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Abstract. By introducing the Regular Membership Constraint, Gilles&ht pi-
oneered the idea of basing constraints on formal languddpespaper presented
here is highly motivated by this work, taking the obvious tngbep, namely to
investigate constraints based on grammars higher up in tioen€ky hierarchy.
We devise an arc-consistency algorithm for context-fremmgnars, investigate
when logic combinations of grammar constraints are traetamow how to ex-
ploit non-constant size grammars and reorderings of lagegiaand study where
the boundaries run between regular, context-free, anggbaensitive grammar
ltering.
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1 Introduction

With the introduction of the regular language membershipst@int [9, 10, 2], a new
eld of study for ltering algorithms has opened. Given theegt expressiveness of
formal grammars and their (at least for someone with a backgt in computer sci-
ence) intuitive usage, grammar constraints are extrenteigciive modeling entities
that subsume many existing de nitions of specialized gl@oastraints. Moreover, Pe-
sant's implementation [8] of the regular grammar constriaés shown that this type of
Itering can also be performed incrementally and generatyef ciently that it even
rivals custom Itering algorithms for special regular grarar constraints like Stretch
and Pattern [9, 4].

In this paper, we theoretically investigate Itering prebis that arise from grammar
constraints. We answer questions like: Can we ef cientlierl context-free grammar
constraints? How can we achieve arc-consistency for catijums of regular grammar
constraints? Given that we can allow non-constant gramaradgeordered languages
for the purposes of constraint Itering, what languagessnged for Itering based on
regular and context-free grammar constraints? Are therguages that are suited for
context-free, but not for reqular grammar ltering?

Particularly, after recalling some essential basic cotscépm the theory of for-
mal languages in the next section, we devise an ef cientarsistency algorithm that
propagates context-free grammar constraints in Secti@héh, in Section 4, we study
how logic combinations of grammar constraints can be pragabef ciently. Finally,
we investigate non-constant size grammars and reordesfrigaguages in Section 5.



2 Basic Concepts

We start our work by reviewing some well-known de nitionsin the theory of formal
languages. For a full introduction, we refer the interestadler to [6]. All proofs that
are omitted in this paper can also be found there.

De nition 1 (Alphabet and Words). Given set&, Z1, andZ,, with Z;Z, we denote
the set of allsequencesr stringsz = z;z, withz; 2 Z; andz, 2 Z,, and we call
Z1Z, theconcatenationf Z; andZ,. Then, for alln 2 N we denote witlz" the set
of all sequenceg = z;7,:::z, withz 2 Z forall1 i n.We callz aword of
lengthn, andZ is called analphabebr set ofletters The empty word has length 0 and
is denoted by . It is tly only member af°. We denote the set of all words over the
alphabetZ byZ := ., Z". In case that we wish to exclude the empty word, we
writez* = | ,Z"

De nition 2 (Grammar). A grammairis a four-tupleG = ( ;N;P;S o) where is
the alphabetN is a nite setofnon-terminalsP (N[ ) N(N[ ) (N[ )

is the set ofproductionsandSy 2 N is the start non-terminal. We will always assume
thatN\ = ;.

Remark 1.We will use the following convention: Capital letters A, B, O, and E
denote non-terminals, lower case letters a, b, ¢, d, and eteldetters in , Y and Z
denote symbols that can either be letters or non-terminalg, w, x, y, and z denote
strings of letters, and, ,and denote strings of letters and non-terminals. Moreover,
productionq ; ) in P can also be written as'!

De nition 3 (Derivation and Language).

— Given a grammaG = ( ;N;P;S o), we write 1 )G o Iiff there exists a

production 1! 5,2 P.We write 1 )G m iff there exists a sequence of strings
2.1 m 1 suchthat ; )G i+1 forall1 i< m.Then, we say that, can

bederivedfrom ;.
— We de ne thdanguage given b to beLg = fw 2 i So )G wg.

De nition 2 gives a very general form of grammars which is furoto be Turing
machine equivalent. Consequently, reasoning about layggugiven by general gram-
mars is infeasible. For example, the word problem for gramsraa de ned above is
undecidable.

De nition 4 (Word Problem). Given agrammaG =( ;N;P;S ) and a wordw 2
, theword problenconsists in answering the question whethe2 L.

Therefore, in the theory of formal languages, more restidorms of grammars
have been de ned. Noam Chomsky introduced a hierarchy abdesingly complex sets
of languages [5]. In this hierarchy, the grammars given imilien 2 are called Type-0
grammars. In the following, we de ne the Chomsky hierarchjoomal languages.



