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�� Introduction

In this chapter� we consider a form of learning in which the system�
referred to as the controller� in the course of interacting with its envi�
ronment constructs a control law� referred to as a policy� that determines
for each state enncountered by the controller an action to perform in
that state� The objective is to construct an optimal policy� one that
maximizes a given measure of performance� The system does not� how�
ever� learn by being given examples of states and the optimal actions to
take in those states� Rather� the system performs actions in states and
is given feedback in the form of rewards� This type of learning is called
reinforcement learning�

Reinforcement learning is complicated by the fact that the reinforce�
ment in the form of rewards and punishments is often intermittent and
delayed� The controller may perform a long sequence of actions be�
fore receiving any reward� This makes it di�cult to attribute credit or
blame to actions when the reinforcement �nally is received� In chess or
checkers� reinforcement occurs in the form of lost pieces or lost games�
and the reason for losing a piece or a game is seldom completely due to
the last action taken before the loss� The problem of attributing credit
or blame in such circumstances is called the temporal credit assignment
problem� and any solution to the problems addressed in this chapter will
require a solution to this problem�
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The underlying problem addressed by the methods in this chapter in�
volves making a sequence of decisions over time� The policy constructed
by the controller represents a particular sort of plan that indicates the
best action to take in every possible state faced by the controller� While
the combinatorics involved in building and storing such a policy can be
considerable� we simplify the problem by considering restricted mea�
sures of performance� Rather than measuring performance in terms of
some function of sequences of states and actions of arbitrary length we
employ a �possibly weighted� sum of a function states and the actions
performed in those states� The result is a class of optimization problems
that have been shown to be tractable in cases in which the number of
states is not too large �Bellman� 	
����

�� Sequential Decision Making

We begin by describing a simple deterministic sequential decision mak�
ing problem of the sort we would like to solve using reinforcement learn�
ing� Characterized as a decision problem� the input consists of

� a set of states� X � referred to as the state space�

� a set of actions� U � referred to as the action space�

� a set of time points� T �

� a state transition function� f 
 X � U � X � such that

x�t� 	� � f�x�t�� u�t���

where x�t� and u�t� indicate the state and action at time t � T � and
t� 	 indicates the immediate successor of t�

� a reward function� R 
 X � U � R�

The output is a policy function� � 
 X � U � maximizing some measure
of performance� For instance� we might choose � to maximize the value
function� V 
 X � R� where V � Vn for some particular n and Vn is
de�ned by the following recurrence�

Vi�x� � R�x� ��x��� Vi���f�x� ��x���
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for 	 � i � n� and

V��x� � R�x� ��x���

The parameter� n� is referred to as the lookahead and indicates to the
learning system that it need not account for the consequences of its
actions beyond n steps� For problems of inde�nite duration in which all
consequences are deemed important� we can approximate the optimal
policy for unlimited lookahead by allowing n���

In many of the cases we are interested in� the processes responsible for
the state transitions are stochastic� For the stochastic case� instead of a
state transition function� we have a set of state transition probabilities�

�x�x��u� � Pr�x�t� 	� � x�jx�t� � x� u�t� � u��

In describing stochastic a sequential decision making problem� we may
require a somewhat more complicated reward function� R 
 X�U�X �
R� accounting for the state� the action taken in that state� and the
resulting state� since the �rst two need not determine the third in the
stochastic case�

We de�ne the corresponding value function for n�step lookahead by
taking expectations over the immediate rewards and next states�

Vi�x� � Q�x� �
X

x��X

�x�x����x���Vi���x
���

for 	 � i � n� where

Q�x� �
X

x��X

�x�x����x��R�x� ��x�� x���

is referred to as the expected immediate �or quick� reward and V��x� �
Q�x���

In some cases� it is unrealistic to count consequences in the distant fu�
ture on an equal basis with more immediate consequences� For instance�
we may mistrust our ability to make accurate long�term predictions� or
future rewards may actually lose value due to some in�ationary process�

�� Here we follow the notational conventions of Bellman ������ and Howard ����	��
The notation for quick rewards should not be confused with the notation used
by Watkins ���
�� in describing his Q�learning method� In the next section� we
present Q�learning� using 
W� to indicate the function that Watkins indicates
with 
Q��
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Most biological organisms tend to discount longer�term rewards and fo�
cus on more immediate rewards� We can model this outlook on rewards
by adding a discounting factor to our value function�

Vi�x� � Q�x� � �
X

x��X

�x�x����x���Vi���x
����

where � � � � 	 is the discount rate�

Small variations in the discount rate can cause signi�cant changes in
the resulting optimal policy� For example� suppose an agent in state x�
can perform one of two actions� The �rst action� u�� with probability 	�
results in a reward of �	 and transition to state x�� The second action�
u�� with probability 	� results in a reward ���	 and a transition back to
x�� Furthermore� assume that V��x�� � �� When � is close to zero� the
agent� following the optimal policy� will perform action u� repeatedly�
it will never make the transition to x�� Conversely� when � is close to
	 the optimal policy dictates action u� resulting in a transition to x��
Generally� we choose � close to 	 in order to maximize the agent�s actual
reinforcement�

Unlike the learning approaches explored elsewhere in this book� the
systems considered in this chapter are not privy to a great deal of knowl�
edge about their environment� they have access to information about
the current state of the environment and are provided with feedback
in the form of rewards for performing particular actions in particular
states� From this state information and feedback� the system attempts
to interact with its environment so as to maximize some measure of
its reinforcement� Like some of the other systems considered in this
book� the systems considered here compile sets of rules� for reinforce�
ment learning the rules are of the form� if you are in state� x� perform
action� u� The systems described in this chapter are designed primarily
for learning how to control dynamical processes�

This chapter is not meant as a general survey of reinforcement learn�
ing methods� we are primarily interested in investigating one particular
method that has enjoyed some popularity of late due to its simplicity and
initial experimental success� However� a certain amount of background
is required in order to understand the method and its application� In the
following� we provide the essential background� A more comprehensive
treatment is available in �Dean � Wellman� 	

	��
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�� Techniques

If we are given the transition probabilities and rewards� it is possible
to construct the optimal policy directly without any interaction with
the environment� Bellman �	
��� provides an algorithm called value
iteration that constructs an optimal policy for the n�step lookahead
value function described earlier� Value iteration works by employing
a dynamic programming approach to compute the optimal policy for
k�step lookahead given an optimal policy for k�	�step lookahead� This
approach provides a solution to the temporal credit assignment problem
by accounting for future rewards in the assessment of prior actions�

For each k � 	� �� � � �� value iteration involves two computational
steps� The �rst step� called policy improvement� involves �nding the
optimal policy for k�step lookahead by choosing actions that maximize
the sum of the immediate reward and the value of the next state for
the optimal policy for k�	�step lookahead� The second step� called
value determination� involves computing the value function for the pol�
icy found during policy improvement� This iterative approximation
scheme is guaranteed to converge to a policy that is optimal for un�
limited lookahead as k � � �Bellman � Dreyfus� 	
���� Indeed the
value functions for k � 	� �� � � � need not be computed systematically�
the values for individual states can be updated in arbitrary order� As
long as all of the states are updated in�nitely often as the total number
of updates tends to in�nity� the estimated value function will converge
in the limit to the value function for the optimal policy �Watkins� 	
�
��

There are two basic approaches to building a controller for problems in
which the transition probabilities and rewards are not initially speci�ed�
In the �rst approach� the controller attempts to learn the transition
probabilities and rewards� and then constructs an optimal policy o�ine
using a method such as Bellman�s value iteration� We call this approach
the explicit�model approach and it is one of the standard methods used
in adaptive control �Goodwin � Sin� 	
���� In the second approach�
the controller attempts to learn an optimal policy by constructing an
evaluation function to use in selecting the best action to take when in a
given state� The controller constructs this evaluation function without
recourse to an explicit model for the system dynamics� and so� while the
system cannot predict what the state resulting from a given action will
be� it can determine whether that resulting state is better or worse than
the state resulting from any other action� We call the second approach
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the direct approach�

In the direct approach� the system can sample the distributions corre�
sponding to the state transition probabilities by performing experiments
in its environment� This observation suggests the following stochastic
sampling version of Bellman�s value iteration due to Watkins �	
�
��
Recall that value iteration is a technique that uses successive approxi�
mation to compute a value function that converges in the limit to the
value function for the optimal policy� The policy at each point in time
is determined by the actions that maximize the current estimate for the
optimal value function� Instead of learning a value function� stochastic
value iteration involves learning what are called action values corre�
sponding to the value of performing a given action in a particular state
assuming that thereafter the system always chooses the action whose
value is maximal� For the stochastic case with discounting� the action
values should ideally be determined by

W�x� u� �
X

x��X

�x�x��u�R�x� u� x�� � �
X

x��X

�x�x��u�V�x���

where the � used in the de�nition of V is

��x� � argmax
u

W�x� u��

In the direct approach� however� we do not have access to the transition
probabilities or rewards� and� hence� we must satisfy ourselves with an
approximation of the function representing action values�

In this chapter� we consider several methods for approximating func�
tions� All of these methods employ the same basic learning rule pre�
sented in the following� In general� we wish to learn some target func�
tion� y� by observing a sequence of pairs� each consisting of an input�
x� and the corresponding output� y�x�� Suppose that we are trying to
learn a constant function� y�x� � C� by observing a sequence of in�
put�output pairs of a function corrupted by some simple noise process�
For instance� let y��x�t�� � C � v�t�� where v�t� is a zero�mean� white
gaussian noise process� The sequence of input�output pairs is de�ned
by hx�t�� y��x�t��i for t � 	� �� � � �� We proceed by de�ning a sequence of
approximations� h�� h�� � � �� de�ned by the following update rule�

ht�� � ht � �t	t�

where the error term� 	t� is de�ned as

	t � y��x�t��� ht�
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and �t determines the learning rate of the update rule� For �t �
�

t
� ht

is guaranteed to converge to the value C as t��� This update rule is
called the least mean square �LMS� rule and is due to Widrow and Ho�
�	
���� Given a set of features corresponding to arbitrary functions
of the input� the LMS rule can be used to approximate any function
corresponding to a linear combination of these features�

Function approximation is somewhat more complicated in the case
of reinforcement learning in that the training data does not include the
output of the target function or even the noise�corrupted output of the
target function as in the example above� Instead the controller must
continually revise an estimate of the target function by sampling the
rewards provided in the course of interaction with the environment�

We can adapt the LMS rule to learning the value function for a �xed
policy as follows�

Vt���x�t�� � Vt�x�t�� � �t	t�

where in this case�

	t � �r�t� 	� � �Vt�x�t� 	����Vt�x�t���

and r�t� is the reward at time t� The quantity enclosed in the square
brackets is an estimate based on the latest sampled reward� In lieu of
the state transition probabilities� we make use of the only information
we have on hand in computing the error� namely the immediate reward
and next state� The rule for learning action values is quite similar�

Wt���x�t�� u�t�� � Wt�x�t�� u�t�� �

�t�r�t� 	� � �Vt�x�t� 	���Wt�x�t�� u�t����

where in this case�

Vt�x� � max
u

Wt�x� u��

In order to use action values to learn an optimal policy� we need an
exploration strategy for improving policies and learning action values�
If the controller always follows the best action as determined by the
current action values� then it will likely have an accurate estimate of
the action values for a particular policy� but it will not likely �nd the
optimal policy simply because by not deviating from the current best
actions it may never even try the optimal policy� On the other hand�
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Procedure SVI��� 
�
x � Random�X�
do forever

� � Random�fzj� � z � 	g�
if � � 


then u � argmaxuW�x� u�
else u � Random�U�

hx�� ri � Simulate�x� u�
W�x� u� � W�x� u�� ��r� �maxv W�x�� v��W�x� u��
x � x�

Figure ���� Stochastic value iteration

if the controller is always experimenting with alternative policies� then
the action values will never converge to an accurate estimate�

Figure 	�	 shows a simple algorithm� SVI� for stochastic value itera�
tion� The subroutine� Simulate�x� u�� takes a state and an action and
returns the next state and reward in accord with the state transition
probabilities and reward function� The subroutine� Random�s�� returns
a �pseudo� random element from the set s� The algorithm chooses the
current best action�as determined by the action values�a �xed per�
centage� 
� of the time� and chooses a random action the rest of the
time� The quantity� 	� 
� is the percentage of time that the controller
spends performing exploratory actions�

