even ifA
contains up tad(n?) intervals. The next section describes how the adjustmeatsteuctureA can meet
these requirements.

4.2 Keeping Track of Adjustment Intervals

To guarantee a quadratic running time, we must carefullygdethe data structur@ that contains the ad-
justment intervals. We use a doubly-linked list containafigadjustment intervals sorted by lower bounds,
including empty intervals. Each intervl, 4, q has a pointenext(ly; 4;,q) andprevious(ly, 4;,q) pointing

to the next and previous intervals in the list. The first imé¢has itsprevious pointer undefined as the last
interval has itsext pointer undefined. Each interval has also a poinextQ(ly; 4;,q) pointing toly,  4; q+1
wherer, andr; might be equal. If the intervdk., q; q+1 does not exist, the pointer is undefined. The data
structure initially contains an empty interval with lowesind—oco used as a sentinel.

We implement Line 7 of Algorithm 2 as follows. We insert théeirvals in decreasing order of lower
bounds. Since we process variables by increasing deadlimekwer bound of; 4, o is larger or equal to
any lower bound inserted iA and is therefore inserted at the end of the linked list.

Suppose we have inserted the intetva= 1, 4;,q and we now want to insert the interdal = Iy, q; q+1.
Algorithm 3 computes the insertion point in the linked listhe algorithm follows theprevious pointers
starting froml; until it either finds the insertion point or finds an intendgl, 4, ¢ WhosenextQ pointer
is assigned. In the latter case, the algorithm followsribetQ pointer to finally follow thenext pointers
until the insertion point is reached. When following thextQ(l,,q4,,q) pPointer, the algorithm necessarily
goes to or beyond the insertion point since we hawna(lr, qd,.q) < min(ly) and by Lemma 7 we have
min(nextQ(ly, d,,q)) < min(nextQ(l1)) and thereforenin(l, g, q+1) < min(l>).

We show that Algorithm 3 inserts a sequenc®dgh) intervals in the linked lisA in O(n) steps.

Lemma 13 Algorithm 3 inserts on line 7 a sequence@(n) internal adjustment intervals in the linked list
A'in O(n) time.

Proof There is a maximum aofi intervals inA whosenextQ pointer is undefined, therefore the first while
loop runs inO(n). Let I4 be an interval explored by the second while loop. The intetydies between
nextQ(l) and the insertion point. By Lemma 7, if an intentglwas pointing tol4 with its nextQ pointer,
the intervallz would lie betweerl andl;. Sincelz & I, we conclude that no intervals point kg with its
nextQ pointer. There is a maximum of such intervals. The second while loop rungifn). We therefore
showed that Line 7 can be implementeddfn) steps. |

nextQ

I, dp.q+1—> - - — insert. point L, dyq<— < I;

Figure 2: Nodes in the doubly linked list that Algorithm 3itssto find the insertion point of an adjustment
interval.



I — previous(ly; d;,q)
|2 — Irj,di,q+1
while nextQ(1) is undefined_min(l) > min(l,) do
| 1 = previous(l)
if min(l) > min(l;) then
I — nextQ(l)
while min(next(1)) < min(l;) do
| 1 < next(l)

Insertl, afterl _ _ . _ _
Algorithm 3: Compute the insertion point df; 4; g+1 provided thatly; 4,4 has already been inserted.

Line 10 inserts inA a sequence dD(n) external adjustment intervals. Notice that at this padnalready
contains the internal adjustment intervals and that by diefim the lower bound oEy, q; q is equal to the
lower bound ofly, g;,q+1. Line 10 can be implemented by simply changligg; q+1 in A by Ey, g; g If
Ir,..d;.9+1 do€s not exist irA, it can be added using Algorithm 3.

Lemma 14 A sequence dD(n) external adjustment intervals can be insertedi(n) time.

Proof For every pailj,q) Ui, one can keep a pointer on its associated intdryal; q in the data structure

A. Following thenextQ pointer to reacHy, q; q+1 takes constant time. Setting the new upper bound of
Ir,di,q+1 also takes constant time. ThextQ pointer is undefined for the last interval to insert, Alglonit 3

can insert the intervdl, 4; q+1 in O(N) steps. The total running time complexity is therefGrg). [ |

Line 9 of Algorithm 2 can be implemented @(a(n)) steps wherex is the inverse of Ackermann’s
function. We create a union-find data struct8reith elements froni to n. For each elemenf we associate
a timet; initially set tor; and a pointep; initially unassigned. When inserting adjustment intesvalA in
decreasing order of lower bounds, we simultaneously gdratlecreasing order the sets3n If an interval
| is inserted such that [T]we change; to max(l) + 1. We then follow thenext pointers froml to check
if other intervals intersedf and increase; for each intersecting interval. tf becomes greater or equal to
ti+1, we merge the set i8 containingi with the set containing+ 1. The pointerp; is used to keep track
of the last intervall tested witht; in order not to check twice a same interval. When executimg 9 of
Algorithm 2, we simply retrieve fron$ the sefs containingi and returrt; wherej = max(s).

