
Non-RedundantData Clustering

David Gondek ThomasHofmann
Departmentof ComputerScience,Brown University

Providence,RI 02912USA
f dcg,thg@cs.brown.edu

Abstract

Dataclusteringis a popularapproach for automatically
�nding classes,concepts,or groupsof patterns.In practice
this discovery processshouldavoid redundancieswith ex-
isting knowledge aboutclassstructuresor groupings,and
revealnovel,previouslyunknownaspectsof thedata.In or-
derto dealwith thisproblem,wepresentanextensionof the
informationbottleneck framework,calledcoordinatedcon-
ditional information bottleneck, which takes negative rel-
evanceinformation into accountby maximizinga condi-
tional mutualinformationscore subjectto constraints. Al-
gorithmically, one can apply an alternating optimization
schemethat canbeusedin conjunctionwith differenttypes
of numericandnon-numericattributes.We presentexperi-
mentalresultsfor applicationsin text miningandcomputer
vision.

1 Intr oduction

Data mining and knowledge discovery aim at �nding
concepts,patterns,relationships,regularities,andstructures
of interestin a given dataset. However, in practiceit is
ratheratypical to be facedwith dataaboutwhich nothing
is known already. More typically, someknowledgehasal-
readybeenacquiredin thepast,possiblythroughprecedent
knowledgediscoveryprocesses.Thegoalthenis morepre-
ciselyto minefor concepts,relationships,etc.thatwill aug-
menttheexistingknowledgeandthatarein somesensenon-
redundantandnovel, relative to the availablebackground
knowledge. This leadsto the generalproblemof how to
subtract or factor out thebackgroundknowledgein a prin-
cipled way, in orderto augmentit throughadditionaldata
miningandexploration.

We addressthis problem in an information-theoretic
framework thatmakesuseof theconceptof conditionalmu-
tual informationasits cornerstone.We proposeto quantify
theinformationor knowledgegainedby a dataminingpro-
cessin termsof how muchnew informationit addsabout

relevantaspectof ourdata,conditionedonthealreadyavail-
ableknowledge. It is this conditioningthat will provide a
well-foundedbasisfor the subtractionprocesswe alluded
to.

In this paper, we investigatethe importantproblemof
non-redundantdata clustering, which dealswith �nding
classesthatarein somesenseorthogonalto existingknowl-
edge. As far asthe form of this knowledgeis concerned,
our focusis on problemsthat involve conditioningon one
or moreattributesor propertiesof instances.This includes
conditioningon known classi�cationschemesasa special
caseof particularrelevance. Therearemany applications
andproblemsthatcanbesubsumedunderthis generalset-
ting, of which we enumeratea few hereto provide some
furthermotivation.

(i) Clusteringa setof documentsin a way thatdoesnot
overlapwith or recover known classi�cationschemes,but
ratherdiscoversnew ways in which to group documents.
For instance,news storiesmay beclusteredby geographic
region aswell asby topic. Assumingthat documentsare
annotatedby region, conditioningon this informationmay
be valuableto enforcea clusteringby topic. (ii) Cluster-
ing documentssuchthat the found clustersarenot corre-
latedwith theoccurrenceof certainterms.Usingtheabove
news storyexample,onemaywant to conditionon theoc-
currenceof certaingeographictermssuchascountryand
city namesto introduceabiasthatfavorsdocumentclusters
that arenot basedon geography. (iii) Groupingusersfor
which transactionaldatahasbeencollectedin a way thatis
not basedon certaindemographicattributes. For instance,
one may want to group usersin ways that are not corre-
latedwith strati�cations basedon genderor income. (iv)
Findingnon-dominantclusteringsolutionsin arbitrarydata
sets. By �rst �nding the dominantgroupingstructureand
by thenconditioningon thelatter, non-dominantclustering
alternativescanbediscovered.

While our methodcan be applied to theseand many
similar problems,our emphasisis on a commonmodeling
framework andon the derivation of a generaldatamining
methodology. We will only investigatespeci�c instantia-
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tionsin anexemplarymannerin theexperimentsection.

2 Relatedwork

Our contribution is in line with a numberof recentpa-
persthathavearguedin favor of dataminingtechniquesthat
areexploratory, andallow for userinteractionandcontrol
(e.g. [8]): Techniquesshouldallow usersto interactively
re�ne or modify queriesbasedon the resultsof previous
queries. They should furthermoreallow usersto specify
prior knowledgeandprovidefeedbackin orderto guidethe
search,both towardsdesiredsolutionsandaway from un-
desiredsolutions.Techniqueshavebeenpresentedfor tasks
rangingfrom constraineditemsetmining [1] to constrained
associationrulemining [8].