The SVI algorithm is appropriate for simple problems involving a
small number of discrete states and actions� For problems involving
larger state and action spaces� learning can be painfully slow without
some mechanism for compactly representing and generalizing action val�
ues�

In its simplest form� we are attempting to learn W� a mapping from
X�U � R� If X and U are continuous and W is piecewise smooth �i�e��
small changes in X and U produce correspondingly small changes in R��
then we can employ techniques from regularization theory �Tikhonov�
	
� � Poggio � Girosi� 	
�
� that exploit smoothness in order to facil�
itate generalization� In the following� we describe one such technique
that employs hashing to map a large space into a signi�cantly smaller
one�

In the hashing technique� the input space of the target function is
partitioned into a set of regions that are mapped onto the smaller space
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using one or more hashing functions� The smaller space is represented
by a �nite number of storage elements containing the parameters for
a piecewise�constant approximation� Learning proceeds by adjusting
these parameters using the LMS rule� The method is generally referred
to as the CMAC approach� after the name given to it by Albus� the
Cerebellar Model Articulation Controller �Albus� 	
����

We consider two di�erent CMAC methods� The �rst we refer to
as vanilla CMAC� Vanilla CMAC employs multiple partitions of the
input space that are o�set from one another to form overlapping regions�
Each of the partitions is mapped onto the set of storage elements with
a di�erent hashing function� For a given input� the output of vanilla
CMAC is the average of contents of the storage elements determined by
hashing the set of regions containing the input�

The second CMAC method is called multiresolution CMAC �Moody�
	
�
�� This method employs a successive re�nement strategy to achieve
a useful tradeo� between the speed and the accuracy of learning� Sup�
pose you wish to learn a function� call it y�� To do so you construct a
CMAC system in which the partitions consist of regions that are rather
large� This CMAC system will �nd an approximation to y�� call it f��
very quickly� but the approximation is likely to be a poor one� given
the coarseness of the mapping� To correct for the inaccuracies of f�� we
build another CMAC system to learn the function� y� � y��f�� but this
system makes use of partitions consisting of somewhat smaller regions�
This second CMAC system will �nd an approximation to y�� call it f��
more slowly than the �rst CMAC� but it will still represent y� more
accurately than f� represented y�� and the sum of the two functions�
f� � f�� will be a better approximation of y� than f� alone� We can
continue in this manner to de�ne a sequence of CMAC systems� each
system using a �ner partition than the one before it in the sequence�
and each providing a correction for the function corresponding to the
sum of functions provided by the CMAC systems occurring earlier in
the sequence�

One way to implement the above strategy is for the learning system
to apply each CMAC system in stages� starting with the system using
the coarsest partitions and proceeding to those using �ner partitions�
Each CMAC is run for a �xed number of steps using a learning schedule
that tends to zero� This sequential implementation has the disadvantage
that it cannot adapt if the target function changes slowly over time� An
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alternative implementation is to run all of the CMAC systems in par�
allel� using a di�erent �xed learning rate for each CMAC such that the
�ner the partition the slower the learning �the smaller the �xed rate�
�Shewchuk � Dean� 	

��� This parallel approach tends to learn some�
what slower than the sequential approach� but the parallel approach
is still quite fast and its ability to adapt to handle time�varying func�
tions makes it useful in a number of applications for which the staged
approach would not be e�ective�

At this point� we have all of the basic tools in place for building
e�ective reinforcement learning algorithms� Before we proceed with our
empirical investigations� we consider some additional complications that
arise in reinforcement learning�

�� Complications

The revised value estimates used in computing the error terms in learn�
ing a value function or action values are just a special case of estimating
expected long�term returns on the basis of some number of observed re�
wards �Sutton� 	
���� In general� we can make use of any number of
observed rewards using estimates of the form�

Vt�xt��� � r�t� � �r�t� 	� � ��r�t� �� � � � ��

�n��r�t� n� 	� � �nmax
u

Wt�x�t� n�� u��

Estimates involving several observed rewards can speed the assignment
of credit in cases of delayed reinforcement� In the deterministic case� es�
timates with more observations are generally better in that they provide
more accurate estimates and speed learning� but they also require more
memory and computation� The stochastic case is more complicated�
If there is a great deal of variance in the actual returns� then using
more observations will likely provide a poor estimate of the expected
returns� However� if the corrections provided by Wt are signi�cantly in
error� then the estimates will be biased� and using more observations
will serve to reduce the e�ect of this bias�

In addition to the increased memory and computation and the prob�
lems introduced by stochastic processes� using estimates with more ob�
servations is further complicated by the fact that subsequent rewards
are assumed to be due to following some �xed policy� In order to �nd
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the optimal policy� the controller must periodically deviate from its cur�
rent policy� As a very simple method of accounting for deviations from
the current policy� we can introduce an additional term� �t� equal to
zero if the action taken at t deviates from the current policy and equal
to one otherwise�

Vt�xt��� � r�t� � �t����r�t� 	� � � � ��

�t�n����
n��r�t� n � 	� �

�t�n��
nmax

u
Wt�x�t� n�� u��� � � ���

By choosing values for �t intermediate between zero and one for ac�
tions dictated by the current policy� it is possible to obtain reasonable
tradeo�s between bias and variance for the problems noted in the pre�
vious paragraph� By choosing a value of �t that re�ects some measure
of the deviation of the action performed from the action dictated� it
is possible to gain some of the advantages of using multiple observed
rewards in cases in which all or most of the actions performed by the
controller deviate somewhat from the actions dictated by the current
policy �Watkins� 	
�
��

There are other credit assignment problems besides temporal credit
assignment that require a solution in order to build e�ective reinforce�
ment learning systems� In many reinforcement learning problems� there
are signi�cant subspaces of the state space that are either unimportant
or for which the optimal response is the same throughout� In the case
of a large� high�dimensional state space� it would be impractical to at�
tempt to represent in memory such a space at a high level of precision�
The structural credit assignment problem involves apportioning avail�
able memory according to the perceived distribution of inputs and the
variability of the target function� In some cases� apportionment can
be facilitated by choosing an appropriate representation for states and
action� For instance� if a sensor provides only two bits of relevant in�
formation� then it makes sense to represent it as boolean and not as an
integer� This not only saves on storage� but can also speed learning by
requiring less training data�

Even given a well�designed representation for the states and actions�
there can be signi�cant problems brought on by the high dimensional�
ity of the state and action spaces� A robot control systems typically
involves dozens of sensors and e�ectors� even if they can all be repre�
sented as boolean variables learning in a space of size ���� can be a
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daunting task� To deal with the problems raised by large state and
action spaces� researchers have become interested in methods for com�
pressing large spaces and decomposing large high�dimensional spaces
into a number of smaller low�dimensional spaces� CMAC is an exam�
ple of a method that employs compression to economize on space and
facilitate generalization�

Dimensionality reduction provides a more powerful approach to deal�
ing with structural credit assignment� It is seldom the case in a well�
designed representation that any of the dimensions of the corresponding
space are entirely irrelevant� However� it is quite often the case that for a
small subspace only a few of the dimensions need to be allocated storage
for learning action values or storing a policy� Methods that dynamically
create and combine subspaces to optimize the use of available storage
are just beginning to be explored in the literature� in the �nal section
of this chapter� we provide some relevant pointers� Before leaving this
section� we point out two additional problems that plague the methods
described in this chapter�

Problems arise in implementations of stochastic value iteration�such
as the SVI algorithm�that interleave the acquisition of action values
with policy improvement� If the policy is revised too frequently� then
the estimates for the action values fail to converge to the correct values�
and policy improvement fails� On the other hand� if the policy is revised
infrequently� learning can proceed quite slowly� Determining an e�ective
exploration strategy can be quite di�cult in practice� Systems that ac�
tively direct their exploratory activities on the basis of their experience
can gain a distinct advantage over systems that employ simple random
exploration strategies �Cohn et al�� 	