De nition 5 (Context-Sensitive, Context-Free, and RegulaGrammars).

— Given a grammaG = ( ;N;P;S o) such that for all productions ! 2P
we have that is at least as long as, then we say that the gramm@& and the
languagel ¢ are context-sensitiveln Chomsky's hierarchy, these grammars are
known as Type-1 grammars.

— Givenagrammat =( ;N;P;S g)suchthaP N (N[ ) ,we saythatthe
grammarG and the languagé ¢ are context-freeln Chomsky's hierarchy, these
grammars are known as Type-2 grammars.

— Givenagrammat = ( ;N;P;S g)suchthaP N ( N[ ), wesaythat
G and the languagé ¢ areright-linear. In Chomsky's hierarchy, these grammars
are known as Type-3 grammars.

Remark 2.The word problem becomes easier as the grammars become ntbomeoae
restricted: For context-sensitive grammars, the probkemready decidable, but un-
fortunately PSPACE-complete. For context-free languatiesword problem can be
answered in polynomial time. For Type-3 languages, the woatblem can even be
decided in time linear in the length of the given word.

For all grammars mentioned above there exists an equivdkentition based on
some sort of automaton that accepts the respective langdagmentioned earlier,
for Type-0 grammars, that automaton is the Turing machioecBntext-sensitive lan-
guages itis a Turing machine with a linearly space-boundpé.tFor context-free lan-
guages, it is the so-called push-down automaton (in esseficeing machine with a
stack rather than a tape). And for right-linear languagésthe nite automaton (which
can be viewed as a Turing machine with only one read-onlytitgpe on which it can-
not move backwards). Depending on what one tries to provetabaertain class of
languages, it is convenient to be able to switch back ant fuetween different repre-
sentations (i.e. grammars or automata). In this work, whasaning about context-free
languages, it will be most convenientto use the grammaesgmitation. For right-linear
languages, however, it is often more convenientto use firesentation based on nite
automata:

De nition 6 (Finite Automaton). Given a nite set , a nite automatonA is de ned
asatupleA = (Q; ; ;q o;F),whereQ is asetofstates denotes thalphabebf our
language, Q Q de nesthetransition functiong is thestart stateandF is the
set of nal states A nite automaton is calledleterministidff (q; a; p); (9; a; ) 2
implies thatp; = po.

De nition 7 (Accepted Language).The language de ned by a nite automatdnis
the setLp = fw = (wg;:i:wy) 2 i9 (Po;iii;pn) 2 Q" 81 i n:
(pi 1;wWi;pi) 2 andpo = ;pn 2 Fg.La is called aregular language

Lemma 1. For every right-linear grammaf there exists a nite automatoA such
thatLa = Lg, and vice versa.

Consequently, we can use the terms right-linear and regyfaanymously.



3 Context-Free Grammar Constraints

Within constraint programming it would be convenient to fmenal languages to de-
scribe certain features that we would like our solutionsduilgt. It is worth noting here
that any constraint and conjunction of constraints readlyds a formal language by it-

as formingaword i 1D, ::: Dy. Conversely, if we want a solution to belong to a cer-
tain formal language in this view, then we need appropriatestraints and constraint
Itering algorithms that will allow us to express and solvecé constraint programs
ef ciently. We formalize the idea by de ning grammar corints.

De nition 8 (Grammar Constraint). For a given grammaiG = ( ;N;P;S ) and

variablesX 1;:::; Xy with domainsD; := D(X1);:::;Dn = D(Xp) , We say
that Grammar g (X 1;:::;Xy) is true for an instantiatiorX ; . W
iff it holds thatw = wy:::wp 2 Lg \ D1 D,.

Gilles Pesant pioneered the idea to exploit formal grammegainstraint program-
ming by considering regular languages [9, 10]. Based ondhiew of our knowledge
of formal languages in the previous section, we can now asittven we can also de-
velop ef cient Itering algorithms for grammar constrasmof higher-orders. Clearly,
for Type-0 grammars, this is not possible, since the wordlero is already undecid-
able. For context-sensitive languages, the word probleRSBACE complete, which
means that even checking the corresponding grammar coris$raomputationally in-
tractable.

