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Abstract. In this paper a rigorous mathematical framework ofdeterministic an-
nealingandmean-field approximationis presented for a general class of parti-
tioning, clustering and segmentation problems. We describe the canonical way to
derive efficient optimization heuristics, which have a broad range of possible ap-
plications in computer vision, pattern recognition and data analysis. In addition,
we prove novel convergence results. As a major practical application we present
a new approach to the problem of unsupervised texture segmentation which relies
on statistical tests as a measure of homogeneity. More specifically, this results in
a formulation of texture segmentation as apairwise data clusteringproblem with
a sparse neighborhood structure. We discuss and compare different clustering ob-
jective functions, which are systematically derived from invariance principles.
The quality of the novel algorithms is empirically evaluated on a large database
of Brodatz–like micro-texture mixtures and on a representative set of real–word
images.

1 Introduction
Theunsupervised segmentationof textured images is widely recognized as a difficult
and challenging computer vision problem. It possesses a multitude of important applica-
tions, ranging from vision–guided autonomous robotics and remote sensing to medical
diagnosis and retrieval in large image databases. In addition, object recognition, opti-
cal flow and stereopsis algorithms often depend on high quality image segmentations.
The segmentation problem can be informally described as partitioning an image into
homogeneous regions. For textured images one of the main conceptual difficulties is
the definition of a homogeneity measure in mathematical terms. Many explicit texture
models have been considered in the last three decades. For example, textures are often
represented by feature vectors, by the means of a filter bank output [1], wavelet coeffi-
cients [2] or as parameters of an explicit Markov random field model [3]. Feature–based
approaches suffer from the inadequacy of the metric utilized in parameter space to ap-
propriately represent visual dissimilarities between different textures, a problem which
is severe for unsupervised segmentation. It is an important observation [4], that the seg-
mentation problem can be defined in terms of pairwise dissimilarities between textures
without extracting explicit texture features.

Once an appropriate homogeneity measure has been identified, unsupervised texture
segmentation can be formulated as a constrained combinatorial optimization problem
known aspairwise data clustering[5], which is NP–hard in the general case. It is the
aim of this paper to develop practicable efficient optimization heuristics.
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Our approach to unsupervised texture segmentation is based on four cascaded de-
sign decisions, concerning the questions of image representation, texture homogeneity
measures, objective functions and optimization procedures.

1. We use aGabor waveletscale–space representation with frequency–tuned filters as
a natural image representation.

2. Homogeneity between pairs of texture patches is measured by anon–para-metric
statistical test applied to the empirical feature distribution functions of locally sam-
pled Gabor coefficients.

3. Due to the nature of the pairwise proximity data, we systematically derive a family
of pairwise clustering objective functionsbased on invariance properties to formal-
ize the segmentation problem. The objective functions are extended to sparse data
in order to achieve additional computational efficiency.

4. As an optimization technique we applydeterministic annealingto derive heuristic
algorithms for efficient minimization of the clustering objective functions.

This novel optimization approach combines advantages of simulated annealing with
the efficiency of a deterministic procedure and has been applied successfully to a vari-
ety of combinatorial optimization problems [6–10] and computer vision tasks [11,12].
The method is presented in a unifying way for a larger class of partitioning problems
and extend the pairwise clustering algorithm derived in [5] to sparse dissimilarity data.
To demonstrate the capability of this optimization approach, we present a rigorous
mathematical framework for the development of continuation, ‘GNC–like’ [13] algo-
rithms. This also clarifies the intrinsic connection between mean–field approximation
and Gibbs sampling [14]. Novel convergence proofs significantly extending [15] are
given.

2 Image Representation and Non–parametric Homogeneity
Measures

In the following we summarize some of the details specific to our texture segmentation
approach [16,17]. The choice of ascale spaceimage representation overcomes one of
the key difficulties in unsupervised texture segmentation, which is the detection of the
characteristic scale of a texture. Since natural textures arise at a wide range of scales,
scale space methods are a promising approach for texture segmentation and texture
classification. We choose a Gabor filter representation, as their good discrimination
properties for textures are well-known [1,18].