��� but we will not consider such
methods in this chapter�

Complex tasks requiring the execution of a long sequence of actions
prior to receiving any reward are particularly di�cult for the methods
described in this chapter� The problem is that the action values typically
have to be represented with high precision in order for the system to
choose an optimal policy for performing such tasks� However� if you
are trying to learn quickly� you generally set the learning rates high
and use low�resolution encodings of the state and action spaces� both of
which have the e�ect of sacri�cing precision� As with interleaving value
determination and policy improvement� we do not have simple solution
to the problem of aquiring accurate action values for long sequences
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Table ���� Speci�cation for a simple stochastic process

of actions� it is just another problem that one has to be aware of in
applying the methods described in this chapter�

�� Experiments

In the following� we consider a number of experiments that illustrate
various aspects of reinforcement learning� The �rst experiment illus�
trates the e�ect of varying amounts of exploration on convergence� The
experiment involves a stochastic process described in �Howard� 	
����
consisting of three states� f	� ��  g� three actions� fa� b� cg� and a dis�
count rate� �� of ���� The state transition probabilities and rewards are
shown in Table 	�	� where R�i� u� j� indicates the reward on performing
action� u� starting in state� i� and ending in state� j� For this exper�
iment� we use the stochastic value iteration algorithm� SVI� shown in
Figure 	�	� and we invoke SVI with � � ��	� and 
 varying between �
and 	�

Our measure of performance for this experiment is the time� t� at
which the current policy�

�t�x� � argmax
u

Wt�x� u��

�rst adheres to the same policy for at least ��� iterations of the simu�
lator� We refer to this time as the policy stabilization time� and to the
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Figure ���� Policy stabilization time as a function of the percentage of time
spent in performing exploratory actions

particular policy as the earliest stable policy�

Figure 	�� shows a graph of policy stabilization time as a function of
the percentage of time� 	 � 
� that the controller spends in performing
exploratory actions� For 
 � ��� the earliest stable policy is the optimal
policy� but for 
 	 ��� it is not�� Since the system always deviates
from the current policy some percentage of the time� there is always the
chance that even after acquiring and then remaining with the optimal
policy for a signi�cant interval of time the system will temporarily switch
to some suboptimal policy�

If the percentage of exploration� 	 � 
� is small enough �� �� � then
the system will appear to converge to a policy which is suboptimal even
though in the limit as t � � the system will spend the major por�
tion of its time with optimal policy� Maintaining a high percentage of
exploration may speed early policy stabilization but the controller will
perform poorly as the majority of its actions are not dictated by its opti�
mal policy but rather by its random exploratory actions� The tendency
to deviate from the optimal can be eliminated by gradually reducing
the percentage of exploration to zero� While exploration strategies can
be tuned for particular applications� for the problems we have looked
at� an exploration rate of around 	�! works well�

�� The graph in Figure ��� was compiled using the average of several trials for each
value of ��
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Procedure SVIC��� 
�
x � x�
do forever

� � Random�fzj� � z � 	g�
if � � 


then k � argmaxiCMACi�x�
else k � Random�f	� ��  g�

hx�� ri � Simulate�x� k�
wk 
� wk � ��r � �maxi CMACi�x

��� CMACk�x���k�x�
x � x�

Figure ���� Learning algorithm for the inverted�pendulum problem

In the next experiment� we use vanilla CMAC and stochastic value
iteration to learn to balance an inverted pendulum� We simulate the dy�
namical system using the equations of motion for the inverted�pendulum
problem described in �Barto et al�� 	
� �� We follow Barto et al� �	
� �
in measuring performance using the length of time the system can keep
the pendulum in an upright position� We call this the time�til�failure
performance measure� In this experiment� the only reinforcement that
the system receives is when the pendulum attains an angle of 
	��� at
which point the reinforcement is some �xed negative value�

Learning is broken up into a sequence of trials� In each trial� the
pendulum is set randomly to 
��	�� and training continues until the
pendulum attains an angle of 
	���

We restrict the space of possible actions by using a bang�bang control
scheme in which there are only three possible actions
 impulse left�
corresponding to a force of ��� newtons� impulse right� corresponding
to a force of ��� newtons� and no impulse� corresponding to a force of
� newtons� This control scheme considerably simpli�es the problem of
encoding actions� The sample period for the controller is ���� seconds�

The learning algorithm that we use in this experiment is a variant
of stochastic value iteration� Figure 	� lists the procedure� SVIC� for
stochastic value iteration using CMAC� SVIC employs three CMAC sys�
tems� one for learning the action values for each of the three actions�
Let the integers 	� �� and  designate the three actions� impulse left�
impulse right� and no impulse� respectively� and CMAC�� CMAC�� and
CMAC� designate the corresponding CMAC systems� If x is a state
�i�e�� a three�dimensional vector encoding the angular position and ve�
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Figure ���� Performance of SVIC on the inverted�pendulum problem

locity of the pendulum� and the horizontal velocity of the cart� then
CMACi�x� is used to estimate the value of performing action i in state
x� The initial state is denoted x�� and the percentage of time that the
system performs exploratory actions� 	�
� is ��	�� Let wi and �i denote
the parameter vector and mapping functions for CMACi �see Dean and
Wellman �	

	� for additional CMAC implementation details�� Each
CMAC uses �� storage elements�

Figure 	�� shows a graph of time�til�failure in seconds as a function
of the number of trials� For the �rst  � trials� the time�til�failure is
less than 	� seconds except at the �
th trial at which point the system
manages to keep the pole upright for about 	� seconds� The  
th trial
lasted for over ten minutes of simulated time before we terminated the
run with the pendulum in an upright position and the deviations from
vertical apparently converging to zero� Recall that it is only upon failure
that the system receives a nonzero reinforcement� The system was able
to learn to balance the pendulum with only  � failures�

In related experiments� the system is given continuous reinforcement
so that the reward at each point in time is inversely proportional to the
absolute value of the angle that the pendulum makes with the vertical�
In the experiments with continuous reinforcement� the controller was
able to learn to balance the pendulum in just a few seconds of simulated
time� In the next and last set of experiments� the controller is given con�
tinuous negative reinforcement except when it attains a particular goal
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con�guration at which point it receives a large positive reinforcement�

�� Related Work

For additional background material� Dean and Wellman �	

	� pro�
vide a more detailed introduction to the issues involved in stochastic
sequential decision making� function approximation� and reinforcement
learning� Barto et al� �	
� � also provide an overview of research on
reinforcement learning and sequential decision making�

A number of approaches have been proposed to deal with the problems
of generalization and structural credit assignment in high�dimensional
state spaces� Chapman and Kaelbling �	

	� propose a method for re�
cursively splitting the state space on the basis of statistical measures of
the reinforcement received� Their method is similar to that employed
in classi�cation for inducing decision trees �Breiman et al�� 	
��� Quin�
lan� 	
��� with the important di�erence that in reinforcement learning
the controller is not provided with state�action pairs but rather with
sporadic reinforcement data� the reinforcement data requires more so�
phisticated statistial tests to guide recursive splitting� Mahadevan and
Connell �	

	� employ a related method that instead of starting with
complete space and splitting it� starts with a completely fragmented
space and proceeds to merge fragments� Shewchuk has developed meth�
ods for partitioning the state and action spaces to optimize the use
of available storage based on variants of k�means and nearest�neighbor
clustering techniques� All of these reinforcement methods are closely re�
lated to the unsupervised learning methods used in pattern recognition
for statistical clustering �Duda and Hart� 	
� ��

Even relatively simple tasks �e�g�� the task faced by a mobile robot in
entering a particular room and docking with a charging unit� can require
a training period that would challenge the most patient of teachers� If
you are supplying the rewards� one solution is to decompose the task into
component subtasks �e�g�� follow the wall on your right until you notice
a door� enter the room� align with the charging unit� and reward the
system for performing each subtask individually �Lin� 	

	� Mahadevan
� Connell� 	

	�� After the system is competent at performing each
of the subtasks� you have to program the system to perform the ap�
propriate sequence of subtasks in the absence of intermediate �subtask�
rewards� Training is somewhat more complicated� but often requires
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less time overall�

Researchers have attempted to speed learning by a variety of means�
Sutton �	

�� considers some of the issues involved in acquiring and
then using a predictive model to supplement the experience acquired
through direct interaction with the environment� Lin �	

	� describes
a scheme for saving and then replaying interaction sequences multiple
times to consolidate learning� Whitehead �	

	� shows that� in some
cases� a controller can considerably reduce the time necessary to acquire
an optimal policy if it can observe the behavior of another controller that
has already acquired the optimal policy�
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