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Abstract

We present fully dynamic algorithms for maintaining 3- and 5-spanners
of undirected graphs under a sequence of update operations. For un-
weighted graphs we maintain a 3-spanner or a 5-spanner under inser-
tions and deletions of edges; on a graph with n vertices each operation
is performed in O() amortized time over a sequence of ( n) updates,
where is the maximum degree of the original graph. The maintained
3-spanner (resp., 5-spanner) hasO(n®?) edges (resp., O(n*=%) edges),
which is known to be optimal. On weighted graphs with d di erent edge
cost values, we maintain a 3- or 5-spanner within the same amortized time
bounds over a sequence of (d n) updates. The maintained 3-spanner
(resp., 5-spanner) hasO(d n3<?) edges (resp.,O(d n*%) edges). The
same approach can be extended to graphs with real-valued edge costs in
the range [1; C].

All our algorithms are deterministic and are substantially faster than
recomputing a spanner from scratch after each update.
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1 Introduction

Graph spanners arise in many applications, including communication networks,
computational biology, computational geometry, distributed computing, and
robotics ([1, 2, 3, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15]). Intuitivgl a spanner of a
graph is a subgraph that preserves approximate distances between all pairs of
vertices. More formally, givent 1, at-spanner of a graphG is a subgraph
S of G such that for each pair of vertices the distance inS is at most t times
the distance in G; t is referred to as the stretch factor of the spanner. A

deterministic algorithm for computing a t-spanner of sizeO t n'* r of a

weighted graph with n vertices andm edges has been given in [1]; the best known
implementation of this algorithm, given in [18], has running time O(n?*2=(t*1) ),
Recently, a randomized algorithm running in O(m + n) time has been given
by Baswana and Sen [4]; a derandomization of this algorithm, still running in
O(m + n) worst case time, has been proposed in [16].

Small stretch spanners o er a good compromise between sparsity and dis-
tance stretch: maintaining a t-spanner may be practical in the case of very large
graphs, whose edges must be stored in external memory, while spanner edges
could tinto main memory. A graph with million vertices could need TeraBytes
of memory to store its edges, while the edges in its 3-spanner or 5-spanner only
need order of GigaBytes, at the cost of a limited distance stretch. This means
that algorithms for computing exact distances or shortest paths could be run
on the spanner in main memory, giving approximate distances for the original
graph. Applications related to computing distances on very large dense graphs
arise for instance in MultiProtocol Label Switching (MPLS) networks, where
a connection represents a tunnel between a pair of devices that crosses many
physical connections. In this scenario, MPLS networks can be very dense, even
close to a complete graph, although the original graph representing physical
connections is sparse.

While there has been a lot of progress in the area of dynamic graph problems,
to the best of our knowledge no fully dynamic algorithm for maintaining a t-
spanner of a graph under edge insertions and/or deletions is known, neither
for the unweighted case, and only partially dynamic solutions were announced
in [4]. A related direction of research is concerned with the maintenance of
approximate distances, i.e., a query on the distance between two vertices is
answered with a guaranteed approximation factor (see [17] for recent results
and references). These results are usually obtained using 1f?) space, while
in the case oft-spanners we are interested in representing a much sparser data
structure that still maintains approximate distances in the original graph.

In this paper, we contribute a rst step towards the maintenance of dynamic
graph spanners by presenting a fully dynamic deterministic algorithm for main-
taining 3- and 5-spanners of unweighted graphs. Our algorithm supports an
intermixed sequence of (n) edge insertions and deletions inO() amortized
time per operation, where is the maximum degree of the original graph. The
maintained 3-spanner hasO(n3?) edges, while the 5-spanner ha®(n*=3%) edges.
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Wenger [19] shows how to build graphs with (n3=2) edges having no cycles of
length less than 5, or with ( n*=3) edges having no cycles of length less than 7.
For such graphs, no proper subgraphs preserve distances within stretch factor 3
(resp., 5). This implies that the size of our spanners is asymptotically optimé

The same approach can be extended to weighted graphs witth di erent edge
cost values. Over a sequence of @ n) intermixed edge insertions and deletions
the amortized time per operation is still O(). The maintained 3-spanner has
O(d n®%2) edges, while the 5-spanner ha®©(d n*=3) edges. This is optimal for
constant d.

On graphs with real-valued edge costs in [IC], for t > 3 we can maintain a
t-spanner with O(n3? log,., C) edges inO() amortized time per operation
over a sequence of (1 log.-; C) edge insertions and edge deletions. For> 5,

a t-spanner with O(n*=® log,.s C) edges can be maintained inO() amortized
time per operation over a sequence of f log.5C) edge insertions and edge
deletions.

Our algorithms require O(m) worst-case space (assuming that the origi-
nal graph is larger than the spanner, i.e.,m = ( n3%?) for the 3-spanner and
m = ( n*3) for the 5-spanner), are deterministic and are substantially faster
than recomputing a spanner from scratch. To achieve our results, we derive a
deterministic version of the randomized clustering technique of Baswana and
Sen [4], and nd how to update the clustering under the deletion of edges. Our
algorithms use simple data structures, and thus seem amenable to practical
implementations.

