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eno es an be onsidered to be a olle tion of lon strin s, or se en es, fro
the alphabet , , , .Ea hele ent of the alphabet en odes one of fo r pos
sible . ith the o pletion of the se en in of theh an eno e,
e orts are nderwa to atalo e eno i ariationsa rossh an pop lations.
or SN s onstit te alar e lass of these ari
ations. SN is a sin le base pair position in eno i N at whi h di erent
n leotide ariants e ist in so e pop lations ea h ariant is alled an . n
h an, SN s are al ost alwa s bialleli that is, there are two ariants at the
SN site, with the ost o on ariant referred to as the , and the
less o on ariant as the . Ea h ariant st be represented in a
si ni ant portion of the pop lation to be sef 1.
iploid or anis s, s h as h ans, possess two nearl identi al opies of
ea h hro oso e. n this paper, we will refer to a olle tion of SN  ariants
on asin le hro oso e op asa . h s fora iensetof SN s, an
indi id al possesses two haplot pes, one fro ea h hro oso e op. SN
site where both haplot pes ha e the sa e ariant n leotide is alled a
site a SN site where the haplot pes ha e di erent ariantsis alled
a site. he on ated 1 ed datafro the two haplot pesis alled
a . h s,in enot pe data, while the n leotide ariantsatho o o s
and hetero o ssites are nown, the infor ationre ardin whi h hetero o0 s



site SN ariants a efro thesa e hro oso e op,is n nown.See i
re for an e a ple of these on epts. Haplot pes pla a er i portant role
in se eral areas of eneti s,in 1 din  appin o ple disease enes, eno e
wide asso iation st dies, and also in the st d of pop lation histories. nfort
natel , rrent e peri ental te hni es to infer the haplot pe of an indi id al
are both e pensi eandti e ons in . Howe er, it is possible to deter ine the
enot peof anindi id al i | andine pensi el . o p tational te hni es
o er a wa of inferrin the haplot pes fro the enot pe data.

t of the two nearl identi al opies of ea h hro oso ein an indi id al,
one op is inherited fro the paternal eno e and the other op fro the
aternal eno e. hissi plepi t reof inheritan eis o pli ated b a pro ess
nown as , whi h ta esplaed rin eiosis a pro essin ol ed
in the for ation of reprod ti e ells or in the parents. rin re
o bination, portions of the paternal and aternal hro oso esaree han ed
i re .Re o bination anres Itin haplot pesin o sprin sthat aredi erent
fro those in the parents. he site on the hro o0so e where a re 0o bination
o rsis alled a re o bination site. n a era e, one or two re o binations
o rper hro o0so e per eneration
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n pop lation st dies, it has been shown that the li elihood that a site will
a t as a re o bination site is not nifor a rossa hro oso e ,re o bi
nation sites o r h ore fre entl thane pe ted in ertain hro oso al
re ions and h less fre entl in other hro oso alre ions. Re ions of hi h
re o bination site fre en are alled . Se eral re ent
st dies , , haes estedthath an eneti ariation onsistslar el of
re ions of low re o bination site fre en , delineated b re ionsof hi hre o
bination site fre en ,res ltin in of SN sor ani edin ini haplot pes.
nass ption that nderlies h of pop lation eneti s, alled the
, re ires that the  tation that res ltsina SN o ronl on e
in the histor of a pop lation, and therefore, that all indi id als with a ariant
allele st be des endants of a sin le an estor. hile the in nite sites odel
is learl asi pli ation of the tr e e hanis of eneti tation, odels of
eneti ariation b ilt nder this ass ption o pare fa orabl with e piri al
pop lation eneti s st dies. So e of the odels and al orith s in the te t to
follow will ass e an

n this se tion, we onsider the proble of haplot pe phasin i en a set of
enot pes, nd a set of haplot pes that resol e the set.
eneri all the haplot pe phasin proble an be posed as

set of enot pes.
set  ofhaplot pes,s hthatforea h there e ists
s h that the on ation of with is

n alternate related proble is haplot pefre en esti ation. n this prob
le we arepri aril abo testi atin thefre en of ea h potential haplot pe
in the pop lation, and less so abo t the phasin s of parti lar indi id als.

B t pin eneti all related indi id als one an et a better esti ate of
haplot pes present sin e the haplot pe pair of a hild is onstrained b its in
heritan e fro his parents. his ersion of the proble is onsidered in ario s
software pa a es . n this paper, we ass e that s h pedi ree data is not
a ailable to s, howe er re astin the proble s presented here in the presen e
of pedi ree data is a worthwhile a en e of resear h.