However, for context-free languages deciding whether argiord belongs to the
language can be done in polynomial time. Context-free grangonstraints come in
particularly handy when we need to look for a recursive saqeef nested objects.
Consider for instance the puzzle of forming a mathematerahtbased on two occur-
rences of the numbers 3 and 8, operators +, -, *, /, and brai¢kitsuch that the term
evaluates to 24. The generalized problem is NP-hard, bubvidrenulating the prob-
lem as a constraint program, with the help of a context-fraengnar constraint we can
easily express the syntactic correctness of the term for@edloser to the real-world,
consider the task of organizing a group of workers into a nemalf teams of unspeci-
ed size, each team with one team leader and one project nesvelp is the head of
all team leaders. This organizational structure can beucegteasily by a combination
of an AllDifferent and a context-free grammar constrairttefiefore, in this section we
will develop an algorithm that propagates context-freergrear constraints.

3.1 Parsing Context-Free Grammars

One of the most famous algorithms for parsing context-fraengnars is the algorithm
by Cocke, Younger, and Kasami (CYK). It takes as inputawei2l " and a context-
free grammaG = ( ;N;P;S o) in some special form and decides in ti@¢n3jPj)
whether it holds thatv 2 L. The algorithm is based on the dynamic programming
principle. In order to keep the recursion equation undetrogrthe algorithm needs to
assume that all productions are length-bounded on the higihd side.



De nition 9 (Chomsky Normal Form). A context-free gramma® = ( ;N;P;S o)
is said to be ifChomsky Normal Forniff for all productionsA ! 2 P we have that
2 [ N2

Lemma 2. Every context free gramm& such that' 2 L can be transformed into a
grammarH such thatl.g = Ly and H is in Chomsky Normal Form.

The proof of this lemma is given in [6]. It is important to ndteat the proof is
constructive but that the resulting gramnihmmay be exponential in size @, which
is really due to the necessity to remove all productiéns ". When we view the
grammar size as constant (i.e. if the size of the grammaidispgandent of the word-
length as itis commonly assumed in the theory of formal laggs), then this is not an
issue. As a matter of fact, in most references one will simngéd that CYK could solve
the word problem for any context-free language in cubic tif@ now, let us assume
that indeed all grammars given can be treated as havingamrsize, and that our
asymptotic analysis only takes into account the increasimgl lengths. We will come
back to this point later in Section 4 when we discuss logic loioiations of grammar
constraints, and in Section 5 when we discuss the posgibiliton-constant grammars
and reorderings.

Now, given a wordw 2 ", let us denote the sub-sequeneev,1 @1 Wi+ 1
by w; . Based on a grammé&B = ( ;N;P;S ) in Chomsky Normal Form, CYK
determines iteratively the set of all non-terminals fromevehwe can derivey; , i.e.
Sj =fA2NJjA )G wj gforalll i nandl j n i.ltiseasytoinitialize
the setsS;; just based omv; and all production& ! w; 2 P. Then, forj from 2 ton
andi from1ton j +1,we have that

ir 1
Sij = fAj A! BC 2P withB?2 Sik andC 2 Si+k;j k0- (1)
k=1

Then,w 2 Lg iff Sg 2 S3n. From the recursion equation it is simple to derive that
CYK can be implemented to run in tin@(n3jPj) = O(n®) when we treat the size of
the grammar as a constant.

3.2 Example

Assume we are given the following context-free, normatfa@rammarG = (f];[g;-
fAB;C;S0g;fSp! AC;So! S0S0;Se! BC;B! ASp;A! [;C! 10 S0)
that gives the languadeg of all correctly bracketed expressions (like, for example,
“[o0or or “NIOIN- Given the word “[[[1]", CYK rstset sS;; = S31 = S41 = fAQ,
andS;; = Ss; = Sg1 = fCg. Then it determines the non-terminals from which we
can derive sub-sequences of lengttB2; = Ss = fSpggandSy; = Sz = Ssp =

;. The only other non-empty sets that CYK nds in iterationgageding longer sub-
sequences arBz; = fSpg andS;s = fSpg. Consequently, sincgy 2 S, CYK
decides (correctly) thdf[[l] 2 L.



1. We run the dynamic program based on recursion equatiothlinifial setsS;; := fA j A !
v2 P;v2Dig.

2. We de ne the directed grapQ = (V;E) with node setv = fvia j A 2 S; g and arg
setE == E1[ E2 withE1 := f(vija ;vike ) ]9 C 2 Si+xj «: A! BC 2 Pgand
Eo = f(Via ;Vi+kj kc)j9B 2SSk : Al BC 2 Pg(see Figure 1).