The idea of applying statistical tests to compare local feature distributions is due
to Geman et al. [4], where the Kolmogorov–Smirnov distance was proposed as a sim-
ilarity measure. We have intensively investigated additional non–parametric tests with
respect to their texture discrimination ability [16]. As a result throughout this work a
�2–statistic is used. To apply the test, the image is partitioned into overlapping blocks,
which are centered on a regular grid. For each such blockBi of sizen and each Ga-
bor channel1 � r � L the empirical distribution of Gabor coefficients(brs)1�s�n,
fri (t) = j ftk�1 � brs � tkg j=n, t 2 [tk�1; tk] ; is calculated, where(tk)0�k�M rep-
resents an appropriate binning. The dissimilarity between two blocks(Bi;Bj) with



respect to channelr is then given by

D
(r)
ij =

MX
k=1

�
fri (tk)� f̂r(tk)

�2
f̂r(tk)

; where f̂r(tk) =
fri (tk) + frj (tk)

2
: (1)

These values are finally combined to obtainDij =
PL

r=1D
(r)
ij . There are several ad-

vantages in using a statistical test in this context. First, the result of a statistical test is
directly interpretable in terms of statistical confidence and is largely independent of the
specific representation and the image domain. Second, the empirical distribution func-
tions of features preserve significantly more information than commonly used moment
statistics. Third, the problem of finding the appropriate metric in the feature space is
avoided.

To guarantee computational efficiency the evaluation of dissimilarity values for a
blockBi is restricted to a substantially reducedneighborhoodNi, jNij � N , where a
neighborhood systemN = (Ni)i=1;::: ;N , Ni � f1; : : : ; Ng is defined as an irreflex-
ive and symmetric binary relation. Notice, that long range interactions are essential to
correctly segment unconnected areas of identical textures [4].

3 Deterministic Annealing for Partitioning, Clustering and
Segmentation Problems

3.1 Partitioning and Clustering Problems

In this section we consider combinatorial optimization problems, where a set ofN ob-
jects is assigned to a certain number ofK groups or labels. In the texture segmentation
problem these ‘objects’ are image blocksBi and the labels represent different texture
types. If the number of distinctive classesK is known a priori, an assignment is simply
given by a total mapping� : f1; :::; Ng ! f1; :::;Kg, which we represent by indicator
functionsMi� 2 f0; 1g for each predicate�(i) = �. All assignments are summarized
in terms of a Boolean assignment matrixM 2 M, where

M =

(
M 2 f0; 1gN�K :

KX
�=1

Mi� = 1; 1 � i � N

)
:

Throughout this paper any functionH : M ! IR will be called anpartitioning ob-
jective functionor partitioning problem. In this work we focus on objective functions
that measure the intra–cluster compactness and depend only on the homogeneity of a
cluster. The simplest choice of a cost function, which corresponds to the one proposed
in [4], is the (unnormalized) standard graph partitioning cost function:

Hun(M) =

KX
�=1

NX
i=1

X
j2Ni

Mi�Mj�Dij : (2)

We adopt the principles ofinvariance with respect to additive shiftsandinvariance with
respect to rescalingof the dissimilarities as major guidelines to derive alternativenor-
malizedclustering objective functions. The most obvious advantage of shift invariance



is the independence on the origin of the dissimilarity function. Note thatHun is not
shift–invariant. For exampleHun applied to non–negative data as is typical for statisti-
cal tests favors equipartitionings, because the costs for a clusterC� scale quadratically
with the number of assigned blocks. In the opposite case, the formation of large clusters
is favored. Indeed, it has been noticed [4], that the data have to be shifted adequately in
order to obtain plausible segmentations. However, if a large number of different textures
exists in an image, it is often impossible to globally shift the data, such that all textures
are well-discriminated by the objective functionHun. We have empirically verified these
arguments in our simulations.