For theclusteringproblema varietyof constrainedclus-
tering techniquesexist. Constraintsmay take the form of
cluster aggregate constraints [12, 15], e.g. by constrain-
ing clustering solutions to equally-sizedclusters. An-
otherline of work hasfocusedoninstance-levelconstraints
[13, 6, 14]. As describedin [13], theseconstraintsarein-
formed by prior knowledgeof the desiredclusteringand
typically take the form of relationssuchasmust-linkand
cannot-linkwhich areenforcedbetweenpairsof instances.
This approachis extendedby [6, 14] which infer from
instance-level constraintsproximity matricesand formal
distancemetricsrespectively. The commontrait of these
approachesis theassumptionthatprior knowledgetakesthe
form of positiveinformationaboutcertaincharacteristicsof
adesiredclusteringsolution.

Constrainedclusteringtechniqueswhich take negative
informationin theform of informationaboutundesiredso-
lutions were�rst formulatedin [2]. Anotherconceptually
relatedframework hasbeenpresentedin [4]. We will post-
poneadetaileddiscussionof thesemethodsuntil theendof
thefollowing section.

3 Coordinated Conditional Inf ormation
Bottleneck

3.1 Preliminaries

ThemutualinformationI (A; B ) betweentwo (discrete)
randomvariablesA; B is de�ned as

I (A; B ) �
X

a

X

b

PAB (a; b) log
PAB (a; b)

PA (a)PB (b)
; (1)

wherethe sumsareover the respective samplespacesfor
A and B . We have utilized a genericnotationfor prob-
ability massfunctionsusing subscriptsinvolving random
variables. Alternatively and equivalently one may de�ne

mutualinformationvia conditionalentropiesasI (A; B ) =
H (A) � H (AjB ).

TheconditionalmutualinformationI (A; B jC) between
randomvariablesA; B given a randomvariableC canbe
de�ned as

I (A; B jC) � H (AjC) � H (AjB ; C) (2)

= I (A; B ; C) � I (A; C) :

3.2 Settingand notation

We use the following notation: x refers to objectsor
items, suchas documents,that shouldbe clustered,y to
featuresthatareconsideredrelevant,e.g.word occurrences
in documents,c to clustersof objects,and z to available
backgroundknowledge. UppercaselettersX ; Y; C; Z are
usedto denotethecorrespondingrandomvariables.To sim-
plify the presentation,we assumethat backgroundknowl-
edgeand featuresdependdeterministicallyon the object,
i.e.Y = Y (X ) andZ = Z (X ).

We work in a probabilistic setting, where objectsare
probabilisticallyassignedto clusters.Thegoalof dataclus-
tering is thusto �nd a stochasticmappingPC jX of objects
x to clustersc 2 f 1; : : : ; kg, wherethenumberof clustersk
is assumedto begiven.HerePC jX refersto theconditional
distribution of C given X , i.e. PC jX (cjx) – or P(cjx) for
short– denotestheprobabilityof assigningobjectx to clus-
terc.

3.3 Conditional Inf ormation Bottleneck

Given a particularchoice for PC jX , we would like to
quantify the amountof informationpreserved in the clus-
teringabouttherelevantfeaturesY . However, wealsoneed
to take into accountthat we assumeto have accessto the
backgroundknowledgeZ . A naturalquantity to consider
is the conditionalmutual information I (C; Y jZ ). It de-
scribeshow much information C; Z convey jointly about
relevant featuresY comparedto the informationprovided
by Z alone. Findingan optimalclusteringsolutionshould
involvemaximizingI (C; Y jZ ).

In addition,we would like to avoid over-con�dencein
groupingobjectstogether. Clusterassignmentprobabili-
ties shouldre�ect the uncertaintywith which objectsare
assignedto clusters. One way to accomplishthis is to
explicitly control the fuzzinessof the stochasticmapping
PC jX . The latter canbe measuredby themutualinforma-
tion I (C; X ) betweenclusterand object identities. Here
I (C; X ) = 0, if objectsareassignedto clusterscompletely
at random,whereasI (C; X ) becomesmaximal for non-
stochasticmappingsPC jX . I (C; X ) also can be given a
well-known interpretationin termsof thechannelcapacity
requiredfor transmittingprobabilisticclusterassignments
overacommunicationchannel[11].