3. Now, we remove all nodes and arcs fr@hthat cannot be reached fromws , and denote the
resulting graph byR°:= (V% E9.

4. WedeneS% = fAjvia 2V% Sj,andseD% :=fvj9A2S% :A! v2Pg

U

Algorithm 1: CFCG Filtering Algorithm

3.3 Context-Free Grammar Filtering

We denote a given grammar constra@rammar ¢ (X 1;:::; Xn) over a context-free
grammarG in Chomsky Normal Form b FGCg (X 1;:::;Xn). Obviously, we can
use CYK to determine wheth€FGCg (X 1;:::; Xy) is satis ed for a full instantia-

tion of the variables, i.e. we could use the parser for geaeand-test purposes. In the
following, we show how we can augment CYK to a ltering algbirin that achieves
generalized arc-consistency f6F GC.

First, we observe that we can check the satis ability of thestraint by making just
a very minor adjustment to CYK. Given the domains of the \@es, we can decide
whether there existsawovd2 D1 :::D, suchthatv 2 Lg simply by adding all non-
terminalsA to Sj; for which there exists a productigh! v 2 P with v 2 D;. From
the correctness of CYK it follows trivially that the constréis satis able iff Sy 2 S;,.
The runtime of this algorithm is the same as that for CYK.

As usual, whenever we have a polynomial-time algorithm taat decide the sat-
is ability of a constraint, we know already that achievingaonsistency is also com-
putationally tractable. A brute force approach could synmlobe values by setting

D; := fvg,foreveryl i nandeverw 2 Dj, and checking whether the constraint
is still satis able or not. This method would result in a rime in O(n*DjPj), where
D | jisthe size of the largest domd.

We will now show that we can achieve a much improved lteriimgd. The core
idea is once more to exploit Mike Trick's method of Iteringydamic programs [11].
Roughly speaking, when applied to our CYK-constraint cleeckrick's method simply
reverses the recursion process after it has assured thetristraint is satis able so as
to see which non-terminals in the s&gs can actually be used in the derivation of any
wordw 2 Lg \ (D1:::Dp). The methodology is formalized in Algorithm 1.

Lemma 3. In Algorithm 1:

1. It holds thatA 2 S; iff there exists a wordv; :::wi+j 1 2 Dj:::Dj+j 1 such
thatA )G Wi lliWisj o 1.

2. It holds thatB 2 S% iff there exists a wordv 2 Lg \ (D1:::Djy) such that
So)G WypiiiWi 1 BWisk:iiiwy.



Proof. 1. We induce ovej. Forj = 1, the claim holds by de nition ofS;;. Now
assumg > 1 and that the claim is true for aBy, with 1  k < j . Now, by
de nition of S; , A 2 §; iff there exists al  k < j and a productior !
BC 2 P suchthaB 2 Sy andC 2 Sj+j k. ThusA 2 S; iff there existwy, 2
Dij:::Dj+k 1 andwi+ ki k 2 Dijyg i Di+j 1 such thatA )G Wik Wi+ k;j k-

2. We induce ovek, starting withk = n and decreasing tt = 1. Fork = n,
S% = S%, f Spg, and it is trivially true thatSy )G So. Now let us as-

sume the claim holds for a9 with k < | n. Choose anyB 2 SY%.
According to the de nition ofS9 there exists a path fromy,s, to vis . Let

(via ;Vvike ) 2 Ej be the last arc on any one such path (the case when the last

arc is inE, follows analogously). By the de nition o ; there exists a production
Al BC 2 PwithC 2 Sj+k; «.By induction hypothesis, we know that there

existsawordv 2 Lg \ (D1:::Dy) such thatSy )G W1iiiWi 1 AWisj D11 Wh.
Thus, Sy )G wyiiiwi 1 BC wi+j ii:wy. And therefore, with (1) andC 2

Si+kj «k,thereexistsawordis :::Wi+j 12 Dj+k:::Dj+j 1suchthaSy )G
W1iliWi 1 B Wik I1IWisj 1 Wi+j D1IWp. Since we can also apply (1) to non-
terminalB, we have proven the claim.

u

Theorem 1. Algorithm 1 achieves generalized arc-consistency folGRreGC.

Proof. We show thaw 2 D¢ iff for all wordsw = wy :::w, 2 Lg\ (D1:::Dp)it
holds thatv 6 w;.

) (Correctness) Let 2 D% andw = wy:::w, 2 Lg\ (D1:::Dp). Due to
w 2 Lg there must exist a derivatioBg )G Wi iiW 1 A Wigg 21IW, )

Wi iliWp 1WiWisr ooiw, for someA 2 N with Al w 2 P, Accordintho
Lemma 3A 2 S%,, and thusy; 2 D%, which impliesv 6 w; asv 2 D9.