Under weak additional regularity assumptions it has been shown [16], that only four
shift– and scale–invariant cost functions for sparse dissimilarities exist, which measure
intra–cluster compactness.

1. Two normalized objective functions which are equivalent for complete neighbor-
hoods combine average homogeneities proportional to the cluster size.

Hno(M) =
KX
�=1

NX
i=1

Mi�

P
j2Ni

Mj�DijP
j2Ni

Mj�

; (3)

Hnc(M) =

KX
�=1

"
NX
i=1

Mi�

# PN

i=1

P
j2Ni

Mi�Mj�DijPN

i=1

P
j2Ni

Mi�Mj�

: (4)

2. In addition, there are two normalized objective functions, which combine homo-
geneities independent of the cluster size. Again, both versions are equivalent for
complete neighborhoods.

Hsno(M) =

KX
�=1

NX
i=1

Mi�PN

i=1Mi�

�

P
j2Ni

Mj�DijP
j2Ni

Mj�

; (5)

Hsnc(M) =

KX
�=1

PN
i=1

P
j2Ni

Mi�Mj�DijPN
i=1

P
j2Ni

Mi�Mj�

: (6)

There are two properties, which distinguish the four cost functions. The first property
is only induced by the sparseness of the neighborhood system and vanishes in the com-
plete data limit. It concerns the question, whether every object in a cluster should have
the same influence on the total costs (Hno andHsno) or whether the contribution should
be proportional to the number of known dissimilarities in the assigned cluster (Hnc and
Hsnc). For the typical neighborhood size used in the segmentation application this dif-
ference turns out to be of minor importance. The second property is fundamental, since
it concerns the way cluster compactness measured for single clusters is summed up to
give the total clustering costs. Cluster homogeneities can either be weighted with the
cluster sizes (Hno;Hnc) or combined irrespective of their size (Hsno;Hsnc). The later
has the tendency to create small clusters, because it is always simpler to find clusters of
higher homogeneity with few objects. For this reason, we propose to utilize prior costs
to penalize unbalanced data partitionings. In addition, taking advantage of the fact that
image segments for natural scenes are expected to form connected components, we also



include a topological prior,

Hpr(M) = �s

KX
�=1

 
NX
i=1

Mi�

!2

+ �t

KX
�=1

NX
i=1

Mi�

X
j2Ti

(1�Mj�) ; �s; �t 2 IR+: (7)

HereTi denotes a topological neighborhood ofBi, e.g., the four–connected neighbor-
hood of image blocks left, right, above and below ofBi. More complex topological pri-
ors to forbid small and thin regions can be introduced by hard constraints as proposed
in [4], but additional constraints restrict the development of efficient optimization al-
gorithms. For this reason, we decided to extend the optimization by a post-processing
stage, where the clustering solution is used as an initial configuration for an MRF–
model to find a valid image partitioning respecting all constraints.

3.2 Principles of Deterministic Annealing

In recent years the stochastic optimization strategySimulated Annealinghas become
popular to solve image processing tasks [14]. The random search is modeled by an
inhomogeneous discrete–time Markov chain(M(t))t2IN , which stochastically samples
the solution space. Since the configuration space for partitioning problems naturally
decomposes into single site configurationsM =

N
iMi, we focus on a restricted

class oflocal algorithms, that perform only state transitions between configurations,
which differ in the assignment of at most one site. Denote by~M� = si (M; e�) the
matrix obtained by substituting the i–th row ofM by the unity vectore�. For conve-
nience we introduce asite visitation scheduleas a mapv : IN ! f1; : : : ; Ng fulfilling
limU!1# ft � U : v(t) = ig ! 1 for all i. A sampling scheme known as theGibbs
sampler[14] is advantageous, if it is possible to efficiently sample from the conditional
distribution at sitev(t), given the assignments at all other sitesfj 6= v(t)g. For a given
site visitation schedulev the Gibbs sampler is defined by the non–zero transition prob-
abilities