Combiningboth aspects,we de�ne the optimal cluster-
ing asthesolutionto thefollowingconstrainedoptimization
problem, the Conditional Information Bottleneck (CIB),
�rst introducedin [5]:

(CIB) P �
C jX = argmax

PC j X 2P
I (C; Y jZ ); where (3a)

P � f PC jX : I (C; X ) � Cmaxg: (3b)

Statedin plain English, we are looking for probabilistic
clusterassignmentswith a minimal fuzzinesssuchthat the
relevantinformationjointly encodedin C; Z is maximal.

3.4 Coordinated CIB

While the conditionalinformationre�ects muchof the
intuition behindnon-redundantdatamining, therestill is a
potentialcaveat in usingEq. (3): the de�nition of C may
lack global coordination. That is, clusteringsolutionsob-
tainedfor differentvaluesz maynot bein correspondence.
For instance,if Z cantake a �nite numberof possibleval-
ues,thenthemeaningof eachclusterc is relative to a par-
ticular valuez. Thereasonfor this is that I (C; Y jZ ) only
measurestheinformationconveyedby C andZ in conjunc-
tion, but doesnot re�ect how muchrelevantinformationC
provideson its own, i.e. without knowing Z . We call this
problemtheclustercoordinationproblem.

Oneway to formally illustratethat theCIB doesnot ad-
dressthecoordinationproblemis via the following propo-
sitionwhichwestateherewithoutproof.

Proposition 1. SupposeZ and C are �nite randomvari-
ablesandde�ne pre-imagesetsof Z by Xz = f x : Z (x) =
zg. Assumethat P �

C jX has beenobtainedaccording to
Eq.(3). Thenonecanchosearbitrary permutations� z over
C, one for every valuez of Z , and de�ne permutedclus-
ter assignmentsP �

C jX (cjx) � P �
C jX (� Z (x ) (c)jx) such that

P �
C jX is alsooptimalfor CIB.

Intuitively this propositionstatesthat by independently
renumbering(i.e. permuting)clusterlabelswithin eachset
Xz , theoptimalityof thesolutionis notaffected.

A solution to the CIB problem will effectively corre-
spondto a subcategorizationor a local re�nement of the
partition inducedby Z . Generally, however, one is more
interestedin conceptsor annotationsC that areconsistent
acrossthewholedomainof objects.We proposeto address
thisproblemby introducinganadditionalconstraintinvolv-
ing I (C; Y ). This yieldsthefollowing CoordinatedCondi-
tional InformationBottleneck (CCIB) formulation:

(CCIB) P �
C jX = argmax

PC j X 2P
I (C; Y jZ ); where (4a)

P � f PC jX : I (C; X ) � Cmax; I (C; Y ) � I ming: (4b)

With I min > 0 the CCIB favors clusteringsolutionsthat
obey someglobalconsistency acrossthesetsXz .

3.5 Alter nating optimization

The formal derivationof an alternationschemeto com-
puteanapproximatesolutionfor theCCIB is somewhatin-
volved,but leadsto very intuitive re-estimationequations.
As shown in the appendix,onecancomputeprobabilistic
clusterassignmentsaccordingto thefollowing formula:

P(cjx) / P(c) exp

"
�
�

X

y

P(yjx) logP(yjc)

#

(5)

� exp

"
1
�

X

z

P(zjx)
X

y

P(yjx; z) logP(yjc;z)

#

;

wherewe have droppedall subscripts,sincethe meaning
of theprobabilitymassfunctionsis clearfrom thenaming
conventionfor thearguments.Thescalars� � 0 and� � 0
areLagrangemultipliersenforcingthe two inequalitycon-
straints;their valuesdependon Cmax and I min. Notice that
P(yjc) andP(yjc;z) appearingon the right-handside of
Eq.(5) implicitly dependonP(cjx). However iteratingthis
equationis guaranteedto reacha �x edpoint corresponding
to a localmaximumof theCCIB criterion.

