


Lemma 1

T(AHo) = {AH_1}U {A (

a
1

)Hn—li aEFq}.
)Hn—l: aqu}.

€ HyNH,_.; and

1
0
Proof: We first prove that

ro) = ttn-o{( §
0

01

for a € Fy, so that (

Note that ( 1

a
1

Therefore, HoNH, -1 # 0 and HoN
for a € F,. This implies

F(Ho)g{Hn_l}u{< ‘; (1) )H,,_lz aqu}.

However, since [T'(Hp)} = ¢ + 1 (by Fact 1), and the

set {Hn_l}u{(a I)H_

1 0 i
q + 1 distinct cosets, the above containment relation
holds with equality.

Now, it is easy to see that for any A, B € PG L2(¢"),

1: a€ Fq} , consists of

HoNBH,_; ;é ] <~ AHyNABH,_; 56 0

)Hn_lz aqu}.

0

This implies

[(AH,) = {AHn-l}U{A< Cll (1)

Lemma 2

T(AHn_1) = {A( 1 p

01

)Ho: pEPL,}.

Proof: Reasoning as before, we only need to prove

F(Hn-1)={( )Hoi PEP*Y}-

Since (é p) € H,_;, we have H,_ ; N

1
(o1

01 ) Hy # 0 and, therefore,

e 2{( g § ) Hes per).

By Fact 1, [[(Hn-1)] = ¢""!' = |Py]. So, all we
have to show is that for any p;,p; € Py, pi #

Pi, <1 pi>Ho # (1 pj)Ho.

0 1 0 1

1 p
0 1

1 p
0 1

Suppose, for
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L. . b
a contradiction, that there exists (‘; d € Hp

1 p; a b _ 1 p;
such that (0 ) >(c d> = (0 1) that
. epi+a dpi+b\ _ (1 p; C
is, ( . d =\lo 1 /) This implies

¢=0,d=1,a=1and p; +b = p;, which violates the
definition of P,. 0

Combining the two lemmas we can prove that, given
any pair of variables, their copies share at most one
memory module. This is formally stated in the following
theorem.

Theorem 2 Let A,B € PGL2(q™) with AHy # BHy.
Then |[T(AHo)NT(BHy)| < 1.

Proof: For a contradiction suppose that |I'(AHg) N
I'(BHy)| > 2. Then, there exist C,D € PGLy(¢")
with CH,_y # DH,_;, such that CH,_1,DH,.1 €
T'(AHo) NT(BH,) (see Fig. 1}). Without loss of gen-
erality, we assume that CH,_; = H,_1, otherwise
we could premultiply A, B,C and D by C~! and ob-
With this choice of C, us-

(1 pl)and
1 p

0 1
B = 0 1 ), with pi,p2 € Py, p1 # p2. Note
that AH,_1 = BH,_; = H,_1, since, for p € P,,

( (1) 110 ) H,.i=H,_.1. Then by Lemma 1

T(AHo) — Hn_y = T(AHo) — AHp_y =

tain a similar situation.

ing Lemma 2 we can choose A

1 1
()5 ) e
={(pli*-a (l))Hn_lz aEFq}

and

F(BHO) - Hn—l = F(BHQ) - BHn_1 =

_ 1 P2 a 1 X _

_{(0 1)<1 0>Hn_1. aEFq}_
+ 1

:{(P21a O)Hn_li GEFq}

This implies |(I'(AHg) — Hp-1) N(T(BHy) — Hpwt)| =
0, which contradicts the assumption that I'(AHy) and
I'(BHg) share more than one element. O

Next we consider the function I'2.



Figure 1: AHo, BHo, CHn_1,and DH,_;

Lemma 3

FZ(AHn—l):{A<T é)Hn-—l: aEFqn}.

Proof: By definition,

I2(AHp_1) = I(T(AHn_1)) = AHn_1

{a(§ 5 )#: ren).

By Lemma 2,

T(AH._1) 7

O -

By Lemma 1,

:{AH,,_l}U{A pra (1) )Hn_l : aqu}
since Lp H,_,=H,_;. Hence,
0 1
I'*(AH,_1) =

p+a 1
(71"
The lemma is proved by observing that {p+ a :
PyandaeF,} =Fgn.

)Hn_lz ael, andpeP,,}

pE
0

Theorem 3 Lei A, B € PGLy(q") with AH,_; #
BHn_l. Then IFZ(AHn_l) ﬂPZ(BHn_.l)! S q - 1.