( (Effectiveness) Now let 2 D%  D;. According to the de nition oD 9, there
exists someA 2 S%; with A1 v 2 P. With Lemma 3 we know that then there
existsawordv 2 Lg \ (D1:::Dy) such thatSy )G W1:iiiWi 1 AWjep DI Wy.

Thus, it holds thaBg )G W1:iiiW 1 VWi i0iWh 2L\ (D1:::Dp).
u

We now have a ltering algorithm that achieves generalizedt@nsistency for
context-free grammar constraints. Since the computdtiffat is dominated by car-
rying out the recursion equation, Algorithm 1 runs asyniptdly in the same time as
CYK. In essence, this implies that checking one completegyasgent via CYK is as
costly as performing full arc-consistency ltering f@F GC. Clearly, achieving arc-
consistency for a grammar constraint is at least as hard @inpgaNow, there exist
faster parsing algorithms for context-free grammars. B@n®le, the fastest known
algorithm was developed by Valiant and parses contextgrasmmars in tim&©(n%?2).
While this is only moderately faster than tig¢n?) that CYK requires, there also ex-
ist special purpose parsers for non-ambiguous contegtgrammars (i.e. grammars
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Fig. 1. Context-Free Filtering: Assume we are given the contes¢-fyrammar from section 3.2
again. A rectangle with coordinatg¢gj ) contains one nodeja for each non-terminaf in

the setS; . All arcs are considered to be directed from top to bottone ®it picture shows
the situation after step (2%o is in Si14, therefore the constraint is satis able. The right picture
illustrates the shrunken graph with s&% after all parts have been removed that cannot be
reached from nodewss, . We see that the value ' will be removed frob, and ' from D 4.
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Fig. 2. We show how the algorithm works when the initial domainXaf is Dz = f[g. The left
picture shows setS; and the right the setS% . We see that the constraint ltering algorithm
determines the onlyword ing \ D1 :::Da4is “[][]".

where each word in the language has exactly one parse tega)ithinO(n?). Now, it

is known that there exist inherently ambiguous contex¢-famguages, so these parsers
lack some generality. However, in case that a user speci geammar that is non-
ambiguous it would actually be nice to have a ltering alglonh that runs in quadratic
rather than cubic time. It is a matter of further researchnd out whether grammar
constraint propagation can be done faster for non-ambigoontext-free grammars.

4 Logic Combinations of Grammar Constraints
We de ne regular grammar constraints analogouslZGC, but as in [10] we base
it on automata rather than right-linear grammars:

De nition 10 (Regular Grammar Constraint). Given a nite automatorA and a
right-linear grammarG withLa = Lg, we set



Ef cient arc-consistency algorithms f®# GC s have been developedin [9, 10]. Now
equipped with ef cient Itering algorithms for regular antbntext-free grammar con-
straints, in the spirit of [7, 1, 3] we focus on certain quasssi that arise when a problem
is modeled by logic combinations of these constraints. Apdrtant aspect when in-
vestigating logical combinations of grammar constraiatander what operations the
given class of languages is closed. For example, when givesnpnction of regu-
lar grammar constraints, the question arises whether thigiection of the constraints
could not be expressed as one gloB&C. This question can be answered af rma-
tively since the class of regular languages is known to beeclaunder intersection. In
the following we summarize some relevant, well-known resstdr formal languages
(see for instance [6]).

Lemma 4. For every regular languagé 51 based on the nite automatoA?! there
exists a deterministic nite automatak? such thatLa: = L.

Proof. WhenQ! = fop; i1 10, weseld? = (Q?; ; 2, F2)withQ? = 29",
¢ ="fdg 2 =fP;a;R)jR=fr2Q'j9p2P: (p;ar)2 !gg and
F2:= fP Q'j9 p2 P\ Flg. With this construction, it is easy to see that
Lot = Laz. u

We note that the proof above gives a construction that cangehthe properties of
the language representation, just like we had noted ite¥ddi context-free grammars
that we had transformed into Chomsky Normal Form rst befaeecould apply CYK
for parsing and ltering. And just like we were faced with axpenential blow-up of the
representation when bringing context-free grammars iatoal-form, we see the same
again when transforming a non-deterministic nite autoometf a regular language into
a deterministic one.

Theorem 2. Regular languages are closed under the following operation

— Union
— Intersection
— Complement

Proof. Given two regular languagés, : andL 4. with respective nite automata?! =
Q%5 Lol FY)yandA? = (Q? ; 2,03 F?), without loss of generality, we may
assume that the se@ andQ? are disjoint and do not contain symilugl.