Haplot pe phasin has a ariet of appli ations, ea h of whi h warrant dif
ferent ethodolo ies. oarsel , one an partition haplot pe phasin proble s
into three lasses, based on their tra tabilit

hen Dber of sitesiss all eno h that sol tionsre irin e ponential
spa eorti einit wo ld be pra ti al. tiss ient for anal in the SN S
in the i init of a sin le ene.
hen berofsitesiss all eno h that ethods whi h are pol no
ial in the n  ber of sites and indi id als are pra ti al. N ber of indi
id alsand n ber of sites a be on the order of . hissi ero hl
orresponds to the n  ber of SN s a ross a re ion spannin se eral enes.



hro oso e si e, where al orith s whi h are linear in the n  ber of
SN s are the onl ones pra ti al. hen ber of sites o Id be in the tens
of tho sands while the n  ber of indi id als sa pled iss all

dditionall , an of the pop lation eneti s ass ptions that hold for the

s all proble s will not e tend easil to the edi and lar e proble s where
thee e tsofre o binationbe o esi ni ant. i erent eas resofs essare
appropriate dependin on the proble si e. i enasetof enot pes with a priori
phasin infor ation,anat ral estionstoas iswhethertheal orith retrie es
the orre t phasin . ors all and edi proble s, appropriate eas res in
1 de the n  ber of haplot pes that are predi ted orre tl or the di eren e in

pop lation fre en of the haplot pesin the nown and the predi ted set. or
er lar eproble sitisli el that these eas res will be bl nt and all ethods

will not perfor well. n alternate eas res ested in is the n  ber of

rosso ers to e plain the orre t haplot pes fro the predi ted haplot pes.

hen presentin the proble s, we will ass e that the enot peinfor ation
we ha eisa rate. Howe er,in pra ti e, thisis not the ase, rrent enot pin
te hnolo ies will fairl fre entl not all enot pes issin data and less
fre entl is alla enot pe wron data. pra ti alal orith needs to deal
with these proble s, in parti lar the issin data proble . he dis ssion
in this paper is in ter s of SN s, ost of the res lts and ethods also will
appl , perhaps with so e odi ation, to st dies of alternate eneti ariations

ar ers s h as i rosatellites.

e will follow notation b s eld for haplot pes and enot pes.
e will arbitraril label the two alleles of an SN and . enot pe, repre
sentin a pair of haplot pes, an ta e three al es for ea h SN , orrespondin
to the obser ation of . osi plif notation we will se for ,
for and for . ewill sa that a SN is ina enot pe if
it has al e . enot pe is if it ontains ore than one

SN .

e will enerall se s bs ripts for obje ts asso iated with haplot pes and
s pers ripts for obje ts asso iated with enot pe. or e a ple, the probabilit
of obser in the enot pe in a i en pop lation 1 ht be i en as and
the haplot pe probabilities as . Sin e s pers ripts are possibl  onf sed with
e ponentiation, e pli it parentheses will be pla ed aro nd e ponentiated an
tities to disa bi ate this.

e will se to denote on ation and write if the on ation
of and 1is . o apt re the notion that two haplot pes o bineto a e a
enot pe, we will, when on enient to do so, se the rone er delta,
if and else.
e will denote the n  ber of enot pes with and then ber of SN sites
with



n a se inal paper , lar proposed a o on sense approa h to phasin ,
that has be o e nown as . lar sr leis an inferen e ethod that
resol es enot pes to their haplot pe pairs. irst,allho o o sandsin lea

bi o ssite enot pesareidenti ed. he haplot pesthat phase these enot pes
are o pletel deter ined, for in an initial set of haplot pess pported b the
data. 1 en a set of haplot pes representin the resol ed enot pes, lar s

r le nds and s h that for so e . he haplot pe is
added to . he pro ess ontin es ntil either all enot pes are resol ed, or no
s itable pair of nresol ed enot pe and resol in haplot pe e ists.