St (si (M; e�) ;M) =
exp [�H (si (M; e�)) =T (t)]PK
�=1 exp [�H (s(M; e�)) =T (t)]

; i = v(t) : (8)

The site visitation schedule guarantees the irreducibility of the Markov chain. For a
constant temperatureT = T (t), the Markov chain defined by (8) will converge towards
its equilibrium distribution, which is theGibbs distribution

PH(M) =
1

ZT
exp(�H(M)=T ); ZT =

X
M2M

exp(�H(M)=T ) : (9)

Formally, denote byPM =
�
P :M! [0; 1] :

P
M2M P (M) = 1

	
the space of prob-

ability distributions onM and by

FT (P ) = hHiP � TS (P) =
X
M2M

P (M)H(M) + T
X
M2M

P (M) logP (M) (10)

the generalized free energy, which plays the role of an objective function overPM.
For arbitrary partitioning problemsH the Gibbs distributionPH minimizes the gen-
eralized free energy, i.e.,PH = argminP2PM FT (P ): The basic idea of annealing



is to use Gibbs sampling, but to gradually lower the temperatureT (t), on which the
transition probabilities depend. For the zero temperature limit a deterministic local op-
timization algorithm known asIterative Conditional Mode(ICM) [19] is obtained. Both
algorithms are used for benchmarking in the segmentation experiments.

After a transient phase, a stochastic search according to a Markov process samples
from the canonical Gibbs distribution. Gibbs expectation values for random variables
X(M) can thus be approximated by ergodic time–averages. The main disadvantage is
the fact that stochastic techniques can be extremely slow. On the other hand, a slow
annealing will often produce solutions of a very high quality, while gradient based
methods are very sensible to (bad) local minima. An approach, known asDeterminis-
tic Annealing(DA), combines the advantages of a temperature controlled continuation
method with a fast, purely deterministic computational scheme.

The key idea of DA is to calculate the relevant expectation values of system pa-
rameters, e.g., the variables of the optimization problem, analytically. In DA a combi-
natorial optimization problem with objective functionH overM is relaxed to a fam-
ily of stochastic optimization problems with objective functionsFT over a subspace
QM � PM. Obviously, the discrete search spaceM can be canonically embedded in
PM by the injective mappinge :M! PM, wheree(M) = PM is defined as the Dirac
distribution atM. In order forQM to be a true relaxation we demande(M) � QM.
The subspaceQM, which we will discuss in the context of partitioning problems, is the
space of all factorial distributions given by

QM =

(
Q 2 PM : Q(M) =

NY
i=1

KX
�=1

Mi�qi� ; 8M 2M

)
: (11)

QM is distinguished from other subspaces ofPM in many respects. First, the dimen-
sionality ofQM increases only linearly withN . Second, an efficient alternation algo-
rithm exists for a very general class of objective functions, which converges towards a
local minimum ofFT in QM. Third, in the limit ofT ! 0 solutions to the combina-
torial optimization problem can be recovered, which are locally optimal with respect to
single site changes [16].

While we recover the original combinatorial problem forT ! 0, the generalized
free energyFT becomes convex at high temperatures, since the entropyS is convex.
FurthermoreFT also becomes convex overQM for sufficiently largeT (cf. Theo-
rem 4). ThusFT is an entropy–smoothed version of the original optimization problem,
where more and more details of the original objective function appear asT is lowered.
In DA a solution is tracked from high temperatures, whereFT is convex, to low tem-
peratures, where the minimization ofFT becomes as hard as minimizingH overM.
This approach relies on the possibility of minimizing the generalized free energy over
QM. For the unrestricted case ofQM = PM we know, that the solution is the tem-
perature dependent Gibbs distributionPH. As a consequence, DA will only result in a
tractable procedure forPM, if an explicit summation overM can be avoided, since the
calculation of assignment probabilities would require an exhaustive overall evaluation
of H. In this perspective, the relaxation to factorial distributions is an approximation
of a continuation method, which is intractable inPM. The approximation accuracy can
be expressed by the cross entropyI (QjjPH), which is automatically minimized by
minimizingFT overQM, asFT (Q) = 1

T
[I (QjjPH)� logZT ] for all Q 2 PM.