-WedeneQ®:= Q'[ Q*[f g, ®:= [ 2[f (a0 (gaq 2
LYor(gg;a;q) 2 2)g,andF3:= F1[ F2. Then,itis straight-forward to see that
the automatod3 := (Q3; ; 3;¢8;F3) denesLa:[ Laz.

-WedeneQ®:= Q' Q% 3 := f((ghd);a(phip?) j 9(dhaph) 2 *i-
(0%;a;p%) 2 2g,andF®:= F! F2 TheautomatoA®:=(Q3; ; 3;(qd;c);F?3)
denesLa:\ Lae.

— According to Lemma 4, we may assume tAatis a deterministic automaton. Then,
Q% ; %4 Q'nF1) denesLS,. u



The results above suggest that any logic combination (@igjon, conjunction, and
negation) oRGCs can be expressed as one gld®&IC . While this is true in principle,
from a computational point of view, the size of the resul@rigomaton needs to be taken
into account. In terms of disjunctions BIGCs, all that we need to observe is that the
algorithm developed in [9] actually works with non-detenistic automata as well. In
the following, denote byn an upper bound on the number of states in all automata
involved, and denote the size of the alphabeby D. We obtain our rst result for
disjunctions of regular grammar constraints:

can achieve arc-consistency for the global constraipR; in timeO((km + k)nD) =
O(nDk) for automata with constant state-size

If all that we need to consider are disjunctionsRIECSs, then the result above is
subsumed by the well known technique of achieving arc-asbascy for disjunctive
constraints which simply consists in removing, for eactialde domain, the intersec-
tion of all values removed by the individual constraintswéwer, when considering
conjunctions over disjunctions the result above is intérgsas it allows us to treat a
disjunctive constraint oveRGCs as one neRGC of slightly larger size.

Now, regarding conjunctions ®8GCs, we nd the following result:

can achieve arc-consistency for the global constraipR; in imeO(nDm ).
Finally, for the complement of a regular constraint, we have

Lemma 7. Given anRGC R based on a deterministic automatare can achieve arc-
consistency for the constrainiR in timeO(nDm) = O(nD) for an automaton with
constant state-size.

Proof. Lemmas 5- 7 are an immediate consequence of the results anfdthe con-
structive proof of Theorem 2. u

Note that the lemma above only cov&®&C s for which we know a deterministic
nite automaton. However, when negating a disjunction gfular grammar constraints,
the automaton to be negated is non-deterministic. Fortlydhis problem can be en-
tirely avoided: When the initial automata associated with¢lementary constraints of
a logic combination of regular grammar constraints arerddtestic, we can apply the
rule of DeMorgan so as to only have to apply negations to thigral constraints rather
than the non-deterministic disjunctions or conjunctidreréof. With this method, we
have:

Corollary 1. For any logic combination (disjunction, conjunction, andgation) of

achieve generalized arc-consistency in ti@Dm ).

Regarding logic combinations of context-free grammar trait#ts, unfortunately
we nd that this class of languages is not closed under ietgisn and complement,
and the mere disjunction of context-free grammar condgamnot interesting given
the standard methods for handling disjunctions. We do kimmwever, that context-
free languages are closed under intersection with regateguages. It is a subject of
further research to assess how big the resulting grammatsezame.



Fig. 3. Regular grammar ltering fof a" b" g. The left gure shows a linear-size automaton, the
right an automaton that accepts a reordering of the language

5 Limits of the Expressiveness of Grammar Constraints

So far we have been very careful to mention explicitly howdize of the state-space of
a given automaton or how the size of the set of non-termirffadsgpammar in uences
the running time of our ltering algorithms. From the thearfformal languages' view-
point, this is rather unusual, since here the interest ligslp in the asymptotic runtime
with respect to the word-length. For the purposes of coimgtpgrogramming, however,
a grammar may very well be generated on the y and may depentdeword-length,
whenever this can be done ef ciently. This fact makes grameoastraints even more
expressive and powerful tools from the modeling perspec@onsider for instance the
context-free language = fa"b'g that is well-known not to be regular. Note that,
within a constraint program, the length of the word is knownsimply by consider-
ing the number of variables that de ne the scope of the grantuaastraint. Now, by
allowing the automaton to haan + 1 states, we can express that the msvariables
shall take the valua and the second variables shall take the valleby means of a
regular grammar constraint. Of course, larger automatarakult in more time that is
needed for propagation. However, as long as the grammatyisgroially bounded in
the word-length, we can still guarantee a polynomial Ilteyitime.