Note that it a not e en be possible to et this al orith started if there
are no ho o o sorsin le a bi o s site enot pes. rther, there is no
arantee that a parti lar se en e of appli ations of lar sr le will resol e
all enot pes. enot pes that re ains nresol ed after a a i al se en e of
appli ations of lar sr le are alled
t sho 1d be lear fro the des ription of lar sr le that it des ribes a
of al orith s, ea h of whi h ses a di erent proto ol for sele tin a enot pe
haplot pe pair fro whi h to infer a t pi all new haplot pe. lar s paper
applies a reed approa h, in whi h the nown haplot pes are tested a ainst
the nresol ed enot pesint rn. he rst enot pe that lar sr le an be
applied to is resol ed, potentiall addin a new haplot pe to the set of nown
haplot pes for the ne t iteration.
tisnat raltoas fora lar sr le appli ation se en e that res lts in the
fewest n  ber of orphans. lar se peri ents on real and si  lated data
s  est that the se en e of appli ations of lar sr le that resol es the ost
enot pes enerates fewest in orre t haplot pe assi n ents.

ind ase en eof lar sr le appli ations
that res lts in the fewest orphans.

Biolo i al int ition abo t the nat re of haplot pes present in h  an pop
lations pro pt s to thin abo t ersions of proble that prod e sol tions
that respe t this int ition.

ind ase eneof lar sr le
appli ations that a i i esthen ber of resol tionss bje t to the onstraint
that the nal set of haplot pes st pro ide a sin le ni e resol tion to ea h
enot pe.

indase eneof lar sr leap
pli ations that ini i es then ber of lar sr le appli ations ne essar to
enerate the enot pes haplot pes.

s eld , st diedasli htl restri ted ersion of this proble ,in whi h
ea h enot pe an parti ipate in at ost one lar sr le appli ation. s eld
showed that ndin an opti al lar s r le appli ation se en e is N hard,
b t that in pra ti e, on edi si ed instan es, this ersion of the proble



anbesol edb a o bination of aref len eration and linear pro ra  in .
s eld also e al ated the e e ti eness of an al orith in orporatin a reed
appli ation of lar sr le with i ed res Its.

Hard einber e ilibri H E is the ondition that the probabilit of
obser in a enot peis e al tothe prod t of the probabilities of obser in
its onstit ent haplot pes see . nder this h pothesis, the probabilit of
enot pe in the pop lation is related to the haplot pe probabilities b the
0 pa t e pression

where  is the probabilit of haplot pe in the pop lation.

he of , , , esti ates the haplot pe
probabilities fro obser ed enot pefre en ies in
indi id als. he approa h ass esH E and a nifor prior on the s. he
li elihood f n tion of the obser ed is then

where . heesti ated isa ai of s bje t to the
onstraints that and , .
here is a reat deal of literat re on the a i i ation of this pol no ial,
for e a ple the ethod of is a linear] on er ent
ethod aranteedtolo atealo al a i of fro al oste er feasible
startin point.
Howe er, a na ei ple entation of the E ethod re ires e ponential
spa e, sin e there are n nown haplot pe probabilities whi h st be stored
for ariant sites. ne notes note that, for sa pled indi id als, hap

lot pes are e pe ted to ha esi ni ant probabilit . ne ient wa todis o er
those haplot pes whi h ontrib te si ni antl to the ai ierof wold
a e this approa h h oree ient.

i en obser ed enot pe fre en ies
, and , nd ,8 hthat one an arantee that there e ists a
that isa lobal a i ierof and that i plies

e willnow i ea o binatorial interpretation of

eass ethat o esfro o ntsofindi id al obser ed enot pes, and

th s isinte ral forea h enot pe . e a thenfor late in ter s of
aprod to er obser edindi id al enot pes , il.e.



nter han in prod t ands ation this be o es

Let an of the enot pes be ase en eof Thap
lot pes s h that . hen the pol no ial
abo e anbe ore o pa tl e pressed as

e plains

with the s ran in o er all e planations of . he li elihood f n tion is a
pol no ial with a ter of oe ient for ea h possible e planation of the ob
ser ed enot pes. h s,asol tion tothe enot pe phasin proble orresponds
to a parti lar ter in this pol no ial.
he ai li elihood approa h see s fre en ies whih ai ie

his proble is nown to be N hard . Iso note that the proble does
not dire t1 address the proble of o p tin the indi id al phasin s for ea h

enot pe. Howe er, appro i ations an be ade whi h re o er the o binato
rial nat re of the phasin proble