Proof: Without loss of generality, assume AH,.1 =
Hp -1 (same argument as in the proof of Theorem 2). By

Lemma 3, T?(Hp_1) = {( (; (1) ) H,_1: 8€ Fqn} .

Then, we have three cases, depending upon the form of
BH, 1.
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0 1
i< (¢™~1)/(g—-1). Applying Lemma 3 we get

Tz(BHn_l) =

{7 0)(5 ) Hams: aeFp)=
{77 )i aeFol

Since 4" # 1, we have |T2(H,_;)NT*(BH,_;)| = 0.
CASE 2: BH,_, = ( .

CASE 1: BH,_, = H,_,, for some i, 1 <

7 0
0 1

10 H,_1, forsome § € Fyn.

Applying Lemma 3 we get
[?(BH,_1) =

()3 §) e weri)
(% ) e

o 1
Now, if « 0 then (ﬂaa+1 f)Hn—] =

Hp1 € T%(H,_1)NT?(BH,-1). Otherwise, let —a~2
by*, for some k, 0 < k < (¢" —1)/(g—1),and b € F;.
Simple calculations show that '
1 ot
) (o )=

<ﬂ+1a“ )(b'l 0
)i

0 1
=b"1ag~! ( P+l p
)Hn_l.

g

ok
0

fa+1 B

o 1

. -t 0 1 -1
Since both ( 0 1 ) € H,_; and ( 0 al ) €
n—1, we have
Ba+1 B _( B+at A
( o 1 Hn—l = 1 0 Hn—l- No-

tice that {—a~?: a€FL.}={y¥: 0<i<qg*~2}.
Since ¢ is even, there are exactly ¢ — 1 values of « such
that —a~2? € F3, ie, k = 0. These are the values of
pati f ) Ha_1 € T%(Hn_;). Thus
IT2(Hn-1) NT%(BH,_1)| =¢-1L
CASE 3: BH,_; = /.f o
and 1,1 <i< (¢"—1)/(¢—1). The argument is similar
to the one developed for CASE 2.
By recalling the set of representatives for U given in
(1), one can easily conclude that the above three cases
cover all possible cosets of U. ]

«a for which

Hy_1,forsome B € Fyn
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Theorems 2 and 3 have two important conse-
quences, stated below as corollaries, which will play a
key role in proving the expansion capability of G.

Corollary 1 Let u € U and consider a set of t distinct
variables vy, ..., v, such that u € I'(v;), for 1 < i < ¢t
Then

IT({v1,-.-,ve}) — u| = gt.
Proof: Immediate from Theorem 2. ]
Corollary 2 Let S C V be a set of variables and

consider a set of k distinct modules uy,...,u;. Let
t; = |T(u;) N S|. Then

II‘(S)Izi‘;qti— (4)e-v.

Proof: Let A; denote the set T'(T'(u;)NS)~u;. We have

k
TS > Dol YD N4
i=1 1<i<i<k
by Cor.1 *
> doati— > [T%(w) NI ()]
i=1 1<i<i<k
by Th.3 * k
2 thi"<2>(9"1)
=1

0

We are now ready to analyze the expansion prop-
erties of graph G. In particular, given a set of variables
S C V we want to bound from below the size of the set of
modules I'(S} containing the copies of the variablesin §.
This problem was left open in [Mor91], where the node
sets V and U were two stages of a multistage diagram,
with each stage consisting of a quotient of PG L2(¢")
with respect to a different subgroup.

Theorem 4 Let S C V. We have

1

VA |S|?/3¢

IT(S)| =
Proof: We first prove that |I'(S)] > /|S|g. There are
|Si(g + 1) edges incident to members of S. Suppose
IT(S)} < 4/|S|g. Then there exists a node in U receiving
at least \/[_S—'[(q 4+ 1)/q edges from §. Ry Corollary 1
this implies [T(S)| > ¢+/ISl(g + 1)/¢ > /|Slg, which
contradicts the assumption |T'(S)| < v/|Slg-

Now, let |T'(S)| = v/|S]e, with ¢ > ¢q. We claim that
each node of I'(S) receives fewer than /|S|e/q edges

from S. Indeed, suppose there is some u € T'(S) re-
ceiving s > \/|S|e/q edges; clearly, T(I'(x) N .S) C T(S)
and, by Corollary 1, [T'(T'(v) N S)| = sq + 1, yielding
IT(S)| > IT(T(x) N S)| > v/[S]e + 1, a contradiction.
Let ¢ be the number of nodes in I'(S) receiving at least

V/1Slg/¢€ edges from S. We have
tV1Sle/q+ (VISle —t)V/|Sla/e 2 |Sl(g + 1)