There is a strong motivation for the maximum entropy framework. First, maximiz-
ing the entropy yields the least biased inference method beingmaximally noncommittal
with respect to missing data[20]. Second, the maximum entropy probability distribu-
tion changes the least in terms of theL2 norm if the expected costshHi are lowered or
raised by changes of the temperature [21], which stresses the robustness of this infer-
ence technique. We conclude that a stochastic search heuristic, which starts with a large
noise level and which gradually reduces stochasticity to zero, should ideally follow the
trajectory defined by the family of Gibbs distributions with decreasing temperature.

3.3 Mean–Field Approximation

Now we concentrate on the space of factorial distribution. The resulting scheme is
known asmean–field approximation. We will use the more specific termMean–Field
Annealing(MFA) instead of DA, ifPH 62 QM. A factorial distributionsQ can be
transformed into the Gibbs normal form.

Q(M) = exp

"
�
1

T

NX
i=1

KX
�=1

Mi� (�T log qi�)

#
: (12)

Thus, factorial distributions could alternatively be defined by Gibbs distributions with
linear Hamiltonians of the typeH0(M) =

PN

i=1

PK

�=1Mi�hi� ;wherehi� 2 IR are
N �K variational parameters, which are often calledmean–fieldsby physical analogy.
The most important relations for factorial distributions are summarized in the following
proposition, the proof of which can be found in [16].

Proposition 1. LetH0(M) be a linear partitioning objective function. Denote byQ =
PH0 the associated Gibbs distribution.

1. The partition function and the free energy are given by

Z0
T =

NY
i=1

KX
�=1

exp [�hi�=T ] ; F0
T = �T

NX
i=1

log
KX
�=1

exp [�hi�=T ] :

2. An equivalent reparametrization ofQ according to (11) is obtained by

qi� = hMi�iQ =
@F0

T

@hi�
=

exp
�
� 1
T
hi�
�

PK

�=1 exp
�
� 1
T
hi�
� :

The inverse transformation is only unique up to an additive constant and is given
by hi� = �T log qi� + ci, whereci is arbitrary. Thus the parametersqi� can be
identified with theQ–averageshMi�i.

3. All correlations w.r.t.Q vanish for assignment variables at different sites, e.g.,

hMi�Mj�iQ = hMi�iQhMj�iQ; � 6= � : (13)

Calculating stationary conditions from (10), a system of coupled transcendental, so–
calledmean–field equations, is obtained, which can be efficiently solved by a conver-
gent iteration scheme. For factorial distributions the equation system takes the following
general form.



Proposition 2. LetH be an arbitrary partitioning cost function. The factorial distribu-
tionQ� 2 QM, which minimizes the generalized free energyFT overQM, is charac-
terized by the stationary conditions

h�i� =
@hHiQ�

@qi�
=

1

q�i�
hMi�HiQ� : (14)

3.4 Mean–Field Equations and Gibbs Sampling

There is a tight relationship between the quantitiesgi� = H (si (M; e�)) involved in
implementing the Gibbs sampler in (8) and the mean–field equations. Rewriting (14)
we arrive at

h�i� =
X
M2M

Mi�

q�i�
H(M) Q�(M) =

X
M2M

H(si(M; e�)) Q
�(M) : (15)

This proofs the following theorem.