The remainder of the paper is organized as follows. We present a determin-
istic clustering scheme in Section 2. In Section 3 we show a tight relationship
between this clustering and 3- and 5-spanners. Next, our dynamic algorithm
for unweighted graphs is presented in Section 4, where we show how to build
a clustering and the associated 3- or 5-spanner, and how a clustering and the
associated 3- or 5-spanner can be updated under edge deletions; the amortized
complexity over a sequence of edge deletions is discussed in Subsection 4.3. This
decremental algorithm is made fully dynamic in Section 5. In Section 6 we show
how the same approach can be extended to graphs with di erent edge costs
and to graphs with positive real edge costs. Section 7 lists some concluding
remarks.

2 De nitions

2.1 Basic de nitions

We assume that the reader is familiar with the standard graph terminology, as
presented for instance in [8]. LetG = (V;E) be an undirected graph, with V
being the set of vertices andE the set of edges. Throughout the paper, we
denote by n the number of vertices and bym the number of edges in the graph.
If the graph is weighted, there is a real-valued costc(e) 0 associated with
each edgee 2 E.
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Given a vertex X, its neighborhoodis the setN (x) = fxg[f y] (X;y) 2 Eg
(note that x 2 N (x) by de nition). The degree (x) of vertex x is the number
of edges incident onx; the maximum degree of vertices inV is denoted by .
Given two vertices u;v 2 V, a path in G = (V;E) connecting vertexu to

forO<i . We say that each edge {; 1;vj)isinpath ,forO<i . The
length of a path is the number of edges in . If the graph is weighted, the cost
of a path is the sum of the costs of edges in:

X
c( )= c(vi 1;vi):
i=1

In the case of unweighted graphs the cost of a path is simply its length.

The distance dist; (u; v) from u to v in G is given by the minimum cost of a
path in G from u to v (or +1 if there is no such path). A shortest pathfrom u
to v is then de ned as any path from u to v with c¢( ) =dist ¢(u;Vv). A graph
G%°= (V% EY is a subgraphof graph G = (V;E) if V° V andE® E.

Given a graph G, a t-spannerS is a subgraph ofG that preserves distances
up to a factor t (the stretch factor). More formally,

Denition 1  Let G = (V;E) be a weighted graph, and let be a real value,
with t 1. A t-spannerof G is a graph S = (V;E9 with E® E such that the
following holds:

8u;v2V dists(u;v) t distg(u;v): Q)
The following lemma is due to Peleg and Sha er [13]:

Lemma 1 [13] A subgraphS = (V;E9 of G = (V;E), is a t-spanner of G if
and only if the following holds:

8 (x;y) 2 E dists(x;y) t c(x;y): 2

2.2 Clustering

De nition 2  Let x1;X2;:::; Xk, with k 1, be distinct vertices in V, and let

= fCI(x1);Cl(x2); :::; Cl(xk)g be a family of subsets ofV. Given a real
number ° 1, is an "-clustering of G = (V;E) if the following properties
hold:

1. CI(xj) N(xj)forl i Kk;

2. CI(xj)\ CI(x;)=;, for eachi 6 j;
Sk Sk

3. i Cl(x;) = i=1 N (Xi);

4. iCl(x))j “for1 i k.

Each setCI(x;) is called cluster, and x; is denoted as itscenter.
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Note that, according to the previous de nition, the center x; of cluster CI(X;)
may belong to another clusterCI(x;), with i & j. As a special case, we de ne
an empty clustering to be a clustering with no clusters. We assume that the
empty clustering is an "-clustering, for any *. An example of a 5-clustering is
shown in Figure 1.

Given an "-clustering, a vertex is calledclustered if it belongs to a cluster,
and free otherwise; if vertex y is clustered, center(y) denotes the center of the
cluster containing g For eachv 2 V, we de ne its free neighborhoodF N (v) as
FN(V)= N(v)n ~ ¥, CI(x;) .

Due to Properties 2 and 4 in De nition 2, an "-clustering contains at most
n=" clusters, each of size at least. We say that an "-clustering is maximal if
jFN (v)j < 2°, for eachv 2 V.

We remark that our de nition of clustering is more strict that the one given
in [4]. In the case of unweighted graphs, the construction of spanners starting
from our de nition of clustering is simpler and deterministic.

3 Clusterings and spanners

In this section we show how small stretch spanners of unweighted graphs can
be produced from an appropriate"-clusterings. In particular, we describe how
to produce a 3-spanner from an'=?-clustering, and a 5-spanner from an'=3-
clustering.

3.1 Clusterings for 3-spanners

De nition 3 Given an "-clustering of G = (V;E), we say that a subgraph
G%= (V;EY of G is 3-compatible with  if ECis the union of the following sets
of edges:

cluster edges: all edges(x;y) such thaty is clustered andx = center(y);
free edges: all edges(x;y) 2 E such that eitherx or y is a free vertex;

3-bridge edges: for each cluster Cl(x;) and each vertexy 2 (CI(xj) nfx;g),
with x; 6 X;, one arbitrary edge (x;y) 2 E such thatx 2 CI(x;), if one
exists. We say that edgdx;y) connectsvertexy to cluster CI(x;).