This implies ¢t > /|Slz%7, and the fact € > ¢ implies

t > V/ISlg/e. Now, let u;, for 1 < i < /|S|g/e, be
distinct nodes of T'(S) receiving each at least \/|S]q/¢
edges from S. From Corollary 2 we get

Vislg/e

rel 2 Y drwnsi- (VEW ) q-n>
i=1
> o(V/Bla/o? - 5(/Bla/oa~1) 2

3

q
> IsiL;
Combining the hypothesis |T(S)| = /|Sle with the
above inequality we obtain

IN(S)| > =

> 2—1/315|2/3<1

0

Unfortunately, it can be proved that, at least when
n is composite, there exist sets S for which the bound
established in Theorem 4 is tight. However, it is not
known whether for n prime a stronger lower bound ex-
ists.

3 Access Protocol and Analysis

Consider an MPC with N processors, N memory mod-
ules and M variables with their copies distributed
among the modules according to the graph G defined
in the previous section. Suppose each processor issues a
read/write request for a distinct variable. Recall that,
because of the majority rule, for each variable it is suf-
ficient to access only q/2 + 1 copies.

The access protocol we propose is similar to the
ones by [UW87, PP93]. The processors are subdivided
into N/(g + 1) clusters, with ¢ + 1 processors per clus-
ter. Let P(i,j) denote the jth processor in cluster i, for
1<i<N/(g+1)and 1<) <g+1. Let also ofi, )
denote the variable requested by processor P(4, 7). The
protocol consists of ¢ + 1 phases. In the kth phase the
processors of each cluster cooperate to access the vari-
able requested by their kth companion. More specifi-
cally, processor P(i,j) is in charge of the jth copy of
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v(7, k), for any ¢ and j. A number of iterations are ex-
ecuted. In each iteration each processor tries to access
its assigned variable unless it previously succeeded or
other g/2 + 1 copies of the same variable have already
been accessed. A memory module can satisfy at most
one request per iteration, so the number of copies ac-
cessed in an iteration is equal to the number of modules
receiving requests in that iteration.

Let ® be the maximum number of iterations exe-
cuted in any phase. As we will see in the next sec-
tion, each processor is able to determine the physical
address of any copy in O(log N) time. Therefore, it can
be seen that the entire access protocol is completed in
O(g(®logg + log N)) steps on the MPC. We will now
give an upper bound to the value of ®. Consider a phase.
At some point during the execution of the phase, a copy
is said to be alive if it has not been accessed yet; a vari-
able is said to be alive if at least ¢/2+4 1 of its copies are
still alive. (This terminology is used only for variables
and copies requested in the phase under consideration.)
We need to slightly modify the result in Theorem 4. The
proof is analogous.

Theorem 5 Let S C V be a sel of live variables and
let T'(S) denote the memory modules storing the live
copies of the variables in S. Then

1
IM(S)] > 71573

For a given phase, let R; denote the number of live
variables remaining after the kth iteration, where Ry =
N. Using Theorem 5 and an argument similar to the
one used to prove [UW87, Lemma 3.3], we can show
that for any £ > 0

Riy1 < R (1 —c (%) 1/3) (2)

with ¢ ~ 0.397.

Theorem 6 If ¢ is a constant, ® € O(N*/3log* N).

Proof: Let {k:}:>o0 be asequence of indices such that 0 =
}vo<k1<k‘2<-..<ki<..
for i > 1. By applying (2) it follows immediately that

q 1/3\ ¢
< 1—
Rk; = Rk;_1 ( 4 (Rk,_l) ) (3)

for any ¢ > 1. Let b > 1 be a suitable constant and
define the sequence {6;}.>0 as follows

60 = 1
biv1 = b0

., and define e, = k; —k;_1,

fori>0

For : > 1 we have
& = b

where the exponent of b is a tower of i — 1 w’s and
w = b1/3. We choose the k;’s so that

< N{g+1)

Ry, < 5

Thus, for some smallest j € O(log™ N), Ri, < 1.

Claim For any i > 1, ¢; € O(N/3).

