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Randomization is a powerful tool in the design of algorithms. In this proposal we use random-
ness to make progress on several old and fundamental problems. We close the approximability of
feedback arc set on tournament graphs, first studied around 1961 [16], by designing a PTAS. We
give a practical algorithm with improved performance for finding strongly connected components
in parallel (first studied around 1988 [6]). We also find and analyze more elegant algorithms for
max cut of dense graphs (1995). Additional details on these results are available in our papers (see
http://www.cs.brown.edu/∼ws/).

1 Strongly Connected Components in Parallel [15]

Breadth-first and depth-first search have many applications in the analysis of directed graphs.
Breadth-first search can be used to compute the vertices that are reachable from a given vertex
and directed spanning trees. Depth-first search can additionally determine if a graph is acyclic,
topologically sort an acyclic graph and compute strongly connected components (SCCs). Huge
graphs such as the web graph can only be processed effectively in parallel, but efforts to parallelize
these algorithms have met with mixed success.

In this project we focus on strongly connected components and topological sort. Both these
problems can be solved in polylog time with n2.38 processors using matrix-exponentiation techniques
to compute the transitive closure of the graph [6]. Spencer [17] gives algorithms that trade-off
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Figure 1: Illustration of a reachability query.
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time and work, with runtime Õ(n/p1/3) on p processors. Coppersmith, Fleischer, Hendrickson
and Pinar [5] give a practical parallel divide and conquer algorithm for computing SCCs using
reachability queries (see Figure 1). They prove O(m log n) serial runtime, but do not prove that
extra processors reduce the runtime. Their algorithm has been implemented in the context of
scientific computing [14].

Building on ideas from [5], we give a simple parallel randomized algorithm for the topological
sort and strongly connected components problems with runtime O(τ log2 n), where τ is the runtime
for a reachability query. On sparse graphs, which are the most important ones in practice, this
improves the best-known number of processors needed from the cube of the speedup [17] to the
square.

2 Feedback Arc Set and Rank Aggregation [12]

For general directed graphs, the feedback arc set (FAS) problem consists of ordering the vertices
so as to reverse the fewest number of edges (see Figure 2). Unfortunately the problem is NP-hard
to approximate better than 1.36.

A tournament is the special case of directed graphs where every pair of vertices is connected
by exactly one of the two possible directed edges. The FAS problem for tournaments has a long
history, starting in the early 1960s in combinatorics and statistics [16]. Unfortunately, even on
tournaments, the FAS problem is still NP-hard [1, 2]. The best previously known approximation
algorithms achieved constant factor approximations [1]. Our main result is a randomized approxi-

mation scheme; that is, for any ǫ > 0, an algorithm that achieves at most 1 + ǫ times the optimal
number of reversed arcs. The runtime is polynomial in the number of vertices, i.e. it is a polynomial
time approximation scheme (PTAS). (The runtime is doubly exponential in 1/ǫ, so our algorithm
is unfortunately not practical without heuristic modifications.)

An important application is the NP-hard Kemeny Young rank aggregation [11] problem, illus-
trated by example in Figure 2. This form of rank aggregation has desirable properties for application
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Figure 2: Feedback arc set tournament (left) and Kemeny-Young rank aggregation (right) problems.
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in search engine aggregation [8]. The previously best known approximation factor is 4/3 [1], but
we give a polynomial-time approximation scheme.

These PTASs close the approximability of these problems: an approximation factor of 1 is not
possible by NP-hardness, and we give approximation algorithms for every factor greater than 1.
Both problems date from the days of quicksort, long before NP-hardness was discovered!

Allowing the input rankings to contain ties yields a generalization called partial rank aggregation.
Previous results for Kemeny-Young rank agreggation have generalized to partial rank aggregation,
so we are investigating how to generalize our result as well.

3 Maximum Cut [13]

The NP-hard MaxCut problem strives to partition the vertices of an input graph into two parts to
maximize the number of edges across the cut. There has been much previous work on designing
approximation schemes for dense graph instances of MaxCut, and some generalizations, see for
example [3, 10, 4, 7, 9]. There are many algorithms, each with its own unique strong points,
based on a combinatorial approach, or on spectral techniques, or on smoothed linear programming
relaxations. This suggests that the problem is “easy” in some sense, and thus simple algorithms
have a chance to be successful as well.

The greedy algorithm for MaxCut, depicted in Figure 3, considers vertices one by one in arbi-
trary order and places each of them on the left or right side of the cut, depending on the number
of neighbors that are already placed on each side. It is well known that the greedy algorithm is a
2-approximation. We take advantage of the power of randomness by considering vertices in random

order. See Algorithm 1.
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Figure 3: Illustration of the greedy algorithm for max cut

Algorithm 1 Randomized greedy maxcut algorithm

Repeat a number of times that depends only on ǫ:
For each vertex v of V in random order,

Greedily place v on the side of the cut that maximizes the number of cut edges
Output the best cut found
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Our main result is a martingale-heavy proof that this very simple algorithm is an approximation
scheme on dense graphs. See [13] for extensions to constraint satisfaction problems and sample
complexity.
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