3.6 Relation to relatedwork

The CCIB formulation is an extensionof the seminal
work by Tishby et al. [11] on the information bottleneck
(IB) framework. Amongthedifferentgeneralizationsof IB
proposedsofar, our approachis mostcloselyrelatedto the
IB with sideinformation[2]. Oneway to formulatethelat-
ter is astheproblemof minimizing I (C; Z ) subjectto con-
straintson I (C; Y ) andI (C; X ). The main disadvantage
thatweseein thisprocedureis thedif�culty in adjustingthe
trade-off betweenminimizing redundancy betweenC and
Z expressedby I (C; Z ), andmaximizingrelevantinforma-
tion asexpressedby the lower boundon I (C; Y ). Notice
that the latter is problematic,sinceI (C; Y ) and I (C; Z )
may live on very differentscales,e.g. I (C; Y ) may scale
with the numberof relevant features,while I (C; Z ) may
scalewith the cardinality of the statespaceof Z . In the
CCIB formulation,this is taken into accountby condition-
ing on the side information Z in I (C; Y jZ ), which en-
forcesnon-redundancy withouttheneedfor anexplicit term
I (C; Z ) to penalizeredundancy.

The CIB methodfrom [5] is lessgeneralthanCCIB as
it requiresa seedsetof labeleddatain orderto addressthe
coordinationproblem. The CIB objective in Eq. (3a) may
alsobe justi�ed using the multivariateinformationbottle-
neck(MIB) framework [4]. Using theso-calledL (1) prin-
ciple, onemaydirectly derive (3a). Thederivationfollows
that of the parallel informationbottleneck,only using the
assumptionthat Z is known a priori. However, the coor-
dinationproblemis not addressedin [4]. In fact the MIB



formulationhasadistinctlydifferentgoalfrom theonepur-
suedwith theCCIB method.

4 Finite sampleconsiderations

Sofarwehave tacitly assumedthatthejoint distribution
PX Y Z is given. However, sincethis will rarelybethecase
in practice,it is crucial to be able to effectively dealwith
the �nite samplecase. Let us denotea samplesetdrawn
i.i.d. by Xn = f (x i ; yi ; zi ) : i = 1; : : : ; ng. We will �rst
clarify therelationshipbetweenCCIB andlikelihoodmax-
imization andtheninvestigateparticularparametricforms
for the approximatingdistribution, leadingto speci�c in-
stantiationsof thegeneralschemepresentedin theprevious
section.

4.1 Lik elihoodmaximization

A naturalmeasurefor the predictive performanceof a
modelis theaverageconditionallog-likelihoodfunction

L (Xn ) =
1
n

nX

i =1

X

c

PC jX (cjx i ) log P̂Y jC;Z (yi jci ; zi ) : (6)

Here P̂Y jC;Z is someapproximationto the true distribu-
tion. Thisamountsto atwo-stagepredictionprocess,where
x i is �rst assignedto one of the clustersaccordingto
PC jX (cjx i ) and then featuresarepredictedusing the dis-
tribution P̂Y jC;Z (yi jc;zi ). Asymptoticallyonegets

L (Xn ) n !1�� � �!
X

y ;z

PC;Y ;Z (c;y; z) logP̂Y jC;Z (yjc;z)

= � H (Y jC; Z ) � EC;Z

h
K L(PY jC;Z jj P̂Y jC;Z )

i
: (7)

Provided that the estimationerror (representedby the ex-
pected Kullback-Leibler divergence) vanishesas n !
1 , maximizing the log-likelihood with respectto PC jX

will thus asymptotically be equivalent to minimizing
H (Y jC; Z ) andthusto maximizingthe conditionalinfor-
mationI (C; Y jZ ).

The practical relevanceof the above considerationsis
that onecanusethe likelihoodfunction Eq. (6) asthe ba-
sisfor computinga suitableapproximationP̂Y jC;Z . For in-
stance,if the latter is parameterizedby someparameter� ,
thenonemaycomputetheoptimalparameter� � astheone
thatmaximizesL (Xn ).

4.2 Categoricalbackground knowledge

Let us focuson thesimplestcase�rst, whereZ is �nite
andits cardinalityis smallenoughto allow estimatingsep-
arateconditionalfeaturedistributionsPY jC;Z andPY jZ for

every combinationc, z andevery z, respectively. As dis-
cussedbefore,we canestimatethe above probabilitiesby
conditionalmaximumlikelihoodestimation.For concrete-
ness,we presentanddiscusstheresultingupdateequations
and algorithm for the specialcaseof a multinomial sam-
pling modelfor Y , which is of someimportance,for exam-
ple, in thecontext of text miningapplication.It is simpleto
derivesimilaralgorithmsfor othersamplingmodelssuchas
Bernoulli,normal,or Poisson.