Proof: We need to estimate ¢; = k; — k;_; knowing that
Ry, < Mt and Ry, < M2 Since the RHS of
(3)is an in‘creasing function of Ry
ng—ll) for Ri._, and obtain

N(q+1) q 51'—1)1/3
<HUFD %=1
B s =57 < c<q+1 N

Imposing

Na+1) (1_6(_9_@>”3)“=M

-1, We can substitute

€

i1 g+1 N &;

and solving for ¢;, we get

log; 8; — logy 6;-1

—log; (1 —-c (Ei_lé}i—l>1/3>

Using the well known fact log,(1 + z) < log, ez, for
z > —1, we get

€ =

log, 6; — logy 6;—1

1
. 1/3
& < N 173 PRE
clogbe(;_‘-i’_—l) i
1 log; 8;
1/3 b Ui
< WY YR
clogbe(q—i—l) i—1

By definition of é;, log, §; = 61-11?, therefore,

€ S N1/3 c O(N1/3)

1/3
clog; e (—q—_ﬁ)

that proves the claim. a

Combining the result in the claim with the fact that
for some j € O(log™ N) R, < 1, we conclude that after
® € O(N'/31og* N) iterations there are no copies alive,
ie, Rp < 1. 0

Therefore, if ¢ € O(1) the entire access protocol for sat-
isfying a set of N requests is executed in O(N1/3log* N)
steps.
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In general, if N’ < N requests are issued by the
processors a similar protocol is executed with ¢ €
O((N')Y/31og* N') iterations per phase. Then the total
time complexity becomes O((N")}/3log* N’ +log N), as
claimed in Theorem 1.

Before closing this section, we want to give the
reader an idea on how far from optimal the perfor-
mance of our scheme is. The following theorem, which
is patterned after [UW87, Theorem 4.1] with appropri-
ate modifications, provides a lower bound to the perfor-
mance of any memory organization scheme.

Theorem 7 In any memory organization scheme
where M variables, each represented by ezactly r copies,
are distributed among N memory modules, the worst-
case time needed to access a set of N variables is

Q((M/NT

Note that the result is independent of any strategy
adopted to access the variables (e.g., majority rule)
and, any interconnection pattern between processors
and memories. In our case, choosing ¢ = 2 (i.e., r = 3),
the lower bound becomes Q(N((1/2)=0(1/1og N))(1/3)) —
Q(N(I/G)—O(l/logN))'

4 Implementation

A crucial aspect of the development of a memory orga-
nization scheme concerns its implementation, an issue
that has been often ignored in the past. In this sec-
tion, we illustrate how our memory organization can be
implemented.

Let .,vm-1 denote the variables, and
ug,...,uy-1 the memory modules. Recall that each
module stores copies of M(q + 1)/N = ¢*~! dis-
tinct variables. Let v) denote the variable such
that the kth item stored in module u; is one of its
copies. Recall that the variables are associated with
the cosets of PGLy(¢q")/Ho and the modules with those
of PGL2(q™)/Hy—1. We first need to establish the fol-
lowing bijections.

Vo, -«

1. For 0 < i < M, v; «—— A;Hy, for some A; €
q

i

PGLy(q™).

2. For 0 < j < N, uj « BjH,_, for some B; €
PGLg(q").

3. For 0<j<Nand0<k<g*?, vl — ClH,,
for some C}, € PGL2(q").
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The goal is to define the A;’s, B;’s and Ci’s so that
a processor that wants to access a specific copy of a
variable is able to efficiently determine both the module
storing that copy and the physical address of the copy
within the module.

1. (Bijection: v; «— A;Hy). We will consider only the
case of ¢ = 2 and n odd, leaving the general case for an
extended version of the paper !. Recall that

227 _ |

M = |PGL2(2")/Ho| =27 5

We need to find a set of M matrices belonging to dis-
tinct cosets of PG L2(2")/Ho, ordered in such a way that
given an index ¢, 0 < i < M, the ith matrix can be effi-
ciently computed. A crucial fact we exploit in choosing
the matrices is that each row, consisting of two elements
from the field Fy», can be uniquely associated with an
element of the extension field F,z2». More specifically,
let A be a generator of the multiplicative group Fj..,.
Consider the following integers

a 22n_1
F =73
o 2 2" +1
. N 2" 41
- 3
and observe that
322 0= {X:0<i<3}
3 o= {7 :0<i<2" -1}

Let w 2 AP, so w is a generator of F},; note that
F2: C Fa2- but, since n is odd, Faz ¢ Fan. Therefore,
w € Fg2n — F2n and (w,1) forms a basis for Fg2n over
Fo-, i.e., each element of Fy2» can be uniquely written
as aw + b, for some a,b € Fa». Thus, we shall conve-

y

niently denote a matrix " ) ,withz,y,z,v € Fan,

by the pair (a, 8), where o and § are the two elements
of Fyzn defined as a = 2w+ y and § = zw+v.