Theorem 1 Given a graphG = (V;E) and an “-clustering , if G°= (V;E9
is a subgraph ofG 3-compatible with , then G®is a 3-spanner ofG.

Proof: We show that for any edge @;b) 2 E there is a path of length at most
3 from ato bin G% There can be only 3 cases, depending om and b.

Both a and b belong to the same cluster: in this case one of the following
holds:

{ one amonga and bis the center of the cluster, thus @; b) is a cluster
edge inG®
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® centers
@ clustered vertices
o free vertices

a 5-clustering

—— cluster edges
---p 3-bridge edges
- -- free edges

a 3-spanner

—— cluster edges
----- 5-bridge edges
--- free edges

a 5-spanner

Cl(b

Figure 1: a 5-clustering of a graph and the associated 3-spanner and 5-spanner.
In the 3-spanner, 3-bridge edges are represented by arrows from a vertex to a
cluster.
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{ athird vertex x is the center of the cluster, thus @; x) and (x; b) are
cluster edges inG°.

Vertices aand bbelong to di erent clusters. Let a2 Cl(xj)and b2 CI(x;):
in such a case there must be a 3-bridge edgd;(y), wherey 2 CI(x;). If
y 6 a, then the cluster edges provide a path of length at most 2 frony to
a, thus giving a path of length at most 3 from a to bin G°

At least one amonga and b is a free vertex: in this case §;b) is a free
edge inGC.

2

Due to Theorem 1, we will refer to a subgraph of G 3-compatible with
an “-clustering as a 3-spanner associated with. An example of 3-spanner
associated with a 5-clustering of a graph is shown in Figure 1.

If we choose™ = n'72, and the n'=2-clustering is maximal, we can prove that
any associated 3-spanner is sparse:

Corollary 1 A 3-spanner G°= (V; EY associated to a maximain*=?-clustering
contains O(n®%?) edges.

Proof: There are at mostn cluster edges, since each vertex can be in at most
one cluster. There is at most one 3-bridge edge for each possible pait; Cl (x;)i,
wherex 2 V and Cl(x;) 2 : since there are at most n'? clusters, there are at
most n37? 3-bridge edges.

We nally bound the number of free edges. Let us partition the set of
free edges into two sets:FF containing edges with two free endpoints, and
FC containing edges between a free vertex and a clustered vertex. Since is
maximal, each free vertex has at most 2 n*=? free adjacent vertices, and thus
jFFj n 2n'?2

We count edges inFC by looking at each clustered vertexv: since is
maximal, there can be at most 2 n1? free edges incident tov, and thus jF Cj
n 2n'=2, 2

3.2 Clusterings for 5-spanners

De nition 4  Given an “-clustering of G = (V;E), we say that a subgraph
G%= (V;EY of G is 5-compatible with  if ECis the union of the following sets
of edges:

cluster edges: all edges(x;y) such thaty is clustered andx = center(y);
free edges: all edges(x;y) 2 E such that eitherx or y is a free vertex;

5-bridge edges: for each pair of clusters Cl(x;); Cl(x;), with x; 6 Xx;, one
arbitrary edge (x;y) 2 E such thatx 2 CI(x;) andy 2 CI(x;), if one
exists. We say that edg€x;y) connectsclusters CI(x;) and CI(x;).
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We remark that the only di erence with De nition 3 lies in the set of bridge
edges.

Theorem 2 Given a graphG = (V;E) and an “-clustering , if G°= (V;E9
is a subgraph ofG 5-compatible with , then G®is a 5-spanner ofG.

Proof: We show that for any edge @;b) 2 E there is a path of length at most
5in G% There can be only 3 cases, depending om and b.

Both a and b belong to the same cluster: in this case one of the following
holds:

{ one amonga and b s the center of the cluster, thus @;b) is a cluster
edge inG%

{ athird vertex x is the center of the cluster, thus @; x) and (x; b) are
cluster edges inG°.

Vertices a and bbelong to di erent clusters. Let a2 Cl(xj)and b2 CI(x;):
in such a case there must be a 5-bridge edge;(y), where x 2 Cl(x;) and
y 2 CI(x;). Since cluster edges provide paths of length at most 2 frona
to x and from y to b, we have a path of length at most 5 froma to b in
G°

At least one amonga and b is a free vertex: in this case &;b) is a free
edge inGC.

2

Due to Theorem 2, we will refer to a subgraph ofG 5-compatible with an
“-clustering as a 5-spanner associated with . If we choose * = n'=® and
the n'=3-clustering is maximal, we can prove that any associated 5-spanner is
sparse:

Corollary 2 A 5-spanner G°= (V; EY associated to a maximain*=3-clustering
contains O(n*=3) edges.

Proof: There are at mostn cluster edges, since each vertex can be in at most
one cluster. There is at most one 5-bridge edge for each possible pair of clusters:
since there are at mostn®=2 clusters, there are at mostn*=3 5-bridge edges.

We nally bound the number of free edges. Let us partition the set of
free edges into two sets:FF containing edges with two free endpoints, and
FC containing edges between a free vertex and a clustered vertex. Since is
maximal, each free vertex has at most 2 n=2 free adjacent vertices, and thus
jFFj n 2n'3,

We count edges inFC by looking at each clustered vertexv: since is
maximal, there can be at most 2 n1=3 free edges incident tov, and thus jF Cj
n 2n'=s, 2
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4 Construction and edge deletion in 3- and 5-
spanners

The main contribution of this paper is to provide a fully dynamic deterministic
algorithm for maintaining 3-spanners and 5-spanners of unweighted graphs.