Denoteby n ij observed featurefrequenciesfor the i -th
object and the j -th possibleY -value and by n i the total
numberof observationsfor x i . For instance,n ij may de-
note the numberof times the j -th term occursin the i -th
documentin thecontext of text mining. Thenwecande�ne
therelevantempiricaldistributionsby

P(yj jx i ) = P(yj jx i ; zi ) �
nij

ni
; P(zjx i ) � � (z; zi ): (8)

The maximumlikelihoodestimatesfor given probabilistic
clusterassignmentscanbecomputedaccordingto

P(yj jc) =

P n
i =1 P(cjx i )n ijP n
i =1 P(cjx i )n i

; (9a)

P(yj jc;z) =
P n

i =1 P(zjx i )P(cjx i )n ijP n
i =1 P(zjx i )P(cjx i )n i

; (9b)

P(c) =
1
n

nX

i =1

P(cjx i ) : (9c)

Theseequationsneedto be iteratedin alternationwith the
re-estimationequationin Eq. (5), wherethe sumover y is
replacedby asumover thefeatureindex j .

4.3 Continuous­valuedbackground knowledge

A more generalcaseinvolves backgroundknowledge
consistingof a vector z 2 Rd. This includessituations
whereZ might be a function of Y or might consistsof a
subsetof the features(cf. Section1). In order to obtain
an estimatefor P(yjc;z) onehasto �t a regressionmodel
that predictsthe relevant featuresY from the background
knowledgeZ for everycluster. If theresponsevariableY is
itself vector-valued,thenwe proposeto �t regressionmod-
elsfor every featuredimensionseparately.

The parametricform of theparametricregressionfunc-
tion dependson the type and samplingmodel of the fea-
ture variable Y . For instance,Y may be a multivariate
normal, a multinomial variable, or a vector of Bernoulli
variables. In order to cover most casesof interest in a
genericway, we proposeto useof the framework of gen-
eralized linear models(GLMs) [7]. Sincea detailedpre-
sentationof GLMs is beyond the scopeof this paper, we
only provide a brief outlineof what is involvedin this pro-
cess: We assumethat the conditionalmeanof Y can be



written as a function of C and Z in the following way
E[Y jC; Z ] = � (C; Z ) = h(h� ; � (C; Z )i ), whereh is the
inverselink function and � is a vector of predictorvari-
ables. Taking h = id resultsin standardlinear regression
basedon the independentvariables� (C; Z ), but a variety
of other(inverse)link functionscanbe useddependenton
theapplication.

In this generalcase,computingthequantitiesP(yjc) =
P(yjc; � ) and P(yjc;z) = P(yjc;z; � ) requiresto esti-
mate� and� by maximizingthelog-likelihoodcriterionin
Eq. (6). Thelattercanbeaccomplishedby standardmodel
�tting algorithmsfor GLMs, whichmaythemselvesbeiter-
ative in nature.

4.4 Deterministic annealing

We now addressthe issueof how to dealwith the free
parametersCmax and I min of the CCIB or – equivalently –
the Lagrangemultipliers � and � . Notice that the con-
straint I (C; Y ) � I min leadsto a Lagrangianfunction that
additively combinestwo (conditional)mutualinformations
I (C; Y jZ ) + �I (C; Y ). It is often more natural to di-
rectly set � which controls the trade-off betweencondi-
tional andunconditionalinformationmaximization. Since
the I (C; Y ) term hasbeenaddedto addressthe coordina-
tion problem,wewill in practicetypically chose� � 1.

The � parameterin Eq. (5) on the other handdirectly
controls the fuzzinessof the assignmentssuch that hard
clusteringsarecomputedin thelimit of � ! 0. We propose
to adjust� usinga well-known continuationmethodcalled
deterministicannealing[10]. This has two advantages:
Conceptually, non-zerovaluesfor � avoid over-con�dence
in assigningobjectsto clustersandthusaddressesthecru-
cial problemof over�tting in learningfrom �nite data.For
instance,we may choseto selecta value for � that max-
imizes the predictive performanceon someheld-outdata
set.

Thesecondadvantageis algorithmicin nature.Thepro-
posedalternatingschemeis sensitive with respectto the
choiceof initial values. As a result of that, convergence
to poorlocal optimamaybea nuisancein practice,a prob-
lem thatplaguesmany similar alternatingschemessuchas
k-meansandmixturemodeling.However, a simplecontrol
strategy that startswith high entropy clusterassignments
andthensuccessively lowerstheentropy of theassignments
hasproven to be a simple,yet effective tool in practiceto
improvethequality of thesolutionsobtained(cf. [10, 11]).
In analogyof aphysicalsystem,onemaythink of � in terms
of acomputationaltemperature.

