
3.2. Adaptive Randomized Single-Port

— Upper Bound

We begin by outlining an approach for ARS

routing on an n-input n-output d’-way but-

terfly that would achieve close to the diame-

ter bound, if certain independence assumptions

were true. Next, we show that the indepen-

dence assumptions can be dispensed with by

augmenting the butterfly to form a multibut-

terfly of degree d, where d is slightly larger than

d’. Let L = log, n, A = (clog L)/(loglog L)

and W = (c log log n)/(log log L), for a constant

c that is large enough to support our analysis.

Our ARS routing scheme will run in time LAW

provided d ~ log log n.

We first describe the scheme as if only nodes

on a single layer of the butterfly are sources of

packets; later we outline the general case. The

algorithm is based on Valiant’s scheme; there

are two phases, the first of which tries to send

each packet to a random destination. The di-

rect use of the Valiant paradigm is constrained

by the lower bound of Corollary 2. We there-

fore use adaptive rerouting to avoid pile-ups of

Q(log n/ log log n) packets at random interme-

diate destinations.

Each packet leaves its source for a random

destination in the d’-way butterfly; whenever

either of the following occurs, the packet is

“killed”: (1) the packet finds itself at a node

with more than 2A other packets; (2) the

packet follows an edge, and more than A other

packets also follow that edge. Packets are held

in lock-step so that every packet that is not

killed departs from the ith layer of the butterfly

between time steps 2(2 – l)A + 1 and 2iA. (The

sources are at layer zero. ) After 2LA steps,

packets that succeed in reaching outputs send

acknowledgements back to their sources. As

these packets met no more than 2A packets at

any node on the way out, the acknowledgement

phase is also completed in 2LA steps. Sources

that receive no acknowledgements know that

their packets were killed, and so re-transmit to

a new random destination in the next wave, un-

til all packets are delivered. By analyzing the

rate at which packets are killed as the waves

progress, we would like to show that W waves

suffice. Two arguments are missing:

(1) If we could argue that the sources that re-

transmit are drawn independently at random

from all sources, repeated re-transmission can

be shown to terminate in W waves of O(LA)

steps each. However, we do not have this in-

dependence: “e.g., If a packet failed, there is a

higher chance that it was killed by packets on

adjacent butt erfly inputs.

(2) For Valiant’s scheme to work in its original

form, the n packets launched from the sources

should go to random destinations. However,

because of back-off and re-transmission, the

distribution of the packets at the output is not

the same as that of randomly chosen destina-

tions (e.g., no destination receives more than

2A W packets, which is not typical of Valiant-

style random destinations).

For first problem, we create W copies of the

butterfly, and overlay them after first randomly

permuting the nodes within each level to form

a “multibutterfly” with the same set of nodes

as before but with degree d’W. The first phase

uses the first copy of the butterily; sources that

re-transmit at each subsequent phase use edges

from a new copy of the butterfly each time.

With respect to each new copy of the butter-

fly, the sources are randomly distributed, giv-

ing us the necessary independence. Since the

experiment terminates in W waves, with high

probability, we will not run out of copies of the

butterfly before all packets are delivered to ran-

dom destinations,

The second problem requires an analysis

showing that Valiant’s analysis can be modified

for the butterfly when we route to a random

permutation rather than to random destina-

tions; some additional work involving ‘spreadi-

ng” of packets as in the token distribution

problem [9] is also needed. We complete the de-
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scription of our scheme by outlining the pipelin-

ing that is necessary to support sources from all

layers rather than only from layer zero. In the

above scheme, we ensure that the packets in a

wave proceed from one layer to the next dur-

ing an interval of 2A steps. We pipeline waves

originating from different layers at time inter-

vals of 2A steps. This ensures that two packets

originating from different layers do not meet,

and yet allows a wave for all layers to finish in

O(LA) steps.

Theorem 10: For d 2 log log n, there is an

AILS scheme that routes any permutation in

O(LAW) = 0( l“~~~~l~~o~:” log~ n) steps.

We remark that for d < log log n we can give a

scheme with a slightly better bound than that

of Theorem 10.

4. Further Work

Our results clearly highlight the problem of de-

vising and analyzing single-port schemes. For

ADS routing, we have not resolved the com-

plexity. We apparently also have a sub-optimal

ARS scheme. Our algorithms for single-port

routing require nodes to receive more than one

packet in a step, a weakness that should be ad-

dressed. Our work does not consider the max-

imum queue size; a natural dichotomy to be

studied would be algorithms with bounded ver-

sus unbounded queue size.
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