The second modi cation that we can safely allow is the redrdgof variables.

In the example above, assume the rswariables areX1;:::; X, and the second
variables aré1;:::; Yy. Then, instead of building an automaton waih+ 1 states that
is linked to X 1;:::;Xn;Y1;:::; Yn), we could also build an automaton with just two

also be applied tda" b c" g which is not even context-free but context-sensitive. The
one thing that we really need to be careful about is that, wirenvant to exploit our
earlier results on the combination of grammar constraimésneed to make sure that
the ordering requirements speci ed in the respective thesrare met (see for instance
Lemmas 5 and 6).

While these ideas can be exploited to model some requirgueptiies of solutions
by means of grammar constraints, they make the theoretied}sis of which properties
can or cannot be modeled by those constraints rather dif @uhere do the boundaries
run between languages that are suited for regular or cefrexggrammar ltering? The
introductory example, as uninteresting as it is from a itbgrpoint of view, showed al-
ready that the theoretical tools that have been developesbtEss that a certain language
cannot be expressed by a grammar on a lower level in the Chohistarchy fail. The



well-known pumping lemmas for regular and context-freengrears for instance rely
on the fact that grammars be constant in size. As soon as o sdlordering and/or
non-constant size grammars, they do not apply anymore.

To be more formal: what we really need to consider for profiagg@urposes is not
an entire in nite set of words that form a language, but justiee of words of a given
length. l.e., given a languagewhat we need to consider is jusf, := L\  ". Since
L;n isa nite set, itreally is a regular language. In that regarar previous nding that
fa"b"gfor xed n can be modeled as regular language is not surprising. Téeesting
aspect is that we can moded" b" g by a regular grammar of sidmear in n, or even
of constant sizevhen reordering the variables appropriately.

De nition 11 (Suitedness for Grammar Filtering). Given a languagé& over the al-
phabet , we say thatl is suited for regular (or context-free) grammar lterinff

that both andA (G) can be constructed in tim@(n*) with (Lj;)= (L\ "):=
fw @) iiiw )y jwiiiiwy 2Lg= La ( (Ljn) = Le).

Remark 3.Note that the previous de nition implies that the size of thetomaton
(grammar) constructed is i®(nk). Note further that, if the given language is regu-
lar (context-free), then it is also suited for regular (etifree) grammar Itering.

Now, we have the terminology at hand to express that someepiep cannot be
modeled ef ciently by regular or context-free grammar doaisits. We start out by
proving the following useful Lemma:

(;N;P;S () a context-free grammar in Chomsky-Normal-Form. Then, ¥ergword
w 2 Lg of lengthn, there must exigt u;v 2 and a non-terminal symb@&; 2 N
such thatSy )G tSiv, Si )G u,w = tuv,andn=4 j uj n=2.

Proof. Sincew 2 Lg, there exists a derivatiodBy )G w in G. We seth; := 0. Assume

the rst production used in the derivationafis Sy, ! Sy, Sk, forsome0  ki; kz
r. Then, there exist words; ; u, 2 such thatv = uquy, Sk, )G us, andSy, )G Uz.

Now, eitheru; or u, fall into the length interval claimed by the lemma, or one of
them is longer tham=2. In the rst case, we are done, the respective non-termiaal h
the claimed properties. Otherwise,jifij < juyj we sethy, = kg, elsehy = k;.
Now, we repeat the argument that we just madeSigr for the non-termina$y, that
derives to the longer subsequenceawfit some point, we are bound to hit a production
Sh,, ! Sk, Sk... WhereS,  still derives to a subsequence of length greater than
n=2, but bothSy,, ; S, ,, derive to subsequences that are at me&letters long. The
longer of the two is bound to have length greater thad, and the respective non-
terminal has the desired properties. u



Now consider the language
Lapi =fw2N j81 Kk jwj:91 i jw:w=Kg

Since the word problem fdraipi  can be decided in linear spadeypi  is (at most)
context-sensitive.

Theorem 3. Lapj  is not suited for context-free grammar ltering.

