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Abstract. We correct a result that we recently published in this conference series
on the polytope of Binary Constraint Problems (BCPs). We had claimedhita
so-called "support formulation” would characterize the convex hudlideasible
solutions to tree-structured BCPs. We show that this claim is not accurate by
providing a small counter example. We then show that the respectivéopely
defines a facet of the stable-set polytope of a perfect graph whichsalls to
perform LP inference in polynomial time.

1 Binary Constraint Satisfaction
Definition 1 (Binary Constraint Satisfaction Problem).

— Abinary constraint problem (BCR a triplet (V, D, C'), whereV = { X1,

.., X, } denotes the finite set of variable®,= {D,,..., D,,} denotes a
set ofn finite sets of possible values for these variablBs i called the
domainof variablesX;), andC = {C1,...,C,,} is the set ofconstraints
whereC; : D;, x D;, — Bool specifies which simultaneous assignments
of values to the variableX;, and X, are allowed. The setX; , X;,} is
called thescopeof constraintC;.

— Anassignmentor a BCPP = (V, D, C) is afunctiono : V' — J,,, D;. A
solutionto a BCPP = (V, D, () is an assignment such thair (X;) € D;
forall 1 < i < nand such that;(c(X},),0(X},)) = trueforall 1 <
j < m. The set of all solutions to a BCP is denoted byl (P).

Note how, in contrast to the custom in integer programming, in CP the term
“binary” is used to express that albnstraintsaffect just two variables, while
the size of thelomainof each variable is not limited! The fact that the arity of
the constraints is limited to two allows us to state constraints simply as sets of
allowed pairsk;, j, = {(k,1) | X;, =k, X, =l ok}, or, alternatively, as sets
of forbidden pairsk;, ;, = {(k,1) | X;, =k, X}, = [ forbidden}.

It is easy to see that the general BCP is NP-hard. One simple way is to
reduce from graph coloring where each node is modeled as a variableukl
be assigned a color such that adjacent nodes are not colored ider{tiealithe
corresponding constraint on each eddgj} is a not-equal constrair; ; =
{(k, k) | ¥ k}). Conversely, every binary constraint problem can be visualized
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as aconstraint networkvhere each node corresponds to a variable and an edge
connects two nodes iff there exists a constraint over the corresporatiagies.

Of course, the exact semantic of the constraints is lost in that visualization.
However, it is a well-known fact that any BCP whose correspondingtcaimt
network is a tree can be solved in polynomial time [4, 5].

2 The Support Formulation

In [1], we devise an IP model for BCPs by using linear constraints toifypec
that, when a variable&l;, takes valuek, variableX;, must take a value that is
consistent withX;, = k. In that way, we enforce that each variable assignment
is supportedby a correct assignment to adjacent variables (by which we mean
variables that share a constraint). The IP then réads:

Srp = max Zpikyik

st Ypk — > Y <0 VI<j<mkeD;, (1)
L(kDER G o
Zyikzl Vie{l,...,n} 2)
keD;
yik € {0,1} Vie{l,...,n},ke D; (3)

The above formulation dominates the traditional way of expressing con-
straints (1) by constraintg;, ., +v;,; < 1 for all conflicting assignments:, /) €
R, j.- We show thaty € Sp (whereSyp denotes the linear continuous re-
laxation of the aboveSrp) impliesy; . + v, < 1foralll < j < m, (k1) €
Rjj,- Giveny € Spp, it holds thaty > 0 and ), . yix = 1. Moreover,
for all 1 < j < m,k S Dj11 0 > Yjrk — Z Yjsl = Yjik — (1 —

L(kD)ER, 4y

> Yj,1). Consequentlyy; ;. + > Yj,i < 1, which implies
L(kDERS, o L(kDER o
Yjirk T Yjol < 1forall1 <j <m, (k‘,l) S RijQ.

On the other hand, assume we are givena BCR®, C)withV = { X1, ... -
X5}, D = {{1,2,3,4}, {1,2}, {1,3}, {2,3}, {0,4}}, andC = {(X; =
4V Xy = XQ), (X1 =4V Xy = Xg), (Xl =4V Xy = X4), (Xl #+ X5)},
and we are to maximiz&s. Sy, p returns an optimal continuous solution with
value 0, which happens to be the optimal value that any integer solution can
achieve. Now considey;; = yio = 13 = 1/3, y14 = 0, yo1 = y22 = 1/2,

Y31 = Y33 = 1/2, ya2 = yaz = 1/2, andysp = 0, ys4 = 1. It is easy to verify
that this solution, which achieves an objective value of 4, is feasible wben ¢
straints (1) are replaced by the traditional constraints. Consequentsyplpert
formulation is never worse but in general stronger that the traditionalaflay

linearizing binary constraint networks.

L Whereby, for simplicity in constraints (1), we assume that each coristneén variables, j
induces two truth tableR;,; andR; ;.
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Fig. 1. A BCP with two variablesX; and X,. The figure shows the domains of the respective
variables and an edge between values that the variables are allowed sintakaneously. The
numbers above each value show the profit that is achieved when blgasiaet to this value.