Let s olle t theter sof ,and sea Iti
inde a e tor of non ne ati e inte ers inde ed b to eep tra of the
e ponents, then

where denotes the n  ber of e planations of the obser ed enot pe
o nts whi hha e haplot pe o nts.
Sin e the are onstrained to lie between and , ost of the ter sin

aree pe tedtobes all. e a approi ate with itslar est ter

a
he a i i ationof with respe t tothe istri ial,sin ean ono ial
in probabilities, ,is ai iedb . hs
a a

h s, we see that the a i i ationofthe a i alter of theli elihood pol
no ial red es to a dis rete proble . he sol tion of this proble does not



i e a phasin , b t a olle tion of possible phasin s with identi al o nts. he
sol tion a also be a ood initial point for an iterati e a i li elihood
ethod, s h ase pe tation a i i ation.
he obje ti e f n tion in this opti i ation proble is

where ,whi h o ntsthe n ber of wa s to sele t haplot pes
fro aba with o nts to for an e planation of the eno
t pes
e are not aware of an res lts abo t the o ple it of e al atin or its
a i . nfa t, there is a feasibilit proble to whi h we ha e fo nd no eas

answer as well.

i en enot pes and
a etorof onts o er ,deide whether there e ists an e planation of
with o nts

i en enot pes
anda e torof o nts , o nthow an distin te planations,
,e ist for with o nts

ien , nd o nts ,
s h that is ai ied.

ne ethod for brea in tiesin the appli ation lar s
r leis to allow the haplot pe fre en ies to ser e as probabilities, and rando 1
sele t sand stowhi htoappl it. ns has he e,onewo 1ldstill resol ethe
ho o otes and the sin le site hetero  otes, sin ethe are na bi o s,b t,
when fa ed with a hoi e between  ltiple phasin s, one rando 1 sele ts the
phasin with probabilit Sin e this pro ed re is still stron 1
dependent on the order of onsideration for thea bi o s enot pes, one draws
the , and re draws the , nifor 1 at rando ,fro the sa pled indi id als.
his pro ess anbe iewed asa eansto enerateasa plefro a stationar
point of the a i li elihood f n tion. o see this, we iew the indi id al
sa plesasallha in so ephase, whi h werephasethro hrando appli ations
of lar sr le with rando tie brea in as abo e. n the ontin li it, new
instan es of haplot pe are introd ed at a rate

where , while instan es of haplot pe are bein re o ed
b indi id als with haplot pe bein re drawn at a rate



stead state o rs when the two pro esses balan e, i.e.

whi hisas ient ondition for tobealoal ai of the 1i elihood
f n tionofe ation . h s, the haplot pessa pledin this rando appli ation
of lar sr les are distrib ted a ordin to so e stationar distrib tion of

he obser ation thatthe a i li elihood ethod o ldbe odeledb a er
tain probabilisti appli ation of lar sr le was nown to resear hers, Stephens,
S ith, and onnell , who proposed a odi ation of the Lsa plin pro
ed re of the pre io s se tion. heir odi ation introd es an appro i ate
pop lation eneti s odel as a prior for obser in the set of haplot pes.
nstead of phasin rando 1 sele ted indi id als with probabilities wei hted
b , the proposed a ore o pli ated probabilit r le, where the wei ht
of phasin for is ienb

where is the se en e of haplot pes with one o rren eof re o ed.
he f n tion appro i ates the probabilit that haplot pe i ht be
enerated either b dire t des ent or  tation fro a pop lation with haplot pe
o nts of
t sho 1d be noted that e ation applies onl when is h lar er than
the n  ber of haplot pe ariants in the pop lation. h s it is not stri tl ap
pli able for s all pop lations where a s bstantial portion of ariantso r onl
on e. tisnot aniss e for this ar o hain onte arlo approa h.
he al orith the propose is to iterati el  odif the e planation of the
i en enot pes,sele tin thee plainin haplot pes for arando indi id al
with enot pe , and repla in that pair with a pair enerated rando 1 with
wei hts fro e ation , pdatin the rrent fre en ies, , of the ariants
in the sa ple. Statisti s of the sa pled set of phasin s are then sed to sele t
the phasin s of the indi id als.

t re ains to de ne the appro i ation of , for whi h the propose
where o ntsthen berofo rrenesof in , isanesti atefor the
per site  tation rate, istheidentit atri ,and isthesin lesite tation

atri , i and haee atl one is at hand otherwise. his

is an appro i ation to the probabilit that an o efro so e after a
eo etri all distrib ted n  ber of sin le site  tations. his appro i ation



arose fro  omnsiderin a rando pop lation odel in . t sho 1d be noted
that while the atri appears to be of e ponential si e, an arbitrar ele ent
of anbe o p tedin ti e
n i ple entation of this al orith b Stephens, S ith, and onnell is
n alternati e al orith , whi h ore losel follows the a i
li elihood ethodwasprod edb Ni etal . wor swellon edi
proble s with a s all pop lation.