We thusproposethe following scheme:Startingwith a
large enoughvalue for � = � 0, onealternatesthe update
equationsuntil convergence. Then one lowers � accord-
ing to someschedule,for instanceanexponentialschedule

mean opt
Algorithm Pr ecB Pr ecC Pr ecB Pr ecC

CIB 0.540 0.773 0.540 0.773
CCIB1 0.566 0.970 0.566 0.970
CCIB2 0.562 0.919 0.590 0.939

Table 1. Synthetic data results with 50 sample
sets and 10 random initializations on each.

�  b� with b < 1. Theprocessterminates,if thechosen
� leadsto a valuefor I (C; X ) that is closeto the desired
boundI max or if clusterassignmentsnumericallyreachhard
assignments.

5 Experimental results

5.1 Syntheticdata

We have generatedtest datasetswith binary features
y 2 f 0; 1gm wherem = 12. Two independentpartitionings
B andC with k = 2 areembeddedin the databy associ-
atingB with 8 of thefeaturesandC with 4 of thefeatures,
makingB the dominantpartitioning. Noise is introduced
by randomly�ipping eachbinary featurewith probability
pnoise = 0:1.

In theexperimentson syntheticdata,we investigatetwo
typesof backgroundknowledgeZ : the dominantclassi�-
cation itself Z = B (CCIB1) and the featuresassociated
with thedominantclassi�cation(CCIB2). For comparison,
we alsoconsiderZ = B whenthecoordinationtermis not
used(CIB). In all cases,aBernoulli distribution is assumed
for the featuresY . The resultsare summarizedin Table
1. Here'mean' denotestheaverageprecisionof individual
runs,whereas'opt' is the precisionobtainedby selecting
the bestout of 10 solutionsbasedon the CCIB criterion.
Discoveredand target clusteringhave beenalignedusing
anoptimalmatching.

Both algorithms,CCIB1 andCCIB2, recover the target
clusteringwith high accuracy, signi�cantly outperforming
CIB. TheCCIB1versionusingcategoricalsideinformation
slightly outperformstheGLM versionCCIB2,which is due
to thefeaturenoise.

5.2 Facedatabase

We considera set of 369 face imageswith 40 � 40
grayscalepixels and genderannotations. We performed
clusteringwith k = 2 clustersanda Gaussiannoisemodel
for the features. Initially, no backgroundknowledgewas
used. All of 20 trials converged to the sameclustering,
suggestingthat this clusteringis the dominantstructurein



C1 C2

Figure 1. Centr oids from initial clustering with
no side inf ormation.

C1 C2

Figure 2. Centr oids from second clustering
using initial clustering as side inf ormation.

the dataset. The precisionscorebetweenthe discovered
clusteringandthegenderclassi�cationwas0.5122,i.e. the
overlapis closeto random.Examiningthecentroidsof each
clusterin Figure1 showstheclusteringwhichwasobtained
partitionsthe datainto face-and-shoulderviews and face-
only views.

We thenintroducetheclusteringgeneratedfrom the�rst
attemptasbackgroundknowledgeandperformasecondat-
tempt.Theresultingprecisionscoreis substantiallyhigher,
at 0.7805. Confusionmatricesfor both clusteringsare in
Table2. Centroidsfor this clusteringare in Figure2 and
con�rm that the dominantstructurefound in the previous
attempthasbeenavoided, revealing lower-orderstructure
thatis moreinformativewith respectto gender.

initial clustering
female male

c1 140 144
c2 45 40
Precision= 0.5122

secondclustering
female male

c1 105 1
c2 80 183
Precision= 0.7805

Table 2. Confusion matrices for face data.

5.3 Text mining

We evaluateperformanceonseveralreal-world text data
sets. Eachmay be partitionedaccordingto either one of
two independentclassi�cation schemes.Experimentsare
performedusingeitheroneof theseclassi�cationschemes
asbackgroundknowledge.An algorithmis consideredsuc-
cessfulif it �nds a clusteringnot associatedwith theback-
groundknowledge,thatis similar to theotherclassi�cation
scheme.Documentsarerepresentedby termfrequency vec-
tors that areassumedto follow a multinomial distribution.
For all experimentsdescribed,� = 0:3 is usedandk is set
to thecardinalityof thetargetcategorization.