For1<s<(2"1—-1)/3and 0<t<2® —1let
N
k(s,t) = (s+to) modp
We are now ready to define the matrices representa-

tives for PGL4(2")/Ho. For convenience, we partition
these matrices into four sets, S1, S2, Sz and Sg. In the

!Note that when ¢ = 2 there are three copies per variable,
which, as [Mey92] pointed out, appears to be one of the
interesting cases for practical PRAM simulations.



definition of the four sets, the indices s, ¢ and 7 will take
values in the following ranges:

1<s< 2"'3?—1
0<t<2m—1
0<ji<3
We set
S & {(1,)w) s 0<i<2® ~1)
S B {(1, 3ty
S £ {0 1))
54 = {(/\k(s’o)y/\iwj) :1<i<p, 7 /i and

Ak(s,o)(wj/\i)—l ¢ F*n}
It is easily seen that

o —1
(2" -1)(2"" 1 -1

[S1]
|Sa| = |S]

As for the cardinality of S4, note that there are
Q"_—Qé(z"_—z) values of ¢ between 1 and p not multiples
of 7. Furthermore, it is not difficult to show that for
each s there are exactly 2" — 1 pairs of indices 7 and
Jy,with 1 < i< p, 7 ) ¢and 0 < j < 3, such that
Ak(.0) (i x*)=1 € F3,. Therefore,

s = T Lp@m @D ey
= e - et -2 - @ - 1)

Simple algebra shows that E?zl |Sif = M. Thus, the
A;’s defining the bijection between the variables and
the cosets of PGLy(2")/Ho, can be identified with the
matrices in the above four sets, based on the following
theorem whose proof is omitted due to space limitations.

Theorem 8 The matrices in 81| JS2|J Sz Ss bdelong
to dustinct cosets of PGLo(2™)/Hy, thus forming a com-
plete set of representatives. Furthermore, the matrices
can be ordered so that, given an indez i, 0 < i < M,
the ith matriz can be computed in O(log N) time using
0O(1) storage.

2. (Bijection: w; «—— BjH,_1). The choice of the
matrices B;’s can be naturally done using the set of
representatives of PGL3(¢")/Hn-1 given in (1). For
O§s<9ql_"—lland—1§t<q” let

F(5,8) 2 s(q” + 1)+t +1.
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Note that 0 < f(s,t) < N. Also let Fyn

{ao,...,a4n_1}. Define
¥* 0) .
ift=-1
(G
Bis,) = .
C;t ‘6 ) otherwise

3. (Bijection: vl «— CiH,). We define the Ci’s as
follows. Let Py = {po,...,pgn-1-1} (P, has been de-
fined at the beginning of Section 2). For 0 < s < 9q:_"T1,
—1<t<¢*and 0 <k < ¢*~! define

Lemma 4 The C{(s’t) ’s are well defined, i.e., in graph
G the node By 1 Hn-1 is adjacent to the nodes
C{(s’t)Ho, for 0 < k < ¢"71. Furthermore, if t = —1
then

Px

s 1
CI{( Y = By(s,1) ( 0 1

Bi(s,yHn-1 N C;{(s’t)Ho =

il

Otherunse (t > 0),

(px +b)7°
1

avy’

0 >: a,bqu,a;éO}

By yHnoy N C{VH,y =

{

Proof: By Lemma 2 and the fact that the edges of the
graph are associated with the cosets of HoNH,_;, where

HgﬂHn_1:{<

Now, suppose a processor wants to access a copy
of the variable v;. It first computes the matrix A; such
that v; = A;Ho. By Lemma 1, the copies of v; are stored

into the modules
) Hn-—l L ag Fq}

{AiHn—l} U {Ai (
Suppose the processor requests the copy stored into
BH,_,, where B is either A; or A; ( cll (1) ), for some

(px + b)az +7°
pr+b

aog
a

>: a,bEFq,a;éO}

b
1

a

0 ): a,bqu,a;éO}.

D

a 1
1 0

T Yy

a €Fy. Let B = , where v = lor z = 1

and v = 0, according to the usual notation. Given B



and using Lemma 4, it is not hard to derive the indices
s,t and k such that the requested copy is the kth item
in module uj(s,¢). For example, if 2 = 0 we know that
t = —1 and proceed as follows. Let ¢ = %" for some
7,0 <r<q¢*—1. Then, s =rmod(¢" —1)/(g—1)
and py + b = yy~*, which allows to determine k. The
other cases are handled similarly. The whole computa-
tion involves O(n) = O(log N) operations (arithmetic
operations and operations in Fy»), and may be carried
out using O(1) internal registers.
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