In this section we rst show how to build a maximal "-clustering by means
of Procedure MaximalCluster (Figure 2). Starting from any "-clustering, Pro-
cedure MaximalCluster obtains a maximal "-clustering with a simple greedy
approach. When the starting clustering is empty, the same procedure may be
used to compute a maximal -clustering from scratch.

After that, we discuss how to update a clustering under edge deletions: it
may happen that, when an edge is deleted, the updated clustering is no longer
maximal. In this case procedure MaximalCluster is applied again. Finally, ve
show how to modify 3-spanners and 5-spanners when the clustering is updated
under an edge deletion.

Procedure  MaximalCluster

input: graph G = (V;E)
*-clustering

output: maximal "-clustering

1. while there is a vertex x with jEFN (x)j] 2 °
2. make x a center

3. make Cl(x) = FN (x)

4 add CI(x) to

Figure 2: Procedure MaximalCluster.

Lemma 2 Procedure MaximalCluster computes a maximal -clustering of G.

Proof: The fact that Procedure MaximalCluster computes an "-clustering can
be easily seen by induction on the number of clusters added to . We assume
is an "-clustering before applying the procedure. In particular, this is true for
the empty clustering. We now show that any time a new clusterCI(x) is added
to all the properties of De nition 2 are maintained:

Property 1: Cl(x) = FN(x) N(x) by the de nition of the free neigh-
borhood;

Property 2: CI(x) only contains free vertices, hence it is disjoint from all
existing clusters;

Property 3: all free vertices in N (x) are included in CI(x);

Property 4: Cl(x) has size at least 2 .



G. Ausiello et al., Small Stretch Spanners JGAA, 10(2) 365{385 (2006) 374

Moreover, is maximal, since at the end there are no vertices having
JFN(X)j 2 °. 2

We show in Section 4.1 how to update a maximah®=?-clustering and an asso-
ciated 3-spanner during a sequence of edge deletions only. Next, in Section 4.2,
we show how to maintain a 5-spanner during a sequence of edge deletions.

4.1 Construction and edge deletion in 3-spanners

Procedure MaximalCluster builds an "-clustering by adding one cluster at a
time. We now show how to maintain a 3-spanner associated with when new
clusters are added, in the casé = n'™2,

We maintain the following simple data structures, which represent the cur-
rent spanner plus some auxiliary information.

For each vertexx we maintain:

The number jFN (x)j of free vertices inN (x).
A ag indicating whether x is clustered. If x is clustered:

{ a reference to the cluster containingx;
{ areference tocenter(x);
{ thelist of all 3-bridge edges {; x) incident to x, connecting any vertex
y to the cluster containing x.
A ag indicating whether x is a center. If x is a center:

{ the list of vertices in CI(x). This list implicitly represents all cluster
edges ofCI(x).

The list of all edges incident to x.
The list of all free edges incident tox.
Moreover, we maintain:
A doubly linked list containing all vertices x having jFN (x)j 2 n'=2.

A matrix of candidate 3-bridge edges: more precisely, for each pairx C),
where C is a cluster andx 62C is a vertex, we maintain a list CB(x;C)
containing all edges &;y) in the graph, with y 2 C. The rst edge in
CB(x;C) is the 3-bridge edge connectingk to C in the spanner.

We associate to each clustelC a timestamp time(C), denoting the time
at which cluster C has been created. A timestamp timeCB (x; C)) is also
associated to each listCB(x;C), denoting the time at which CB(x;C)
has been created.
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Each cluster is identi ed by an integer label in the range [1 dn~2¢], which is
used as an index to access the matrix of candidate bridge lists. Cluster labels
are reused: when a cluster is created, it gets one of the free labels, and when a
cluster is destroyed, its label becomes free.

When a cluster C having labely is destroyed, for the sake of e ciency, we do
not explicitly destroy its lists CB(x;y). When a new cluster C° s created, and
getsy as its label, we simply create the new listSCB (x; y) with the appropriate
timestamp, possibly overwriting some previous list.

Let C%be the current cluster having labely: if time(CB(x;y)) < time(C9,
then the list CB(x;y) refers to a previously destroyed clusterC, and thus it
is considered empty; otherwise, if timeCB(x;y)) time(CY, then the list
CB(x;y) refers to C° and thus it is considered valid. In the sequel, byempty
list we mean a list either with no entries or with mismatching timestamps.

Lemma 3 It is possible to maintain a 3-spanner associated with a'=?-cluster-

ing under the addition of new clystersg,; Cy;:::; Cp, as described in Procedure
MaximalCluster, in a total of O( ih:1 y2c; IN(Y)i) worst-case time.

Proof: Assume that cluster edges, free edges and candidate 3-bridge edges are
correct before adding clusters to .

A vertex x having jFN(x)j 2n'=2 can be found in constant time. Any
time jFN (v)j crosses the value 812, v is inserted into/deleted from the doubly
linked list.