Theorem 3. The mean–fieldsh�i� are aQ–averaged version of the local costsgi� . Thus
Q� is characterized by

q�i� =
exp

�
� 1
T
h�i�
�

PK

�=1 exp
�
� 1
T
h�i�
� ; h�i� = hgi�iQ� : (16)

This relationship can be further clarified by the Markov blanket identity, also known as
the Callen equation [5].

hMi�iPH =
1

ZT

X
M2M

Mi� exp [�H(M)=T ] =

*
exp [�gi�=T ]PK
�=1 exp [�gi�=T ]

+
PH

: (17)

The Markov blanket identity is a relation between Gibbs expectations, corresponding to
the probabilistic equation of the Gibbs sampler in (8) at equilibrium. From this perspec-
tive, the mean–field approximation is seen to be equivalent to a two step approximation,
which interchanges the averages with the non–linearity in (17) and neglects fluctuations
in averaging the exponents.

3.5 Convergence of Mean–Field Annealing

Theorem 3 implies an optimization procedure, which converges to a local minimum of
the generalized free energy.

Theorem 4. For any site visitation schedulev and arbitrary initial conditions, the fol-
lowing asynchronous update scheme converges to a local minimum of the generalized
free energy (10):

qnew
i� =

exp
�
� 1
T
hi�
�

PK

�=1 exp
�
� 1
T
hi�
� ; where hi� = hgi�iQold and i = v(t) : (18)

FurthermoreFT is strictly convex overQM for T sufficiently large.



A proof can be found in [16]. Notice, that the variableshi� are only auxiliary param-
eters to compactify the notation. The update scheme is essentially a non-linear Gauß–
Seidel relaxation to iteratively solve the coupled transcendental equations. For polyno-
mial H it is straightforward to compute the expectations of the Gibbs–fields because
of Proposition 1.2 and 1.3. The convergent update scheme together with the convex-
ity for large T leads to a GNC–like [13] algorithm, a result which does not extend to
non–binary MFA-algorithms in general [22].

MFA Algorithm

INITIALIZE qi� randomly, temperature T  T0;
WHILE T > TFINAL

add a small random perturbation to all qi� ;
REPEAT

generate a permutation � 2 SN ;
FOR i=1,...,N

update all q�(i)� according to (18);
UNTIL converged ;
T  � � T; 0 < � < 1;

END

3.6 Gibbs Sampling and Deterministic Annealing for Pairwise Clustering

To efficiently implement the Gibbs sampler one has to optimize the evaluation ofH
for a sequence of locally modified assignment matrices. It is an important observation
that the quantitiesgi� only have to be computed up to an additive shift, which may
depend on the site indexi, but not on�. The choice ofgi�(M) = H (si (M; e�)) �
H (si (M; 0)) leads to compact analytical expressions, because the contributions of the
reduced system without sitei are subtracted.

Following Theorem 3 the problem of calculating the mean–fieldshi� is reduced
to the problem of Q–averaging the quantitiesgi� . The main technical difficulty in cal-
culating the mean–field equations are the averages of the normalization constants. Al-
though every Boolean function has a polynomial normal form, which would in princi-
ple eliminate the denominator, to avoid exponential order in the number of conjunctions
some approximations have to be made. We do this by independently averaging the nu-
merator and the normalization in the denominator. Using Proposition 1.3 this leads to
hi�(M) = gi�(hMi), which is exact in the limit ofT ! 0, since the susceptibilities
hMi�i(1 � hMi�i) vanish exponentially fast at low temperatures. The approximation
quality as well as an efficient implementation by proper book–keeping is further dis-
cussed in [16]. As an example we explicitly display the result for the cost function
Hnc. WithQ�i� =

P
j 6=i

P
k2Nj ;k 6=i

hMj�ihMk�i andQ+
i� = Q�i�+2

P
j2Ni

hMj�i we
obtain

hi� =
2

Q+
i�

X
j2Ni

hMj�iDij �
2
P

j2Ni
hMj�i

Q+
i�Q

�
i�

X
j 6=i

X
k2Nj ;k 6=i

hMj�ihMk�iDjk : (19)



Fig. 1.Typical segmentation result withK = 5: (a) Randomly generated image. (b) Segmentation
on the basis of the normalized costsHno. (c) Misclassified blocks (depicted in black).

