
Theorem 5.2 The K-set agreement task has no t-

fauity solution for K ~ t.

Proof: It is enough to show that no canonical t-
resilient t-set agreement protocol exists. E\y way of

contradiction, let @ be such a protocol. Pick an in-

put simplex S“ = St U ~-t- 1 in which each process

Pi has a distinct input vi. By Lemma 4.10, there

exists a span c : bary’(St) ~ @(St u S~-t-l). Let

St = (s.,.. .,st). Define x : bary”(St) + St as

follows: x(v) = Si, where value(a(v)) = vi. Each

value(v) is chosen by some process in a solo exe-

cution by the processes in ids(S1 ) U T. Because

the protocol is canonical, however, value(v) can-

not be an input value for any process in T, so x

must carry each vertex v to a vertex in its carrier.

The map x is thus a Sperner labeling for St, and

Sperner’s Lemma implies that there exists a sim-

plex in bary’ (St) whose vertexes are mapped to all

t + 1 inputs. This simplex corresponds to an exe-

cution that yields t + 1 distinct decision values, a

cent radict ion. n

It is easily shown that one cannot solve two-

process consensus using an arbitrary ot)ject that

solves 2-set agreement. It follows that the computa-

tional power of set agreement lies “between” that of

read fwrite memory and any object with consensus

number two.

Corollary 5.3 An object’s computational power is

not completely characterized by its consensus num-

ber.

5.2 Renaming

Another open problem that has attracted consider-

able attention is the renaming problem of Attiya et

al. [4]. Each process is given a unique input name

taken from a range O . . . IV where N > n. Each

process then chooses a unique output name taken

from a smaller range O . . . K. To rule out trivial

solutions (such as Pi chooses output name i), we

require that the name chosen by a process depend

only on its input name and the execution, and not

on the process’s id.

For n+ 1 processes, it is known that the renaming

task has a t-resilient solution for n + t + 1 or more

output names, and none for n + 2 or fewer [4]. We

now narrow this gap by showing that there is no

solution for n + t —1 or fewer output names, leaving

open the question whether there is a solution for

exactly n + t names.

Theorem 5.4 There is no t-resilient renaming

protocol for n + 1 processes, 2n – 1 or more input

names, and n + i — 1 or fewer output names.

(Because of space limitations, we summarize the

proof for the wait-free case.) Let Et be the complex

generated by a single l-simplex, where vertexes are

labeled with O, . . . . L

Theorem 5.5 [Spanier, 8.D.2] Let 4 : A“ 4 &“

be a simplicial map. For O ~ i ~ n, the number of

simplezes of An mapped to facei(tn) has the same

parity as the number of simpiexes of An mapped to

&n.

Let @ be a wait-free renaming protocol where in-

put names range from O to at least 2n – 2, and out-

put names from O to 2n – 2. Pick n + 1 input names

so that all processes choose output names of the

same parity in solo executions. Let cr : bary’ (S1) -+

@(S1) for r ~ O be a span. If ~ is a function on

bary” (St), q$(Pi, Si) is shorthand for d(v), where

a(v) = (P,, Si). Define @ : baryT(Sf) ~ t~+l as fol-

lows: #(Pi, Si) is the vertex (i+ (name(si) mod 2)

(mod 1 + 2)).

Lemma 5.6 The number of simplezes of baryr (St)

mapped to facei(&4+1) is odd for i = Z+ 1, and even

otherwise.

The proof is an inductive argument based on The-

orem 5.5.

When 4 = n, @ sends the vertexes of at least one

simplex Tn of bary~ (Sn ) to distinct vertexes of P,

implying that the names at vertexes of Tn are either

all even or all odd. Since there n + 1 processes but

only 2n — 1 names, we have a contradiction.

5.3 Approximate Agreement

Let K be a point set in Euclidian space Rt, and let

hull(K) be the convex hull of K. In the generalized

approximate agreement task, each Pi starts with an

input xi in K, and halts with an output yi in K

satisfying (1) agreement all yi lie within some fixed

~ of one another, and (2) validity: all yi lie within

the convex hull of the xi. This problem has been

studied in the special case where K = R in the

Byzantine [9, 10, 22] and fail-stop models [5, 15].

Here we consider only the wait-free case.

Definition 5.2 K has a hole of radius r around

point z if z is in huli(K), and that no point of K

lies within distance r of o.

Theorem 5.7 The generalized approximate agree-
ment task has no wait-free solution if K has a hole

of radius E.
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