We now determine the cost of updating the spanner for the di erent classes
of spanner edges. Assume that a new cluste€l(x) = FN (x) is added to :

(i) cluster edges: we add all edgesX;y), with y 2 CI(x). This can be done
in O(jCI(x)j) worst-case time by scanning the list of free edges incident to
X. These edges are removed from the list of free edges;

(i) free edges: vertices in Cl(x) are no longer free. For each vertexy 2
Cl(x) n fxg we explore vertices inN (y): for each vertexz 2 N (y) we
decrementjFN (z)j, moreover, if z is clusgred e remove Z;y) from the
set of free edges. This can be done i®( ihzl y2c, iN (y)j) worst-case
time by scanning the list of free edges incident to eacly 2 CI(x) nfxg;

(i) (candidate) 3-bridge edges: the lists of candidate 3-bridge edges can
be updated by scanning the list of edges incident to eacly 2 Cl(x). Since
cluster CI(x) has been added to , a new listCB(z; Cl(x)) must be created
for eachz 2 N(y), y 2 CI(x). The rst e(ige in each non-empty list
is a 3-bridge edge. This can be done ifO( y2Cl(x) iN(y)j) worst-case
time by scanning the lists of edges incident to each vertexy 2 CI(x).
Note that, if we had to create explicitly an empty list CB(v; Cl(x)) for
eachv 62N (y) the cost would have been (n); this is avoided by the
timestamping technique described above.

P, P
All the above operations can be implemented inO( !‘:1 y2c, iN(y)j) total

worst-case time. 2
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Lemma 4 Given a graphG, Procedure MaximalCluster computes inO(m + n)
worst-case time a 3-spanner ofG having O(n®7?) edges.

Proof: We apply Procedure MaximalCluster starting from = ;. At the
beginning, all vertices are free, there are no cluster edges and 3-bridge edges,
and the set of free edges i&.

By Theorem 1, Corollary 1, and Lemmas 2 and 3, we can state that a 3-
spanner is computed inO(m + n) worst-case time. 2

We now show how to deal with edge deletions. When an edge is deleted from
the graph we might have to update the clustering and the associated spanner.
We rst show how the clustering can be updated, and then describe how to
update the associated spanner.

A clustering is a ected by the deletion of edge e = (x;y) only if eis a
cluster edge; without loss of generality assume thak is a center andy 2 CI(x).

In this casey can no longer be inCI(x), due to Property 1 of De nition 2, and
y is removed from Cl(x). A more substantial change is required to preserve
Property 4 of De nition 2, in the case where, after removingy from CI(x), this
set becomes too small to be a cluster: in this cas€l(x) is removed from .
In both cases, in order to preserve Property 3 of De nition 2, we must addy
(resp., each vertexv 2 Cl(x) in the caseCl(x) is removed from ) to some other
cluster in , whenever possible. If there are no centers inN (y) (resp., in N (v)
for any vertex v 2 Cl(x)) then y becomes a free vertex. The update algorithm
is described by Procedure DeleteClusterEdge, listed in Figure 3.

We now show how to update the associated spanner, after the deletion of an
edgee = (x;y). We distinguish four di erent cases, depending on the type of
edge being deleted:

e is not in the spanner:  the spannerG°= (V;EY does not change. Sinces
is not in the spanner, both x and y must be clustered vertices. Neither
FN (x) or FN (y) change their size. Ifx and y belong to di erent clusters
Cx and Cy, then e is removed from the lists of candidate 3-bridge edges
CB(x;Cy) and CB(y; Cx).

e is a free edge: at least one amongx and y is free. Edgee is removed from
the lists of free edges incident tox and y. The sizes of FN (x) and/or
FN (y) are decremented accordingly. If eitherx or y is clustered, thene
is removed from the appropriate list of candidate 3-bridge edges.

e is a 3-bridge edge: without loss of generality, we assume thate connectsy
to x 2 Cl(z) (the case wheree also connectsx to y 2 Cl(w) is dealt with
analogously): another edgef connectingy to Cl(z) (if it exists) can be
found in CB(y; Cl(2));

e is a cluster edge: assume thatx is a center andy 2 CIl(x), and that the
clustering is updated according to Procedure DeleteClusterEdge. The
spanner is updated as follows.
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Procedure DeleteClusterEdge
input: graph G = (V;E)
n'*2_clustering of G =(V;E)
a cluster edgee = ( x;y), where x = center(y)

output: n*“2-clustering of G =(V;E nfeg)

1. if jCI(x)j>nt2

2. removey from CI(x)

3. if y is the center of a cluster in

4. add y to Cl(y)

5. else if there exists a centerc2 N (y) in
6. add y to Cl(c)

7. else

8. I/l vertex X is no longer a center //

9. remove Cl(x) from

10. for each v 2 Cl(x)

11. if v is the center of a cluster in

12. add v to Cl(v)

13. else if there exists a centerc2 N (v) in
14. add v to Cl(c)

Figure 3: Deleting a cluster edge

If jCI(x)j remains at leastn'=2, CI(x) is still a cluster, and vertex x
is still its center:

{ eis no longer a cluster edge, and/ is no longer in Cl(x). We
check whether there are candidate 3-bridge edgesyfz), with
z 2 CI(x), by scanning the list of edges incident toy and insert
them into CB (y; Cl(x)).
{ replace each 3-bridge edgez(y) connecting a vertexz to Cl(x)
via y by a new bridge, if one exists. To this aim, for each vertex
z 2 N(y), we remove ;y) from CB(z;Cl(x))). The next edge
in CB(z; Cl(x))), if it is not empty, is the new 3-bridge edge;
{ if y is added to Cl(c) (where possiblyc = y):
(c;y) becomes a cluster edge (provided that 6 y);
each edge ¥; z) is examined and, if z belongs to some clus-
ter, (y; z) is inserted into the appropriate candidate 3-bridge
edges list;
for eachw 2 N(y), we add edge {;y) to CB(w;CI(c)).
If this list was empty (i.e., w was not connected toClI(c),
because there were no edgesv(z) 2 E with z 2 Cl(c)),
edge (v;y) becomes the new 3-bridge edge connecting to
Cl(c).
{ in casey is now free, for eachz 2 N (y) we increasejFN (z)j and
add (z;y) to the set of free edges.
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If jCI(x)j drops below n'=2, CI(x) can no longer be a cluster, and
thus vertex x can no longer be a center:

{ remove all 3-bridge edges connecting vertices t€6(x)|provided
that the same edge does not connect a vertex to any other cluster;
{ for eachv 2 CIl(x) we do the following:
we remove edgeX; v) from the set of cluster edges;
if v is added to Cl(c) (where possiblyc= v):
(c;v) becomes a cluster edge (provided that 6 v);
for eachw 2 N (v), we add edge (; V) to CB(w; Cl(c)). If
this list was empty | i.e., w was not connected toClI(c),
because there were no edgesv(z) 2 E with z 2 Cl(c),
edge (v;v) becomes the new 3-bridge edge connecting
to Cl(c).
in casev is now free, for eachz 2 N (v) we increasejF N (2)j
and add (z; v) to the set of free edges.

This restores a 3-spanner associated to the'=2-clustering . After this,
in order to obtain a maximal n'=2-clustering, we apply Procedure Maxi-
malCluster.

Lemma 5 A n'*-clustering of G is updated by Procedure DeleteClusterEdge
under the deletion of edggx;y), and the associated 3-spanner is updated ac-
cordingly, in

O(jN (x)j + jN (y)j) worst-case time, if no cluster is removed from ;

P
O( vaci(x) IN(V))) worst-case time, if (x;y) is a cluster edge and cluster
Cl(x) is removed from

Proof: If eis notin the spanner or it is a free edge, the above algorithm requires
constant time. In the case ;y) is a 3-bridge edge we nee®(jN (x)j + jN (y)j)
worst-case time for exploringN (x) and/or N (y). If (x;y) is a cluster edge, we
distinguish two cases: ifCI(x) is still a cluster, we only explore N (x) and N (y).
Otherwise, itCl(x) is destroyed, we explore the neighborhood of all vertices in
Cl(x), in O( ci(x) IN(v)]) worst-case time. 2

We remark that Procedure DeleteClusterEdge does not produce a maximal
n'=2-clustering. To achieve this, Procedure MaximalCluster is applied as a nal
step.

4.2 Construction and edge deletion in 5-spanners

In order to build and maintain 5-spanners, we need to maintain an'=3-clustering.
With respect to Section 4.1, the only change in the data structures consists in
keeping track of 5-bridge edges instead of 3-bridge edges. More precisely, for
each vertexx we maintain:
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The number jFN (x)j of free vertices inN (x).
A ag indicating whether x is clustered. If x is clustered:

{ areference to the cluster containingx;
{ areference tocenter(x);

{ the list of all 5-bridge edges {; x) incident to x, connecting any clus-
ter to the cluster containing Xx.

A ag indicating whether x is a center. If x is a center:

{ the list of vertices in CI(x). This list implicitly represents all cluster
edges ofCI(x).

The list of all edges incident to x.
The list of all free edges incident tox.
Moreover, we maintain:
A doubly linked list containing all vertices x having jFN (x)j 2 n'=3.

A matrix of candidate 5-bridge edges: more precisely, for each pair of
clusters (Ci; C;), we maintain a list CB(C;; C;) containing all edges &;y)
in the graph, with x 2 C; andy 2 C;. The rst edge in CB(C;; C;) is the
5-bridge edge connectingC; to C; in the spanner.

We associate to each clusteC a timestamp time(C), denoting the time at
which cluster C has been created. A timestamp timeCB (C;;C;)) is also
associated to each listCB (C;; Cj), denoting the time at which CB (C;; C;)
has been created.

Each cluster is identi ed by an integer label in the range [1 dn'=3€], which is
used as an index to access the matrix of candidate bridge lists. Cluster labels
and timestamps are used exactly as in the case of 3-spanners.