Now, in [6] we claimed that, when the given BCP was tree-structured, the
linear continuous relaxatiof; p of S;p provided a perfect characterization of
the convex hull of all integer feasible solutions. When trying to use the same
proof-technique for the linearization of a different type of constrainesyeal-
ized the following: In the proof of Theorem 1 in [6] we consider a Lagian
relaxation ofS;p and show that its value is the same as that of the linear re-
laxation St p, while the corresponding solution is integer and obeys all relaxed
constraints. However, this doastimply that the corresponding solution is op-
timal for the original problem. Ergo, the proof is not complete. The following
example shows that the proof can also not be corrected:

Example 1.Considerthe BCRV, D, C), whereV = { X, Xs}, D = {D1, D2}
with D; = {A, B,C, D} andDy = {1,2,3,4}, andC = {C1 } with C; : D; x

Dy — Bool is given by the set of allowed paif8; » = {(A4,1), (4,2),(B,2),-
(C,2),(C,3),(D,3),(D,4)} (see Figure 1). Assume we achieve a profit of 3
when settingX; to A or B and 0 otherwise, and another profit of 3 when set-
ting X to 3 or 4 and 0 otherwise. Clearly, the maximum profit we can achieve
is 3. However, when settingi4 = v1i5 = vip = 1/3, yic = y21 = 0, and

Y22 = Y23 = yoq = 1/3, theny is feasible forSyp and achieves a profit of 4
which is strictly greater than the optimal value3of

3 The Polytope of Tree-Structured BCPs

Theorem 1. If the BCP that is given has a tree-structured constraint network,
then the convex hull of all solutions 18, defines a facet of the stable-set
polytope of a perfect graph.

Proof. Consider the “conflict graph” that emerges from the given BCP: we hav
one node that corresponds to each variable assignment (similar to theinode
Figure 1), and an edge between two nodes if and only if both corresgpnd
assignments are incompatible (that is, one edge for each pRiy,in, and one

for each pair of nodes that belong to the same variable domain). We claim that



this graph is perfect. We prove this claim by showing that it is Berge [2], i.e.,
that it and its complement graph do not contain an odd cycle of length 5 or more
with no shortcuts (a so-called “odd-hole”).

Consider the conflict graph and assume that it contains a hole, i.e., a cycle
with no shortcuts of length 5 or more. Wlog we may assume that this cycle is
minimal and involves nodes that belong to at least three BCP variables-(other
wise there exists a shortcut between nodes that belong to the same variable)
Because of the tree-structure of the given BCP, this implies that therehagist
non-adjacent nodes in the cycle that belong to the same variable, which implies
that there exists a shortcut in the cycle. Therefore, the cycle was not nhinima

Now consider the complement of the conflict graph. It contains edges for
all pairs inR;, ;, and edges between all nodes that belong to BCP variables
that have no constraint linking them. The given BCP is acyclic, thus any hole
cannot involve nodes that belong to more than two BCP variables (otherwise
there exists a shortcut). However, any subgraph on nodes from wables is
bipartite, which means that all cycles have even length. Consequentty alser
exists no odd-hole in the complement of the conflict graph. O

According to [3], our result implies that we can characterize the polytope
of tree-structured BCPs as a linear program where we the constrafotsen
that the weight of each maximal clique in the conflict graph is lower or equal
one. The support formulation comes close to enforcing these clique amtstr
but with two shortcomings: First, in case that the supporDip of a value
k € Dj, is a superset of the support i;, of another valueh € D;,, the
support formulation considers a clique that is not maximal (e.g., consitiezsva
A and B in Figure 1). Second, there may be other maximal clique-constraints
that are not enforced.

The first shortcoming is easily addressed: Denote WHtitk) = {I <
Dj, | (k,l) € Rj, j,} the support of valug € D;, in D;,. Problematic are
thoseh € D;, forwhich H;(h) C Hj(k). Theny;n < > Yjsr < Y Yjol-

lEHj(h) lEHj(k’)
And sinceX;, can only take either valueor h, with y;,, < >~ ;,,, we can
leH, (k)
enforcey;, . +y;,n < D vj,1. We achieve a strengthened formulation:

leH; (k)
SSip=max Yy piyir

st Yk + D Yinn — Y Ym <0 VI<j<mkeD; (4)
h:H;(h)CH; (k) leH (k)

> ya=1 Vie{l,...,n} (5)

keD;

yir € {0,1} vie{l,...,n}, ke D,
(6)



Fig. 2. A BCP with two variablesX; and X». The figure shows the domains of the respective
variables and an edge between values that the variables are allowed sintakeneously. The
numbers above each value show the profit that is achieved when blgasiaet to this value.

To address the second shortcoming, since there may be many other maximal
cliques in the perfect conflict graph, it is not feasible to add them all to our
formulation. We show another example in Figure 2. Note that there is a clique
onnodes B, ¥1D, Y22, Y24 IN the conflict graph whose corresponding constraint
is not enforced ir6.S;p: The solutiony; g = y1c = Y1p = Y22 = Y23 = Y24 =
1/3, 114 = yie = y21 = y25 = 0 assigns a weight of 4/3 to the nodes in this
clique but is feasible foSS;p. The solution achieves a profit of 4 while the
optimal integer solution has value 3.

In theory, for each problem it is possible to generate the relevant missing
clique constraints in a lazy fashion [3]. To obtain polynomial guaranteeiseon
number of additional constraints that need to be generated, we woulddave
use the Ellipsoid algorithm to solve our LPs, though. In practice, we magpref
to use a practically efficient LP solver instead and terminate the generation of
cuts early, knowing that the support formulation without any additional isuts
already strictly stronger than the traditional formulation.
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