E tendin lar s basi int ition that nresol ed haplot pes are to loo 1li e
nown ones, a ariet of parsi on obje ti es an be onsidered.

n the onte t of haplot pe phasin , the ost phasin refers
to the sol tion that ses the fewest haplot pes. H bbell showed that this
ersion of the proble is N hard, in eneral, b ared tion fro ini
li e oer. s eld sol ed the proble iaan e ponentiall lar e inte er

pro ra in for lation that is sol ablein an ases,e enfor edi sied
proble s. nintri in open proble istodeter ine whether there are pra ti al
instan es when this proble an besol ede ientl fore a pleif the perfe t
ph lo en ondition holds, see se tion

ind a restri tion on the inp t to the haplo
t pe phasin proble that ost real world instan es satisf , for whi h the ost
parsi onio s haplot pe assi n ent an be fo nd in pol no ial ti e.

i ersit isanother o onl sedparsi on obje ti ein pop lation enet
i s. Haplot pe di ersit is de ned as the probabilit that two haplot pes drawn
nifor 1 at rando fro the pop lation are not the sa e.

e ise an al orith for the hap
lot pe phasin  nder the obje ti e of ini iin haplot pe di ersit .

raph theoreti all , this proble an be posed as onstr tin a raph with a
node for e er haplot pe in the obser ed pop lation two nodes for ea h obser ed
enot pe ,aned e between e er pair of haplot pes that are not e al and then
ini iin then ber of ed esin the raph.
e obser ethat lar sr leisnote e ti e for parsi on .

Let be the n  ber of distin t enot pes in the . he tri ial al orith of

arbitraril phasin ea h distin t enot pe will ret rn a phasin with at ost

haplot pes. ~ is alower bo nd on the n  ber of haplot pes as ea h

enot peis adeofat osttwodistin t haplot pes. worst aseappro i ation
arantee is th s ~ ,wewill ies hane a ple.

Let bethen Dber of SN sandlet be o prised of enot pe that has

all ones and all possible enot pes that ha ee a tl two s and all other



SN s as s. lar s inferen e r le will initiall infer the haplot pe of all ones
and then infer the haplot pesthat ha eallb t SN sas s. heresol tion
with the ini n ber of haplot pes howe er has the haplot pes with all
bt SN as . ne a plewhen is ienin i re .

he Ha  in distan e between a pair of haplot pes is, nder the in nite
sites odel, then ber of tations that o rred in the e ol tionar histor
between the pair of haplot pes. f we onsider an e ol tionar histor to be a
tree whose nodes are the n nown haplot pese en es of the obser ed enot pe
se en es, then a li elihood f n tion whi h appro i ates it in ter s of
Ha in distan eis ienb

where ran eso er all trees on the nodes with n nown haplot pes ,

, ran eso er all ed esin , is the Ha  in distan e
between the and whi harejoinedb ,and isa onotoni f n tion. ne
reasonable hoi e i htb where pla s the role of the  tation

rate,orone i htta e fro e ation
hiss o er all trees of prod tsof ed e wei hts an be e al ated in pol

no ialti e sin ir ho s atri treetheore , . ethods for sa plin
fro this and related distrib tions an be fo nd in |
f we ta e , then we an interpret e ation as a partition

f n tion fro statisti al e hani s,

where is the s of the Ha  in distan es on all the ed es in

e iscanal orith whih a
i 1es

o er all e plainin



his proble has two as ptoti re i es.

he rst is the rei e , where, one an appro i ate
the s ation with a i i ation,
a
ep in
and appro i ate the partition f n tion with the ini wei ht tree.

e ise an al orith whi h nds
in

o erall e plainin  and all trees

he se ond is the rei e

where is the Ha  in distan e between and . n thise tre e,
the appro i ateproble isthe ini i ationofthes  of all pairwise Ha  in
distan es.

e ise an al o
rith  whi h nds

in

o erall e plainin  and all trees

i re 1iesane a ple wherethes  of pairs Ha in distan e ini
i ation does not ield the sa e phasin parsi on .

t the ti e of this writin , we are not fa iliar with an pro ress on these
proble s.