Lemma 6 It is possible to maintain a 5-spanner associated with a'=3-cluster-

MaximalCluster, in a total worst-case time O( ihzl y2c, IN(Y)))-

Proof: The proof proceeds as in Lemma 3, with the exception of bridge edges.
Any time a new cluster CI(x) is added to , at most n?=3 new sets of candidate 5-
bridges, one for each existing cluster, must be created. For each vertax2 CI(x)
we examine ally 2 N (v). If y 2 Cl(z) then edge {;y) is added to the set of
candidate brigges lg)r the pair Cl(x); Cl(z). All the updates can still be done in

atotal of O(' I, yac; INY)I). 2

The following lemma (analogous to Lemma 4) easily follows.

Lemma 7 Given a graphG, Procedure MaximalCluster computes inO(m + n)
worst-case time a 5-spanner ofG having O(n*=%) edges.
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Let us brie y summarize how we deal with the deletion of edgee. If e is not
in the spanner, or it is a free edge, nothing changes with respect to the case of
3-spanners.

When e is a 5-bridge edge connectingCI(x;) to CI(x;), we replace it with
one of the candidate 5-bridge edges, if any, in the corresponding set. This can
be done in constant worst-case time.

If eis a cluster edge, the clustering is updated as in the case of 3-spanner.
The only di erence with respect to the case of 3-spanners consists in maintaining
both the 5-bridge edges and the candidate 5-bridge edges incident to vertices
that enter into or exit from a cluster.

The next result, analogous to Lemma 5, thus follows:

Lemma 8 A n'-clustering of G is updated by Procedure DeleteClusterEdge
under the deletion of edggx;y), and the associated 5-spanner is updated ac-
cordingly, in

O(jN (x)j + JN (y)j) worst-case time, if no cluster is removed from ;

P
O( v2¢l(x) iN (v)j) worst-case time, if (x;y) is a cluster edge and cluster
Cl(x) is removed from

4.3 Amortized complexity of edge deletions

An edge deletion that does not modify the clustering is performed irO( ') worst-
case time. If no cluster is destroyed by the update, the spanner is maintained
in O() worst-case time (by Lemmas 5 and 8), plus possinyPthe time needed
to build a new cluster. The new clusterC can be builtin O( ,. (y)) time,
due to Lemmas 3 and 6. p

An edge deletion that destroys cluster C is performed in O( y2c (y)
worst-case time (by Lemmas 5 and 8), plus possibly the time needed to build
the new clusters. Since a cluster that is destroyed after an edge deletion has
exactly * vertices, a new cluster centered in vertex can contain at most those"
vertices plus the vertices inFN (v), that were no more than 2 © 1. Thus, each
new cluster has sizeO("), and by Lemmas 3 and 6 the time needed i©O( )
for each new cluster. Hence, for each edge deletion we need a total ©f )
time plus O(C" ) time for each cluster that appears or disappears from the
clustering.

In order to bound the number of clusters that appear or disappear during a
sequence of edge deletions, we consider how the cluster sizes can be a ected by
edge deletions. If the edge deletion does not destroy any cluster, then the size
of at most one cluster is decreased by one (this happens when a cluster edge
is deleted). Otherwise, only one cluster may be destroyed, and the size of the
other clusters does not decrease.

During a sequence of edge deletions, the set of destroyed clusters consists at
most of the initial clusters, plus some of the clusters created during the sequence
of edge deletions. The initial clusters are at mosh=". The initial size of a cluster
C created during the sequence is at least 2, and C is destroyed only if its size
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decreases to less than during the update sequence. By the above arguments
at least ~ deletions are needed in order to shrinkC from its initial size (at least

2 ") to . In summary, if the update sequence has length , at most n="+ ="
clusters may be destroyed overall.

The number of clusters created during the sequence is at most the number of
clusters at the end of the sequence plus the number of destroyed clusters, that
isatmost 2 n="+ = . By Lemmas 5 and 8, the total cost over the sequence
isthusO( +( n=+ =) ° )= O((n+ ) ). Hence, we can state the
following:

Theorem 3 A 3-spanner (resp., a 5-spanner) of an unweighted graph can be
maintained in O((n+ ) ) total time over a sequence of edge deletions. The
spanner hasO(n%?) edges (resp.,0(n*=%) edges). This givesO() amortized
time per operation over a sequence of( n) edge deletions.

5 FRully dynamic 3-spanners and 5-spanners for
unweighted graphs

To make the decremental algorithms of Section 4 fully dynamic, we deal with
edge insertions in a lazy fashion. Inserted edges are kept in a s&® and
our spanners consists of the edges induced by the clustering (see De nitions 3
and 4) plus the edges inE® When inserting an edge, we do not update the
clustering and the associated spanner. Only when the size &%exceeds the size
of the spanner, i.e.,n32 or n*=3, a new clustering and the associated spanner
are built from scratch using Procedure MaximalCluster starting from the empty
clustering, and E ®is set to the empty set. This gives the following theorem:

Theorem 4 A 3-spanner and a 5-spanner of an unweighted graph can be main-
tained in O((n+ ) ) total time over a sequence of intermixed edge insertions
and edge deletions. This give©() amortized time per operation over a se-
quence of ( n) edge insertions and edge deletions.