Fig. 2. Typical segmentation result withK = 16: (a) Randomly generated image. (b) Segmenta-
tion on the basis of the normalized costsHnc. (c) Misclassified blocks (depicted in black). For
the segmentation an average neighborhood size ofjNij = 300 was used.

4 Results

To empirically test the segmentation algorithms on a wide range of textures we se-
lected a representative set of 40 Brodatz–like micro–patterns. From this collection a
database of random mixtures of size 512x512 pixels, containing 100 entities of five tex-
tures (as depicted in Fig. 1(a)) was constructed. All segmentations are based on a filter
bank of twelve Gabor filters at four orientations and three octave scales. Each image
was divided into 64x64 overlapping blocks of size 16x16 pixels each. Dissimilarities
have been evaluated for an average neighborhood size ofjNij = 80, including the
four–connected neighborhood in the image. Typical segmentation examples using the
normalized cost functions are shown in Fig. 1 and 2. It has been empirically verified that
the algorithms are insensitive to variation of parameters such as neighborhood size or
cooling schedule, which were chosen conservatively. Typical run–times on a Sun Ultra-
Sparc are about 3 minutes for the clustering stage. The used database and additional
examples are available via World Wide Web (WWW).

The first question, which is empirically investigated, addresses the problem of how
adequate texture segmentation is modeled by the extracted proximity data and the pre-
sented cost functions. Figure 3 shows the distribution of misclassified blocks. The dis-
tributions for the other normalized cost functions under examination are similar. For
Hno a median segmentation error rate as low as 2.83% (6.84% before post-processing)



Fig. 3. Empirical density of the percentage of misclassified blocks for the database with five
textures each: before (a) and after (b) post-processing. The diagram depicts the results achieved
for the normalized cost functionHno with the MFA algorithm.

Fig. 4. Segmentations for two example images obtained byHun for several data shifts. From
the left segmentations with a mean dissimilarity of�0:05; 0; 0:05; 0:1; 0:15; 0:2 and0:25 are
depicted. Segments start collapsing for negative shifts. For large positive shifts the obtained seg-
mentations become random, because the sampling noise induced by the random neighborhood
system dominates the data contributions.

was obtained, which was only beaten by theHnc cost function with a median error of
2:65% (7.12% before post-processing). ForHsnc the error was3:56% (7:50%). Hsno

was excluded from the empirical investigations, because the MFA and Gibbs sampling
implementation is inefficient compared toHsnc and the quality differences are expected
to be marginal. We conclude, that in most cases the normalized cost functions based
on a pairwise data clustering formalization capture the true structure. As can be seen
in Fig. 1 (c) the misclassified blocks mainly correspond to errors at texture borders.
The post-processing step improves the segmentations by a significant noise reduction.
The unnormalized cost functionHun severely suffers from the missing shift–invariance
property as shown in Fig. 4. Depending on the shift the unnormalized cost function
often misses several full texture classes. As seen in Fig. 4 (b) there may not even exist
any parameter value to find all five textures. Even worse the optimal value depends on
the data at hand and varies for different images. With the unnormalized cost function
Hun we achieved a median error rate of3:86% (9:50% before post-processing) after ex-



Fig. 5.The empirical density of the cost difference/misclassification rate of deterministic anneal-
ing versus the ICM algorithm (a)/(c) and versus the Gibbs sampler (b)/(d).

tensive tuning to find the appropriate data shift. A further deterioration on images with
largely varying texture sizes was observed.