he on ept of a , , has also been sed to for late
onstraints on haplot pe phasin s. binar perfe t ph lo en is de ned as
follows Let beasetof se en es haplot pes ea h drawn fro , where
the alphabet . esa that ad its a if there
e ists a tree  with lea es that has the followin properties Ea h leaf of
is ni el labeled with a se en e fro , E er internal node in is
labeled with a se en e fro , and or ea h se en e position where
and for ea h , the set of nodes whose se en e labels ea h
ha ethes bol at position ,for s as btree of . hetree is said to be
a perfe t ph lo en for
s eld introd ed a haplot pe phasin proble that was oti ated b
st dies on the haplot pestr t reoftheh an eno ethatre ealthe eno e
to be in nat re sy , i.e., these st dies show that h an e
no i N an bepartitioned into lon blo s where eneti re o bination has
been rare, leadin to stri in 1 fewer distin t haplot pes in the pop lation than
pre io sl e pe ted. his obser ation to ether
with the standard pop lation eneti ass ption of in nite sites, oti ates a
odel of haplot pe e ol tion where the haplot pesin a pop lation are ass ed
toe ol ealon a oales ent, whi h as a rooted tree is a . nfor
all , this eans that ea h SN  han edfro a toa at oston ein this
rooted tree here we are ass in that isthe an estral state for a SN . his
oti ates the followin al orith i proble alled erfet h lo en Haplot p
in proble H ien enot pes of len th  ea h, does there e ist a set
of at ost haplot pes s h that ea h enot pe is e plained b a pair of
haplot pes fro ,and s hthat ad its a perfe t ph lo en
n , it was shown that the H proble  an be sol ed in pol no ial
ti eb red in it to a raph reali ation proble . he al orith r ns in
, where is the in erse er an f n tion, and hen e this ti e
bo nd is al ost linear in the inp t si e . he al orith alsob ilds a linear
spa e datastr t rethat represents all the sol tions, so that ea h sol tion an be
enerated in linear ti e. 1ltho h the red tion des ribed in is si ple and
the total r nnin ti e is nearl opti al, the al orith ta en as a whole is er
di It toi ple ent,pri aril d e tothe o ple it of the raph reali ation
0 ponent.
ollowin the wor in , additional al orith s ha e been proposed
to sol e the  H proble that are si pler, eas to pro ra and et still e
ient. hese al orith salsoprod elinear spa e data str t res to represent all
sol tions for the i eninstan e. ho hthe se itedi erent approa hes, the
al orith sin and ta e ti e n ,anon tri ial pper bo ndon
then Dber of H sol tions is also pro ed, showin that the n ber is astl
s aller than the n  ber of haplot pe sol tions when the perfe t ph lo en re
ire ent is not i posed f rther ore, a biolo i all appealin representation
is proposed that aids in is ali in the set of all sol tions. n , an approa h
is also pro ided to deal with parent hild enot pe data.



here are se eral interestin estions posed as a res 1t of the wor sof |
, . elist three of the here.

an the  H proble be sol ed in f so,
is a pra ti al al orith possible

e isesol tionsto deal with issin data
and errors in the inp t.

he abo e proble isi portant as real data, er often, ontains both iss
in data and errors. here are se eral dire tions that one o 1d p rs e here. or
e a ple,one o ldas the estion, anea h issin al e be set to one of
or so that the res ltin instan e has a perfe t ph lo en Iternati el , as
in ,one o ldst d the o ple it of the proble ofre o in a ini
n ber of enot pes so that the phasin of the re ainin enot pes ad its a
perfe t ph lo en .

hat is the o ple it of the prob

le when s all de iations fro the odel are allowed or
instan e, allowin for a s all n ber of re o bination e ents, an we still
phase the enot pese ientl in thisfra ewor llowin re o binatione ents
eans that the sol tionisnolon eratreeb tanetwor i.e.a raphwith les

he need to infer haplot pes dire tI fro  enot pes is based on the ass p
tion that biote hnolo ies for haplot pe deter ination are nli el to be a ail
able in the short ter . his a not be the ase. Vario s approa hes to sin le

ole lese en in ha e been des ribed re entl N and so e of these

a  at reto the point that phasin based solel on enot pe anal sisbe o es

nne essar .

n in rease in the rrent read len th inase en in rea tion to a
few tho sand basepairs, a e it possible to phase lar ere ionsofa hro oso e.
ss in thataSN o rse er basepairs, an fra ents will ontain
ltiple SN s. onsider a se en e asse bl ontainin fra ents
fro a sin le indi id al. f and di er in a SN , the st o e fro
di erent hro oso es.Li ewiseif ,and alsodi erin so eother SN ,the
o efro di erent hro oso es. Howe er, for a diploid or anis , this st

i pl that and o efro thesa e hro oso e, and we ha e therefore

the indi id al in this re ion see re .E en rrent te hnolo an

prod ereadsof o er basepairs, b reatin a apped read, where onl the
ends of the fra ent are a t all read,lea in alar e ap in the iddle.