Lemma 15 Updating and requesting the variablgsis performed inO(n?) steps.

Proof There are up t@(n?) intervals in the data structuse and each of them can be visited at most once.
Indeed, the pointeng; make sure that the search is always resumed from the lastd/igbsition in the list

A. The union-find data structure ensures that if an intetvdl"A increases more than one release time,
this operation is done in constant time since all releasegiare grouped in the same seSimnd only the
representative; of this set is updated. Merging the element$§iand requesting the representive elements
takesO(na(n)). The total complexity is therefor@(n?). ]

4.3 Running Time Analysis

The functionlst(F, dj, q) can be implemented with a table wherelst(F, rj,q) = L[i][q]. Such a table
requiresO(n?) steps to initialize and supports function evaluation instant time. We use a similar table
to evaluateect(F, r,q). The function|A(ry, d;j)| can trivially be computed i©(n) steps. Since the release
times are sorted in non-decreasing order, one can config, d;)| using the following recursion.
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| )
|A(rj—1, di)| if dj—1 > d;

1A(rs, di)l IA(r—1.di)| —1  otherwise

(13)
The function|A(ri, d;)| can be implemented with a tablz such thaD[i][j] = |A(ri, d;)|. Initializing
the table using the recursion above requi®€s?) steps. Each function call then takes constant time.

Theorem 16 The running time complexity of Algorithm 2@¥n?).

Proof We assume that the forbidden regidgh$iave already been computeddr{n log n) time as explained
by Garey et al. (1981). The data structuResindU; are implemented using linked lists and the functions
Ist, ect, and|A(r;, d;)| are implemented using tables. The data structuie implemented with the data
structure described in Section 4.2. Release times andideadire sorted i@(n log n) time. Initializing the
algorithm therefore require®(n?) time.

For a fixedi, every pair(l, q) added tdJ; on line 4 and line 6 have a distinct compongmanging from
0 to n exclusively. There are therefore at m@xn) elements inJ; that were appended i@(1) time. The
complexity to build the listJ; is thereforeO(n). Line 7 takeD(n) time to execute as stated by Lemma 13.
The total running time for théor loop on line 1 is therefor®(n?).

By Lemma 15, the cummulative running time complexity of time19 isO(n?). Line 10 take®(n) time
to execute as stated in Lemma 14. Toeloop on line 8 therefore runs i@(n?).

Since the initialization and thir loops on lines 1 and 8 all run i®(n?) time, the total running time
complexity of Algorithm 2 is als®(n?). |

5. Achieving Bounds Consistency on the Distance Variable

We now consider the general form of theTlER-DISTANCE constraint i.e., when the distance variablés
not fixed. The constrainNTER-DISTANCE(X4, . .., Xp, P) is satisfied if and only if

i8) =L IKi—-Xj|=P (14)

Clearly, if there is an assignmeBXy, ..., X, [that satisfies the case when= p, then this assignment
is also a support foP = p — 1. Therefore, any value that has a support in the domaid;dbr P = p has
a support in the same domain fer< p. To prune theX; variables, one only needs to find the values in the
domains that have a support fBr = min(D(P)). The algorithm presented in Section 4, when used with
p = min(D(P)), can therefore prune th€; variables.

To prune the domain d?, we rely on the following observation. If the constraint issatisfiable with
P = p, then it is unsatisfiable fd? > p. Therefore, to achieve bounds consistency on the varRbtme
only needs to prune the valneax(D(P)).

The algorithm by Garey et al. allows testing@fn log n) steps, whether there exists a solutionfor=
p. Using a one-sided binary search, we can find the largesevalD (P) such that theNTER-DISTANCE
constraint is satisfiable. A one-sided binary search rétgrvaluep whose test require®(n log n) time has
a running time complexity o®(n log n log p). We can enforce bounds consistency on thegR-DISTANCE
constraint when the distance variable is not fixe®@i{m? + n log n log p) steps.