Another important question concerns the quality of the MFA algorithm as opposed
to stochastic procedures. The quality of the proposed clustering algorithm was evaluated
by comparing the costs of the achieved segmentation with the deterministic ICM algo-
rithm and with Gibbs sampling. Exemplary for the normalized cost functions the cost
differences forHnc using MFA versus ICM (Fig. 5(a)) and MFA versus Gibbs sampler
(Fig. 5(b)) are depicted. Compared with the ICM algorithm a substantial improvement
has to be noted, since the ICM algorithm gets frequently stuck in bad local minima. For
the comparison with the Gibbs sampler we decided to use the same number of updates
for both MFA and Gibbs sampling, although the running time for the Gibbs sampler is
slightly superior. As depicted in Fig. 5 MFA yields much better results. In the few cases
where the other algorithms yield better solutions the achievements are insignificantly
small. We have also compared the algorithms w.r.t. the percentage of misclassifications
instead of energy, see 5 (c),(d). The better optimization procedure leads to substantial
improvements in the segmentation quality, which is not trivial, as the global optimum
of the cost function does not necessarily correspond to the ground truth segmentation.

To visualize the annealing process, we have taken the example displayed in Fig. 1
and show solutions with different number of effective clusters [7] at different temper-
atures. Obviously we obtain more information than just a single image segmentation.
ForK = 5 effective clusters the decrease of the mean energy starts to flatten and no
phase transition occurred for the maximal range of� 0:02 units. This information can
be used to decide upon the question of the optimal number of clusters.
To demonstrate the applicability of the presented MFA algorithm forHnc to real–world
images we performed tests on three types of images. An important application is the



Fig. 6. Mean energyhHnci and effective number of clusters as a function ofT .

segmentation of Synthetic Aperture Radar (SAR) images. In Fig. 7 the segmentation
into three texture classes of a SAR image is depicted. The achieved segmentation is
both visually and semantically correct. Mountains, valleys and plain areas are well–
separated. Even small valley structures are detected. A second interesting class of im-
ages are aerial images, as many aerial images contain texture–like structures as for
example seen in Fig. 8, where an aerial image of San Francisco is segmented. The
solution forK = 8 is visually satisfying. Tilled area and parks as well as water are
well–discriminated. A third class of applications for texture segmentation are indoor
and outdoor images, which contain textured objects. Unsupervised segmentation has
important applications in autonomous robotics and the presented algorithms are cur-
rently implemented on the autonomous robot RHINO [23]. An example image of a
typical office environment is presented in Fig. 9. Untextured parts of the image are
grouped together irrespective of their absolute luminance and the discrimination of the
remaining three textures is very plausible.

5 Discussion

The main contribution of the paper with respect to the development of efficient and
scalable optimization algorithms is the rigorous mathematical framework for applying
the optimization principle of deterministic annealing to arbitrary partitioning problems.
Also guided by physical insight the framework has been developed from a purely al-
gorithmic perspective to construct efficient GNC–like continuation methods with guar-
anteed convergence. The canonical way to obtain mean–field equations as well as an
efficient implementation of Gibbs sampling for the proposed objective functions have
been presented. The intrinsic connection with the Gibbs–sampler has been exploited



Fig. 7.SAR image of a mountain landscape: (a) original image, (b) segmentation into three clus-
ters (�t = 0:01) without post-processing.

to derive efficient MFA–algorithms. The framework is general enough to adopt to a
broad range of other possible clustering and partitioning applications. For the problem
of unsupervised texture segmentation we have demonstrated that statistical tests are a
powerful technique for texture discrimination without the need of parametric assump-
tions or explicit texture models. Moreover, objective functions were derived which have
proven to be in very good agreement with ground truth data for an image database gen-
erated from a large collection of textures. In all these simulations covering a wide range
of image domains, we have been using the same algorithms without the need of param-
eter tuning or learning. This is the reason, why we consider our approach to beunsu-
pervisedin a strict sense. As is generally true for optimization approaches to computer
vision problems, this would nevertheless not be of practical use without the existence of
efficient optimization algorithms. Our derivation of a deterministic annealing algorithm
provides a solution to this problem. We strongly believe that deterministic annealing
algorithms for related computer vision problems can be derived along the same lines.
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