or all , de ne a SN atri with rows representin fra ents, and

ol ns representin SN s. h s is the al e of SN in

fra ents . apped reads are odeled as sin le fra ents with aps in






SN s that in the ap. wo fra ents and on it if there e ists SN
s h that , and or ie ersa. Based on this, a SN

atri an be sed to de neafra ent on it raph .Ea hfra ent
is a node in . wo nodes are onne ted b an ed e if the ha e di erent
al esat a SN . tiseas to see that is bipartite in the absen e of errors.
n the presen e of errors, we an for late o binatorial proble s that in ol e
deletin a ini n ber of nodes poor alit fra ents, or ed es bad
SN alls, so that the res Itin raph is bipartite an be phased tri iall

n , ,the followin is shown

he ini fra entre o aland ini SN re o al proble s are
tra table if the nderl in  atri has the onse ti e ones propert ,i.e.,
there is no ap within a fra ent.

he are N hard in the ase of aps, e en when li ited to at ost one
ap per fra ent. he proble s are shown to be tra table nder a ed
para eter. hat para eter bein the total len th of apsin a fra ent.

he al orith sareth snot tra table for dealin with the ase offra ents with

aps, and it is an interestin open proble to desi n he risti s appro i ations
that i e ood res lts in pra ti e. So e bran h and bo nd he risti s were re
ported towor er well onrealandsi lated asse bl datain .Li

i e a statisti al refor lation of this proble

fairl i  ediate e tension to this proble ,is the proble ofsi Itaneo s

asse bl Itiple haplot pes. his will o r when st d in Itiploidal or
whensi ltaneo sl asse blin related or anis s. orpra ti al onsideration it

a beeasiertose en e ltiplerelated or anis ssi ltaneo sl ,fore a ple
to asse ble di erent strains of a ba teria si  ltaneo sl .

e ise an al orith for asse
blin ltiple haplot pes si ltaneo sl .

he haplot pe blo onje t re is that the eno e onsists of re ions of rel
ati el low re o bination rate, between whi h there is relati el hi h rate of
re o bination.

Se eral ethods ha e been s  ested for dete tin re o bination. he rst
and the ost basi ethod wass estb H dson and aplan who showed
that nder the in nite sites odel, if all fo r possible al es that a pair of
SN s an ta e are obser ed then re 0o bination between the pair is i plied.
drawba of this odelisitsla of rob stness,a enot pin erroror a iolation
of the in nite sites odel a i pl falsel dete tin are o bination.

ariet of alternate blo dete tion ethods ha e beens ested ,

,whi h 1 esi ilar and statisti all on ordant, b t not sa e blo s
None of the blo dete tion ethods has been shown to be onsistent, i.e. will

on er etothe tr e answer iens ient data.



e ise a onsistent al orith for dete tin hap
lot pe blo s.

i en a haplot pe blo dete tion ethod, the proble of ndin a parti
tionin of a hro oso einto blo s arises. his proble has been shown to be

sol able sin d na i prora in , . 1 enahaplot peblo partition
it is nat ral to as abo t the e ol tionar histor of the hro oso es. or in
on rrentl S hwart and onen a eane iental orith for

the haplot pe blo olorin proble , partitionin a hro oso e into blo s
and olorin se en estosi nif li el an estral se en esofea hse ent.
n the presen e of re 0 bination e ents, the e ol tionar histor of a set of

haplot pes an be odeled sin an R ,

n R foraset of haplot pesis a dire ted raph . node
represents a haplot pe either an estral or e tant an ed e

indi ates that 1is a parent of e i alentl , isa hild of . hasa spe ial

node desi nated as the root node . he lea es of are in bije tion with the
haplot pesin .Node isan ofnode e 1ialentl isa

of if is on the path fro to . raph has the additional propert that
ea hnode e ept for an ha e either one or two parents if a node has two
parents and , then it is the ase that is not an an estor of and is not
an an estor of

R sha ebeen sedin pop lation eneti sto st d tation rates, re o
bination rates, and ti e to the ost Reent o on nestor R ,

e ise al orith sforinferrin R s nder
realisti  odels.