Proof: If the sequence contains less tham3=2 edge insertions (resp.,n*=3 for
the 5-spanner), then the spanner is never rebuilt from scratch, and the theorem
derives from Theorem 3. Otherwise, we must rebuild from scratch the spanner,
taking O(m + n) worst-case time (see Lemmas 4 and 7), but this cost can be
amortized over a sequence of length (1%2) (resp., ( n*=3) for the 5-spanner),
giving an amortized cost of O(m=n<?) per operation (resp., O(m=n*=3) for
the 5-spanner). Since m=n  m=n32 (resp., m=n  m=n*3), the
amortized time per operation is dominated by edge deletions (see Theorem 3),
giving the thesis. 2



G. Ausiello et al., Small Stretch Spanners JGAA, 10(2) 365{385 (2006) 382

6 Fully dynamic t-spanners for general edge
costs

In this section we present extensions of the algorithm for unweighted graphs to
graphs whose edge costs may assume di erent values. For the sake of presenta-
tion, we rst show how to deal with d di erent edge cost values, and then we
apply the same technique to deal with general positive edge costs. The exten-
sion is described in the case of 3-spanners, its application to 5-spanners being
similar.

Si is a 3-spanner of the subgraph containing all the edges with cogt;.
A key observation is the following:

Lemma 9 Given" subgraphs@l‘ =(V;E1), G, =(V;E2), ..., G =(V;E) of
a graph G = (V;E) such that ,_, E; :gi, if S1, Sy, ..., S are respectively
t-spanners ofGy, G, ..., G, thenS= ,_; S is at-spanner of G.

Proof: Given any edgee = (u;v) 2 E, there exists at least onei such that
e 2 E;j. SinceS; is at-spanner for G;, by condition (2) in Lemma 1, we have
distsép;v) c(e). But S S, thus dists(u;v)  dists, (u;v)  c(e). So,
S= ,.; S fullls condition (2) of Lemma 1, and thus S is a t-spanner ofG.

2

Based on Lemma 9, we partition our edge seE into d disjoint subsetsE; E;
.1, Eg4, where E; contains all edgese 2 E such that c(e) = ¢, and apply the
same algorithms described in Sections 4 and 5 to each subgraph. Each edge
insertion or edge deletion concerns a single spanné;.

Let be the total number of updates in the sequence, an(ri,leti be the
number of updates concerning edges with cost;. Clearly, = ?:1 i. For
anyi,1 i d, the fully dynamic maintenance of 3-spannerS; requires time
o((n+ ) + m F—,=n3=2), by Theorem 4. The total running time of the
algorithm is therefore ©, O (n+ ;) + m ;=2 =O((d n+ ) ),
thus yielding the following:

Theorem 5 A 3-spanner and a 5-spanner of a graph withd di erent edge costs

can be maintained in O() amortized time per operation over a sequence of
( d n) edge insertions and deletions. The 3-spanner ha®(d n®?) edges, and
the 5-spanner hasO(d n“=%) edges.

The same algorithms can be applied to graphs with general positive edge
costs, where the number of di erent costs can be (m). Let the edge costs in
graph G = (V; E) be real numbers in the interval [1; C]. We choose a real value
r> 1, and we de ne a new graphG© in which each cost value is rounded to

INote that, in the case of a constant number d of edge cost values the result holds also in
the presence of edges with cost 0.
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its nearest smaller power ofr: for each edgee 2 E there is an edge inG° with
cYe) = rblogr c(®)c Costs X ) may assume at mostdog, Ce di erent values.
The following relations hold between edge costs and distances 6 and G%

Xe) ce)<r Ye);
distso(x;y) dists(x;y) <r distso(X;y) :

If SCis at-spanner of G% with respect to edge costsc)( ), and S contains
the same edges 0o8° but with the original costs c¢( ), then Sis a (t r)-spanner
of G (with respect to costsc( )). In fact, the above relationships and Lemma 1
allow us to write that for any edge e=(x;y) in E:

dists(x;y) <r distso(x;y) t r cXe) t r ce):

Thus, if we replace edge costs by integer powers of maintain the spanner on
log, C edge costs as in Theorem 5, and look back to the original edge costs, we
can maintain a (3 r)-spanner (resp. a (5r)-spanner) of G having O(n3=? log, C)
edges (resp.O(n*= log, C) edges). Whenr = £ (resp.r = ), we obtain the
following theorem:

Theorem 6 Foranyt> 3(resp.,t> 5), a t-spanner of a graph with real-valued
edge costs in[1;C] can be maintained in O() amortized time per operation
over a sequence of( n log,.5C) (resp., ( n log.5C)) edge insertions and
edge deletions. The spanner ha®(n®? log,.;C) (resp., O(n* log.5 C))
edges.

7 Conclusions

We have presented dynamic algorithms for maintaining both 3-spanners and
5-spanners of unweighted graphs under a sequence of updates. The same tech-
nigues have been extended to deal with 3-spanners and 5-spanners of graphs
with d dierent edge weights and t-spanners of general weighted graphs for
small t. All our algorithms are deterministic and are substantially faster than
recomputing a spanner from scratch after each update by static algorithms. Un-
fortunately, our technique does not seem easy to extend to stretch factors other
than 3 or 5.

While the size of our 3-spanners and 5-spanners is optimal to within constant
factors for constant d, this is not the case for generad and for t > 3. The fully
dynamic maintenance of sparser spanners for general weighted graphs seems
thus worth of further investigation.
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