Proof. We observe that reordering the variables linked to the caiméthas no effect on
the language itself, i.e. we have thdlL aipi jn) = Laioi jn for all permutations .
Now assume that, for afi 2 N, we can construct a normal-form context-free grammar

Si )G u,w = tuv,andn=4 j uj n=2. Now, let us count for how many words non-

terminalS; can be used in the derivation. Since fr&nwe can derivau, all terminal
symbols that are iw must appear in one block in any word that can &sdor its
derivation. This means that there can be at nfostj uj)(n j uj)!(juj)! 37”(%!)2
such words. Consequently, since there exishany words in the language, the number
of non-terminals is bounded from below by

p_
n! 4 1) 42 R
r 2GH2 3G Pne 2 IS

u

Now, the interesting question arises whether there exigfuages at all that are t
for context-free, but not for regular grammar ltering? ks wasn't the case, then the
algorithm developed in Section 3 would be utterly useleshaiWnakes the analysis
of suitedness so complicated is the fact that the modeletheafeedom to change
the ordering of variables that are linked to the grammar tcaimt — which essentially
allows him or her to change the language almost ad gusto. W deen an example
for this earlier where we proposed ttaditt’ could be modeled aab)".

Theorem 4. The set of languages that are suited for context-free gramitesing is
a strict superset of the set of languages that are suiteddgular grammar Itering.

Proof. Consider the language = fwwR#wR j viw 2 f0;1gg f O;1;#¢g
(wherexR denotes the reverse of a worjl Obviously,L is context-free with the gram-
mar(f0; 1;#g;fSp; S10;fSo ! Si#S1; S1! 05:0; S; ! 1S:1; S; ! "g; So).
Consequently is suited for context-free grammar ltering.

Note that, when the positid?k +1 of the sole occurrence of the lettéris xed, for
every position containing a lette or 1, there exists artner positionpX(i) so that
both corresponding variables are forced to take the sarue vM@tucial to our following
analysis is the fact that, in every woxd2 L of lengthjxj = n = 21 + 1, every even
(odd) position is linked in this way exactly witeveryodd (even) position for some



placement of# . Formally, we have thatpX(i) j 0 k lg = f1,35:::;ng
(fp<()jo k Ig=12;4,6;:::;2lg) wheni is even (odd).
Now, assume that, for every oasid= 21 + 1, there exists a nite automaton that ac-

izt 302141 ) (1) (p*(i))j we denote the total distance of the pairs after the re-
ordering through . Then, the average total distance after reordering throuigh
P . P P . .
Pk Bt S Erp o mpmand @ (PO
= nr i=msman o ko () (P

Now, since we know that every odchasl even partners, even for an orderinghat
places all partner positions in the immediate neighbortaédwe have that

X
j@ i 2 s = (bl=2c + 1) bi=2c:
0 kI s=1 e

Thus, for suf ciently largd, the average total distance undeis

1 P otk 1 P — —
1+1 0 k | dist [+1 i=1;3;:; 21+1 (bI_ZC+ 1) bl=2c
- (b=2c+ 1) bl=2c

12=8.

Consequently, for any given reorderingthere must exist a positidizk + 1 for the
letter# such that the total distance of all pairs of linked positiet least the average,
which in turn is greater or equal t6=8. Therefore, since the maximum distancglis
there must exist at leabt16 pairs that are at leaét8 positions apart after reordering
through . It follows that there exists abh r  n such that there are at ledstL28
positionsi r such thatp®(i) > r . Consequently, after readinginputs, the nite
automaton that accepts the reorderind-dff 0;1;# g" needs to be able to reach at
least2'=128 different states. It is therefore not polynomial in sizefoltows: L is not
suited for regular grammar ltering. u

As a nal remark, it is interesting thdtwwR # vvR gjp.q = SL:1 fwwR# wR j -
wj = k;jvj = | kg, andfwwR#wWR jjwj = k;jvj = | kg is actually suited
for regular grammar Itering when each of the sets is reoedeappropriately. Now,
Lemma 5 cannot be applied, since the different constrais¢sdifferent reorderings
of the variables. However, we could apply standard disjuaaonstraint Itering. Ul-
timately, context-free grammar lItering only appears tacbme unavoidable for unre-
stricted concatenations of non-regular grammars suttvas® # wowR # 111w wR g,
or our example grammar that generates correctly brackef@éssions, or the language
of syntactically correct mathematical expressions, to@arst a few.
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Conclusions

We investigated the idea of basing constraints on formaudages. Particularly, we de-
vised an ef cient arc-consistency algorithm for grammanstaints based on context-
free grammars in Chomsky Normal Form. We studied logic cowations of grammar

constraints and showed where the boundaries run betweefaregontext-free, and

context-sensitive grammar constraints when allowing aonstant grammars and re-
orderings of variables. Our hope is that grammar consgaiah serve as powerful
modeling entities for constraint programming in the futuned that our theory can help
to better understand and tackle the computational probthatsarise in the context of
grammar constraint ltering.
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