6. Experiments

We implemented our algorithm using the ILOG Solver C++ ligrglLOG (1998)}. The library already
provides a propagator for theitER-DISTANCE constraint calledicAllMinDistance and offers two levels

1. The code discussed in this section is available upon stdugen the first author.
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Scalability Test

3 T T T T 1
Artiouchine-Baptiste
25 Our propagator ————-
2 =
N
H
1 =
0.5 |~
0 |
0 10

Figure 3: Running time of the Artiouchine-Baptiste propagdO(n®)) and our propagatoi(n?)) as a
function of the number of tasks. For this scalability test, set all release times 1 = 0 and
deadlines tal; = 6n.

of consistency, namelycBasicandllcExtended We also implemented the Artiouchine-Baptiste propagator
(Artiouchine and Baptiste (2005)). The scalability testgmmted in Section 6.1 was run on a Pentium 111 900
MHz with 256 Mb of memory and ILOG Solver 4.2. The experimemtsthe runway scheduling problem
presented in Section 6.2 were run on a AMD64 Opteron 250 with4daGHz dual processor (only one
processor was used) and 3 GB of RAM. We used on this compuwdibttary ILOG Solver 6.1. All reported
times are averaged over 10 runs.

6.1 Scalability Test

In order to test the scalability of our propagator, we firshgider a scheduling problem with a single
INTER-DISTANCE constraint oven tasks whose release times ae= 0 and deadlines aré; = np for

all tasks. This problem has a trivial solution and is solvatheut backtracking. We clearly see on Fig-
ure 3 that our propagator has a quadratic behaviour whiléthieuchine-Baptiste propagator has a cubic
behaviour. This observation is supported by the study ofttlid and second derivative.

6.2 Runway Scheduling Problem

We then study a runway scheduling problem (Artiouchine e€20104)). In this problemn airplanes have
certain time intervals in which they can land. Airplane nemibhass; time intervalgri, di], ..., [r*, di'].
Following Artiouchine and Baptiste (2005), we create focteairplane a variable with domain[r}, d3']
representing the landing time and a varialvith domain[1, s;j] representing the landing time interval. We
have the constrainty = k [CILIfl = r%‘ andc; = k [CIIf < d§<. Finally, we have the constraint
INTER-DISTANCE([ty, ..., tn], P) that ensures a gap &f between each landing. For security reasons, we
want to maximize the tim@ between each landing.

In order to fairly compare both propagators, we enhancedthieuchine-Baptiste propagator with the
algorithm presented in Section 5 to prune the varig&hl&Vith ILOG Solver, we set the goal of performing a
binary search oR . We also set the objective of minimizirgP . We use the default heuristics and parameters
proposed by ILOG Solver.
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We used the same benchmark as Artiouchine and Baptiste Y@80&ndom runway scheduling problems
where the sizes of intervals and the gap between intervaJsvarg. Figure 4 shows the number of problems
solved in the benchmark in a given period of time. Our propagaas consistently solved the problems at
greater speed than the Artiouchine-Baptiste propagatm.two levels of consistency provided in ILOG for
thellcAllIMinDistanceconstraint were not able to compete with the Artiouchingtigte propagator nor with
ours.

Number of Random Problems Solved in a Given Period of Time
10 ———1—————7————

90

80

70

60

50

40

30

Number of Problems Solved

20

10 - - Our propagator m
= Artiouchine-BaPtiste —————
0 - 1 o o 1 1 1 1 1 1 1 1
0.0001 0.001 0.01 0.1 1 10
Time (s)

Figure 4: Number of random problems from the benchmark ttesewsolved in a given period of time.

We then consider the runway scheduling problem where ahwats have the same length. Over both
series of problems available in the benchmark Artiouchime Baptiste (2005), we obtain an improvement
over the Artiouchine-Baptiste propagator proportionahtd his observation is compatible with the running
time complexities of the algorithms. Figure 5 shows the nendf problems solved in a given period of
time. Again, the two levels of consistency provided in ILO& thellcAlIMinDistanceconstraint were not
competitive.

7. Conclusion

We presented a new propagator achieving bounds consistentlye INTER-DISTANCE constraint. The
running time complexity of0(n?) improves by a factor oh the previous best known propagator. This
theoretical improvement gives practical savings in scliegproblems.

It is still an open problem whether there exists@n log n) propagator for theNTER-DISTANCE con-
straint achieving bounds consistency. It would also beé@sting to study how the constraint could be gener-
alized for the cumulative scheduling problem.
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Percentage of Solved Problems in the Mono-Pattern Benchmark in a Given Period of Time
60 r —T r — r — r —T T —
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Figure 5: Number of problems with equal intervals from thadienark that were solved in a given period
of time.
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