
Assume that there is a set T c V, such that

t = IT] < cm, and IT U 21 > ~t. Consider

the execution of the function P(T). When a

vertex is added to Z it adds d/5 edges to the

subgraph induced by T U Z. Since we can add

the vertices to Z one at a time, if ITUZI > pt,

then the graph G has a subset of size E = [pi]

with at least (t — t)cl/5 internal edges. But

since ptfn ~ 1/12,

(/ -t)d/52 dt - d/5 >

d(pt/n)2n/2 + (pt/n)/~(l – (pi/n))n

for sufficiently large (constant) d, which vio-

lates (l). •l

Lemma 1 shows that for each set T, IT I <

cm, the set P(T) has at least n – PITI ver-

tices, We now need to show that the family

of sets {P(T) I T E V [?’[ < cm} satisfies the

condition of theorem 1. We prove a stronger

result:

Lemma 2 Given any two sets TI, Tz in G,

such that Ti c V, and lTil < cm, for i = 1,2,

Any two vertices Vl, Vz E P(TI) (7 P(T2) are

connected by a path of length O(log n) in the

subgraph induced by V \ (Tl U Tz).

Proof: Consider the following variant of the

FUNCTION P in which vertices are added to

Z when they have 2d/5 neighbors in T U Z

instead of d/5:

FUNCTION P’

Input: a graph G = (V, E), a set T C

v.

1.2+0;

2. ADD= {vlv@TUZ, vhasat least

2d/5 neihbors in T U Z};

(b) ADD={ vlv@Tu Z,v has

at least 2d/5 neihbors in T U Z};

4. END WHILE

5. P’(T) e V\ (Z UT);

6. END FUNCTION;

Let Z! denote the variable Z after the i-th

iteration of computing P(ti ), let Z; denote

the variable Z after the t-th iteration of com-

puting P’(TI U 5!’z).

We prove by induction on t that Z; ~

2} U Z;. The claim clearly holds for t =

O. Assume that the claim holds for t – 1,

and assume that u was added to 2[ in the

t-th iteration, then u has 2d/3 neighbors in

T1 U T2 U Z}_l U Zj_l, and at least d/3 neigh-

bors in either TI U Zj_l or in Tz U Z~_l. Thus

u is in 2/ UZf,

Since Z; c Z: U Z?,

P’(TI u T2) ~ P(TI) n P(T2).

Furthermore,

Thus, it is enough to show that any two ver-

tices VI, vz E U(Z’1, Tz) = P’(TI U 2’2) are con-

nected by a path of length O(log n), in the

subgraph induced by U(T1, T2). We prove it

by showing that the graph H(TI, T2), induced

by U(T1, 5!2), is an expander.

We again use relation (l). In the origi-

nal graph G, no set of vertices S, [Sl = h,

had more than d@2n/2 + /=0(1 – O)n

internal edges (edges connecting vertices in

S). Consider a set S c U(TI, 5?2), ISI =

On s n/2. The degree of each vertex in

~(Tl, Tz) is at least 3d/5. Thus, the number

of edges connecting vertices in S to vertices

in U(T1, T2) \ S is at least

3. WHILE ADD # 0 DO 3df3n/5 – 2d62n/2 – 23/=0(1 – @)n

(a) Z - Z u ADD; z 9nd/20,

87



for sufficiently large (constant) d. Dividing by

the maximal degree in II(T1, T2), we conclude

that the set S is connected in lY(Tl, TJ) to at

least 1S1/20 vertices outside S, or li(Tl, TZ)

is an expander graph. ❑

Conclusion of the proof of Theorem 2: We

use the same algorithm as in the proof of the-

orem 1 to obtain reliable communication be-

tween pairs of nodes in P(T). However, mes-

sages are sent only on paths of length up to

D(G), were

D(G) = max{diameter(H(Tl, 2’2)) \

T, c v, lT~l < a[vl, i = 1,2}.

Since the graph H(!i?l, Tz) is always an ex-

pander, D(G) = O(log n). Thus, the algo-

rithm requires only O(log n) communication

rounds, and it generates polynomial number

of messages.

Assume that TI is the set of faulty proces-

sors, I?’ll < cm, U,V c P(T1), and v sends

messages to u. As in the proof of theorem 1,

u tries to extract the correct value from the

set of messages it receives from v by trying

possible sets of faulty processors. When u ig-

nores all messages that traverse the set Z’l, it

receives a consistent set of messages from v,

and it deduces the correct value. Our con-

struction guarantees that if u tries any other

set 2’2, there is a path of length no larger than

D(G) that connects v to u and does not tra-

verse vertices in 2“1 U 7’2. Thus, when ignoring

messages that traverse the set T2, u receives

at least one correct message, and the faulty

processors can at most create an inconsistent

set of values, from which u extract nothing.

❑

Corollary 1 There is a constant a >0 and

an n-vertex bounded degree network G, that

can be explicitly constructed, such that G ad-

mits a. e.-agreement for up to am faulty nodes,

Proof: Theorem 2 proves that there is a

bounded degree network G and a communi-

cantion protocol P, such that for any set of

t < cm faults, P guarantees reliable commu-

nication between all pair of processors in a set

of at least n — pt non-faulty processors.

Let Pl? be an agreement protocol for a

complete network with up to pt faulty pro-

cessors. Simulating the protocol Pl? on the

network G using the communication proto-

col P guarantees agreement among at least

n – pt non-faulty nodes in the presence of up

to t < cm faulty nodes. ❑
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