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Symmetry breaking by dominance detection (SBDD) [4, 6, 1, 12], has proven to ex-
cel on problems that contain large symmetry groups. The coretask of SBDD is the
dominance detection algorithm. The first automated dominance detection algorithms
were based on group theory [7], while the first provably polynomial-time dominance
checkers for specific types of value symmetry were devised in[15]. This work was
later extended to tackle any kind of value symmetry in polynomial time [13]. Based on
these results, for specific “piecewise” symmetric problems, [14] showed that breaking
variable and value symmetry can be broken simultaneously inpolynomial time. The
method was named structural symmetry breaking (SSB) and is based on the structural
abstraction of a given partial assignment of values to variables.

Compared with other symmetry breaking techniques, the big advantage of dynamic
symmetry breaking is that it can accommodate dynamic variable and value orderings.
Dynamic orderings have been shown to be vastly superior to static orderings in many
different types of constraint satisfaction problems. However, robust heuristics for the
selection of variables and values are hard to come by. For thetask of variable selection,
a bias towards variables with smaller domains often works comparably well, but there
always remains a fair probability that we hit instances on which a solver gets trapped
in extremely long runs. Particularly, heavy-tailed runtime distributions have been re-
ported [9]. One way to circumvent this problematic situation is to randomize the solver
and to restart the search when a run takes too long [10]. We show how symmetry no-
goods can be used in restarted methods and introduce practical enhancements of SSB
for its application in restarted solvers.

1 Symmetry No-Goods and Restarts

Unfortunately, due to space restrictions, we cannot reviewSSB here. For definitions
and a detailed description of the method, we must therefore refer the reader to [14].
SSB (as a special form of SBDD) stores the most general previously fully expanded
search nodes as a list of no-goods. In contrast to ordinary no-goods, an SBDD no-
good implicitly represents a whole set of no-goods (namely the set of all its symmetric
variants), and it is the algorithmic task of the dominance checker to see whether this set
contains a no-good that is relevant with respect to the current search node.

What is interesting to note is that SBDD no-goods also keep a record of those parts
of the search space that have already been searched through.In that regard, it is of
interest to store them (or at least the most powerful ones) between restarts. There is a
trade-off, however: No-goods will only be beneficial if the method that prevents us from
exploring the same part of the search space more than once does not impose a greater



computational cost than what the exploration would cost anyway. One simple thing that
we can do is to remove those no-goods from the list that have very little impact anyway
because they only represent a small part of the search space.This is an idea that is
commonly used in SAT, too. However, for symmetry-nogoods wecan do more.

2 Delayed Ancestor-based Filtering

We introduce delayed symmetry filtering. The core idea here is to apply an inexpensive
inference mechanism that quickly identifies which no-goodscannot possibly cause ef-
fective symmetry-based filtering at a given search node. Like this, we hope to save many
of the expensive calls to SSB-based domain filtering. Note that no-goods are only used
for ancestor-based filtering, which is why this idea will only be applied for this type
of symmetry filtering. We will discuss special methods to improve the performance of
sibling-based filtering in Section 3.

2.1 A Simple Pretest

We start by introducing a very simple pretest before a full-fledged ancestor-based fil-
tering call is being made. What we need to identify are simpleconditions under which
a previously expanded nodeα (as usual,α is identified with the partial assignment that
leads to the node) cannot “almost dominate” the current search nodeβ. To make this
more precise, with “almost” we mean to say that one more assignment toβ could re-
sult to a successful dominance relation withα, which is a necessary condition for SSB
filtering to have any effect.

First, we observe thatβ must contain at least as many variable assignments asα

minus 1. This is a trivial condition which is always true in a one-shot tree search as all
no-goods stored by SBDD were taken from search nodes at the same or lower depth as
that of the current node. However, for no-goods stored in earlier restarts, this test can
quickly reveal that ancestor-based filtering will not be effective.

Only if the above condition holds, we perform one more test before applying the
full-fledged filtering call: we can look a little bit closer atthe two assignmentsα andβ

and see whetherα is close to dominatingβ. Before looking at each value individually,
determining all their signatures and which ones dominates which, we can do the same
on the level of value classes: For each value partitionQl, we determine how many vari-
ables in each value partition are taking a value in it under assignmentγ, thus computing
a signature for each partition of mutually symmetric values: signγ(Ql) := (|{X ∈
Pk | γ(v) ∈ Ql}|)k≤r for all 1 ≤ l ≤ s.

Lemma 1. Given assignments α and β such that α dominates β, we have that, for all
1 ≤ l ≤ s, it holds that signα(Ql) ≤ signβ(Ql) (whereby with ≤ we denote the
component-wise comparison of the two tuples).

Proof. Let l ∈ {1, . . . , s}. Sinceα dominatesβ, we have that, for allv ∈ Ql, it holds
signα(v) ≤ signβ(w) for some valuew ∈ Ql that is the unique matching partner of
v. Consequently, it holds thatsignα(Ql) =

∑
v∈Ql

signα(v) ≤
∑

w∈Ql
signβ(w) =

signβ(Ql). ut

Thus, SSB filtering can only be effective if the inequality holds for all but at most
one value partitionl, and if for that partition we have thatsignα(Ql) ≤ signβ(Ql)+ek,



whereek is the unit vector with a 1 in position1 ≤ k ≤ r. Only if this condition holds,
we finally apply ancestor-based filtering.

Note that our simple pretest can be conducted much faster than a full-fledged filter-
ing call: it runs in time linear in the size of the given assignments (which is inO(n))
whereas ancestor-based filtering wrt each ancestor requires timeO(m2.5 + mn) for a
CSP withn variables andm values.