We use the CMU 4 UniversitiesWebKB data set as
describedin [3] which consistsof webpagescollected
from computersciencedepartmentsandhasaclassi�cation
schemebasedon pagetype: (`course',`faculty', `project',
`staff ', `student') as well sourceuniversity: (`Cornell',
`Texas', `Washington',`Wisconsin'). Documentsbelong-
ing to the`misc' and`other' categories,aswell asthe`de-
partment'category which containedonly 4 members,were
removed, leaving 1087pagesremaining. Stopwordswere
removed,numbersweretokenized,andonly termsappear-
ing in morethanonedocumentwereretained,leaving 5650
terms.

Additionaldatasetswerederivedfrom theReutersRCV-
1 newscorpuswhichcontainsmultiple labelsfor eachdoc-
ument. We �rst selecta numberof topic labelsTopic and
region labelsRegion andthensampledocumentsfrom the
setof documentshaving labelsf Topic� Regiong. Wetake
up to n documentsfrom eachcombinationof labels. For
easeof evaluation,thosedocumentswhichcontainmultiple
labelsfrom Topic or multiple labelsfrom Region wereex-
cluded.Weselectedlabelswhichwouldproducehighnum-
bersof eligibledocumentsandgeneratedthefollowingsets:
(i) RCV1-gmcat2x2:Topic = f MCAT (Markets),GCAT
(Government/Social)g andRegion = f UK, INDIA g: 1600
documentsand3295terms.(ii) RCV1-ec5x6:5 of themost
frequentsubcategoriesof the ECAT (Economics)and6 of
the most frequentcountrycodeswere chosen:5362doc-
umentsand4052 terms. (iii) RCV1-top7x9:ECAT (Eco-
nomics),MCAT (Markets)andthe5 mostfrequentsubcat-
egoriesof the GCAT (General)topic and the 9 most fre-
quent country codeswere chosen: 4345 documentsand
4178terms. As with the WebKB set,stopwordswerere-
moved,numbersweretokenizedanda termfrequency cut-
off wasusedto removelow-frequency terms.

Resultsof the CCIB methodon the text datasetsare
shown in Table3. It is interestingto notethat resultsim-
prove as setswith more categoriesare considered.In all
cases,thesolutionsfoundaremoresimilarto thetargetclas-
si�cation thantheknownclassi�cationalthoughthetaskap-
pearsto bemoredif�cult for theRCV1-ec5x6set.



Z = L1 Z = L2
Dataset P r ecL 2 I (C; L1) I (C; L2) time(s) P r ecL 1 I (C; L1) I (C; L2) time (s)
WebKB 0.2917 0.0067 0.0189 54.3 0.4735 0.2342 0.0085 61.5
RCV1-gmcat2x2 0.5516 0.0015 0.0107 12.5 0.9781 0.8548 0.0001 9.1
RCV1-ec5x6 0.1970 0.0792 0.3027 389.8 0.4189 0.2801 0.2296 519.6
RCV1-top7x9 0.2758 0.0224 0.1383 333.6 0.6076 0.4781 0.0074 183.2

Table 3. Results on text data sets averaged over 10 initializations for L1 = Topic/pa ge type , L2 =
Region/univer sity .
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Figure 3. WebKB results: adding labeled data

5.4 Semi­supervisedlearning

Up to this point, all experimentshave beenperformed
subjectto the assumptionthat no positive supervisedin-
formation is available. We now addressthe questionof
whether semi-supervisedlearning may be enhancedby
avoiding redundancy with backgroundknowledge. We as-
sumea small setof examplesis labeledaccordingto a de-
siredclassi�cation. Performanceis comparedagainstEM
augmentedwith a Naive Bayesmodel for labeleddata,as
describedin [9]. Labeleddatais incorporatedinto theCCIB
framework by �xing the correspondingC(x i ) for eachla-
beledinstancex i . Resultsfor varying amountsof labeled
dataperclassareshown in Figure3. Theresultsshow that
for theconsideredregime,usingsideinformationaboutun-
desiredclusteringscansigni�cantly improve theclassi�ca-
tion performance.In the �rst case,whereC = 'pagetype',
for proportionsof labeledinstancesgreaterthan0.04, the
CCIB methodhasperformanceslightly lessthanthatof EM
in �nding solutionssimilar to the target clustering. In the
secondcase,whereC = 'university', theCCIB methodsub-
stantiallyoutperformsEM overtheentirerangeconsidered.