or instan e, ass in the in nite sites odel leads to the erfe t h lo e
neti Networ inferen e proble

he R inferen e proble an also be iewed as a proble of o binin
trees to prod e a raph nder so e opti i ation riterion. hisis oti ated
b the on ept of haplot pe blo s. 1 en a set of haplot pes, one o Id se
so eblo dete tion al orith toinferblo s , , ,andthen onstr tan
e ol tionar treeforea hblo thesee ol tionar trees o ld thenbe o bined
to prod e a raph. or instan e, we o ld insist on a raph ontainin the

ini n Dberofed ess hthat ea htreeis as b raph of this raph.

he proble of sele tin infor ati es bsets of SN s is dire tI and indire tl
related to the haplot pe phasin proble . losel spa ed SN s are enerall
hi hl orrelated and hen e a s alln ber of SN sis s all s ient for
hara teri in a haplot pe blo . he haplot peta in approah a es
se of this fa t and starts b partitionin a hro oso einto a set of blo s and
ta in SN s are then sele ted within ea h blo . he sele tion SN s within



ea h haplot peblo anberela edto the test o er proble , , - 1ltho h
this proble isN hardinthen berof SN s,blo s,in pra ti e, ontain onl
afew SN s, a in the proble tra table.

Sin ea ne trale elof n ertaint isadded tothe SN sele tion proble b
rst partitionin a hro oso eintoblo sasa hro oso e annot onsistentl
be partitioned into haplot pe blo s . n alternate approa hista enin
where a  eas re for sele tin an infor ati e s bset of SN s in a blo free
odel is de eloped. he eneral ersion of this proble is N hard, b t there
e ist e ient al orith s for two i portant spe ial ases of this proble . or
ea h SN a set of SN sare de ned. or the ase when the SN s an
be ordered s h that the distan e eas redinn ber of SN s between a SN
and its predi ti e SN is bo nded b a onstant, , a al orith is
i en. nthe asewhen the predi ti e set ontainsonl SN s that pairwise obe
the predi ti e set obe s a perfe t ph lo en ondition, it is shown that a sin le
SN  an be predi ted sin ane ient al orith . he proble of predi tin a
set of SN s when the predi ti e set obe s a perfe t ph lo en ondition is open.

e iseane iental orith or
show that one does not e ist for predi tin a set of SN s when the predi ti e
set obe s a perfe t ph lo en ondition.

Both of the abo e entioned approa hesass e that SN s are sele ted fro
haplot pes. hisre iresthat either the haplot pes are nown or the haplot pes
ha e been inferred. nferrin the haplot pes rst ne essaril reatesane trale el
of n ertaint to the proble . ore interestin approa h wo 1d be to sele t
the SN s dire tI fro the enot pes.

e ise an al orith for sele tin infor
ati e SN s dire tl fro enot pe data.

si plisti  ethod for sol in this proble is des ribed in

s the end oal is enerall to se the SN s for dete tin disease an obje
ti e f n tion for sele tin the SN ssho ld onsider how li el it is that we will
dete t a SN i ena odel for how the disease is li el to be fo nd in the pop

lation. 0o onass ptionisthe o on disease o on ariant odel
for disease ,this odel howe eris rrentl nder disp te in the pop lations
eneti s o nit

hile the s bje t of haplot pe phasin ,orfre en inferen e a be of interest
on p rel statisti al and athe ati al ro nds, the desired end res 1t enerall
is an nderstandin of thei pli ations of eneti ariation in indi id al pathol
o ,de elop ent,et . ss h,these arian es are one part of a lar er set of
intera tions whi h in 1 de indi id al en iron ent, histor , and han e.
ltho h the edia often arries stories of enes a t all alleles bein
fo nd for so e pop lar diseases, biolo ists a ree that s h stories are rather the



e eption than ther le when it o es to disease a sation. tiss spe ted to be
ore the ase that an indi id als eneti ariations intera t with ea h other as
well as other fa torsine r iatin I o ple and sensiti e wa s.
he f t re open proble s of SN anal sis are those re ardin the intera
tions of eneti ariation with e ternal fa tors. S bstantial pro ressin  ltifa
torial testin , or a tailorin of rrent  Itifa torial testin to this settin , is
re ired if we are to see ani pa t of haplot pe anal sison h an health are.

ewo Idli etothan ar da s,Sa Broder, i helle ar ill, nd lar ,
ran is al sh, 1 seppe Lan ia, it La , R ssell S hwart , ran is o de la
Ve aand ie ater anfor an al able dis ssions on this s bje t.