2.2 Deterministic Lower Bounds

Assume that a call to the ancestor-based filtering procedurereveals that we are at leastp

edges short of finding a perfect matching in the value dominance graph that was set-up
for assignmentsα andβ.1 Clearly, as was already noted in [14], this means that at least
anotherp − 1 variable assignments need to be added toβ before filtering can become
effective. By adding this information to no-goodα, and by keeping track of the depth of
the current search nodeβ, we can avoid many useless filtering calls. What is interesting
is that we cannot only propagate this information when diving deeper into the tree, but
also upon backtracking.

Consider the following situation: For no-goodα, the check against the current
search node in depthd results in a maximum matching with4 edges missing to be
perfect. Then, at depthd + 4 − 1 = d + 3, we call for ancestor filtering wrtα again
and find that there are still4 edges missing. Clearly, this means that none of the last3
branching decisions has brought us any closer to a successful dominance relation with
α, and this information can be used even when backtracking up from the current posi-
tion. At depthd + 2, for example, we know, even without conducting the filteringcall,
that the maximum matching must have4 edges missing. Which implies that, when div-
ing deeper into the tree from depthd + 2, ancestor-based filtering cannot be effective
until we reach depthd + 2 + 4 − 1 = d + 5.

More generally, if at depthd+p−1 we find a maximum matching withq ≤ p edges
missing to perfection, when backtracking up to depthd + r − 1 for somer < p, we are
sure that there are at leastmax{r+q, p}−1 more variable assignments necessary before
filtering wrt ancestorα can be effective. Consequently, we will not call for ancestor-
based filtering wrtα until we reach depthmax{d + r + q − 1, d + p− 1} in the search
tree.

Note that the above procedure also works if we never get to perform the full filtering
procedure at depthd+p−1 because our pretest fails: If the first condition fails, instead of
using the number of missing perfect matching edges, we can simply count the number
of variable assignments still needed before at least as manyvariables are assigned in
the current search node as are inα. And in the second case, we can count how many
more assignments are necessary before each value class signature inα can have become
lower or equal to the signatures in the current partial assignment.

3 Incremental Sibling-Based Filtering

Sibling-based filtering requires that we compute the sets ofmutually symmetric values
that have the same signature under the current partial assignment. Rather than recom-
puting the signatures of all values and regrouping the values after a branching step has

1 Note that, due to the special way that SBDD unifies no-goods,p > 1 is only possible for
no-goods generated in earlier runs.
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Fig. 1. An efficient data structure supporting sibling-based filtering incrementally. The leftmost
column depicts value partitions[1] = {1, 2, 3} and[2] = {4}. For both partitions, horizontally
it follows a sorted list of signatures (over two variable partitions in this example) that are each
associated with all the values underneath them in the current partial assignment. Even though
signatures are actually stored in sparse format, we show them explicitly to improve the readability.
Value 2 in the left assignment for instance has signature (1,0) and shares it with value 3.

added another variable assignment, we use an incremental data structure for this pur-
pose so as to conduct this type of symmetry related inferenceas efficiently as possible.

First, let us describe the idea of sparse signatures that areneeded to guarantee the
worst-case complexity as given in [14]: Instead of writing down entire signatures, for
each value we maintain a sparse list that only contains the non-zero entries of a sig-
nature, together with the information to which variable partition an entry in the sparse
list belongs. To set up this sparse representation from a newpartial assignment, we first
order the variable instantiations in a given partial assignment according to the partition
that the corresponding variable belongs to. This can be donein time linear in the num-
ber of variable partitions. In this order, we then scan through the partial assignment and
set up the sparse signatures simply by adding one to the last entry if the current variable
belongs to the same partition as the last, and by introducinga new non-zero entry if the
variable belongs to a new partition.

For the current search node, we group values in the same valuepartition and with
the same signature in the following data structure. It consists of an array of lists, one
for each value partition. Each such list contains, in lexicographic order, the different
signatures within the respective value partition. Associated with each signature is yet
another list of values in the partition that have the signature, whereby each value holds
a pointer to the signature. Note that this data structure allows us to perform sibling
based-filtering extremely efficiently. Given a variable, the different values that we need
to consider when branching are only the first values in each list of each signature in
each value partition.

Now, when branching by assigning a value to some variable, weupdate the data
structure incrementally. Note that the value assigned is the first in its list of values with
the same signature. Moreover, the value holds a pointer to its signature. Therefore, we
can compute its new signature incrementally, and since the signatures within the value
partition are ordered lexicographically, we can also find out quickly to which signature
the value needs to be added, whereby we create a new list of values if the value’s new



signature is not yet in our list. Finally, we remove the valuefrom the list of values for
its old signature and add it to the list of values for its new signature, while updating the
value’s pointer to its own signature.

We illustrate the data structure in Figure 1 on the followingexample. Assume we
are given four variablesX1, . . . , X4, whereby the first two and the last two are symmet-
ric. Assume further that the variables can take four values1, . . . , 4, whereby the first
three are symmetric. Figure 1 (A) shows our incremental datastructure for the partial
assignment{(X1, 2), (X2, 3), (X3, 4)}. We see that we can easily pick non-symmetric
values simply by choosing the first representative for each signature. In our example,
those are the values1, 2, and4. Figure 1 (B) shows the data structure after another vari-
able has been instantiated by adding(X4, 2) to our assignment. We see that the data
structure can easily be adapted by updating the signature ofvalue2.

4 Conclusions

We introduced two practical algorithmic enhancements of structural symmetry break-
ing: delayed ancestor-based filtering and incremental sibling-based filtering. Especially
the first is designed for the application in restarted solvers where it reduces the compu-
tational efforts when using symmetry no-goods from previous restarts.
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