5.5 Parameter sensitivity

Wehaveconductedaseriesof experimentsto investigate
the sensitivity of the resultson the parameters,most cru-
cially the relative weight � ensuringclustercoordination.
Dueto lack of space,we canonly reportthemainobserva-
tions. On syntheticdataaswell ason thetext datasets,we
havefoundtheprocedureto behighly robustwith respectto

variationsof � in a typical rangeof [0:2;1:0]. As expected,
toosmallvaluesfor � leadto solutionsthatlackglobalcoor-
dinationandfor valuesthataretoo large,theI (C; Y ) tends
to dominate.In comparison,we have veri�ed that theside
informationbottleneckof [2] is muchmoresensitive with
respectto thecorrespondingtuningparameter, with theop-
timal rangevaryingsigni�cantly acrossdifferentdatasets.

6 Conclusion

We have presenteda general information-theoretic
framework for non-redundantclusteringbasedon the idea
of maximizing conditionalmutual information relative to
given backgroundknowledge. We have pointed out the
clustercoordinationproblemand provided a way to deal
with it in theCoordinatedConditionalInformationBottle-
neck.A genericalternatingoptimizationandspecialinstan-
tiationsthereofhavebeenderivedanddiscussed,emphasiz-
ing theprinciplednatureof ourapproachaswell asits broad
applicability. Experimentsonsyntheticandreal-world data
setshaveunderpinnedthatclaim.
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Appendix

TheLagrangianof theCCIB problemis givenby

F = I (C; Y jZ ) � �I (C; X ) + �I (C; Y ):

We rewrite mutual informationsas (conditional) entropy
differencesandafterdroppingconstantterms,wearriveat

F 0 = � H (Y jC; Z ) � �H (C) + �H (CjX ) � �H (Y jC):

Weintroducecrossentropieswith auxiliaryparametersQC ,
QY jC , andQY jC;Z , non-negativeandnormalized.Now we



de�ne

~H (C) = �
X

c

PC (c) logQC (c) ;

~H (Y jC) = �
X

c;y

PC Y (c;y) logQY jC (yjc) ;

~H (Y jC; Z ) = �
X

c;y ;z

PC Y Z (c;y; z) logQY jC Z (yjc;z) ;

anda new objective

~F = � ~H (Y jZ; C) � � ~H (C) + �H (CjX ) � � ~H (Y jC) :

Theadvantageof ~F is that it is concave in PC jX for given
Q, sinceH (CjX ) is concaveandthe ~H termsarelinear in
PC jX . Moreover, ~F is alsoconcavein theQ parametersfor
givenPC jX , sincethelogarithmfunctionis concave.

More precisely the solutionsover Q can be obtained
as follows: First observe that the only ~H (C) dependson
QC , only ~H (Y jC) dependson QY jC , andH (Y jC; Z ) on
QY jC;Z . Dif ferentiating~F with respectto theQ parameters
andsettingto zeroresultsin QC = PC , QY jC = PY jC , and
QY jC;Z = PY jC;Z , asis straightforwardto prove (cf. [11],
Lemma2). Thesecorrespondto maximaof thefunction ~F
for givenclusteringprobabilitiesPC jX .

Finally, in orderto optimize ~F explicitly over the clus-
teringprobabilitiesPC jX onemakesuseof therelation

@
P

x PC X Y Z (c;x; y; z)
@PC jX (cjx)

= PX Y Z (x; y; z):

Setting to zero and accountingfor the normalizationof
PC jX onegets

P(cjx) / Q(c) exp

"
�
�

X

y

P(yjx) logQ(yjc)

#

� exp

"
1
�

X

z

P(zjx)
X

y

P(yjx; z) logQ(yjc;z)

#

;

wheresubscriptsof P andQ have beendroppedfor better
readability.

At a stationarypoint (correspondingto a maximumor
saddle-pointof ~F ) this canagainberewrittenmoresugges-
tivelyasacharacterizationof theresultingjoint distribution,
sincethereQ probabilitiesagreewith their P counterparts.
Theasymptoticconvergenceof thisschemeis asimplecon-
sequenceof thefact that ~F is reducedin every updateiter-
ationandthat is boundedfrom below. This maynot corre-
spondto aglobalmaximum,but it will ful�ll theoptimality
conditionsover thePC jX andQ subspacesseparately.
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