


Using the Chernoff bound [2, 4] we bound
the probability that more than (a —1)log N
different packets traversed any input to out-
put path of the butterfly in routing the per-
mutation ¢~ lro by 3N2e~2leN/6 < 1/N
for sufficiently large (constant) a. o

Theorem 2 Let M(w,u) be the number
of packets traversing node u in routing the
permutation .
such that

There exists a constant a

alog N 1

Pr(max M(r,u) > loglogN) >1- i

for random .

Proof: Consider a node u at stage
(log N)/2. There are /N inputs that can
reach this node, and a packet that tra-
verses this node can reach v/N different
outputs. The probability that at least
alog N/loglog N of these inputs chose to
send a packet through node u, given that
at most half of the /N possible destina-
tions reachable from u are already used by
other packets is at least

alo

alog N
A /N 1 log log N
( loa N Z e—alogN.
loglog N 2 V

Let b(z) denote the n/2-digit binary rep-
resentation of the number z. Consider
the set of v/ N/8 nodes in stage n/2 =
(log N)/2 with numbers (n/2, (b(z), b(z))),
for ¢ = 0,..,v/N/8. Let IN(z) denote
the set of v/N inputs that can reach node
(n/2,(b(z),b(x))) and let OUT(z) denote
the set of v/N outputs that can be reached
from this node. Note that these sets are
disjoint.

The probability that there is a set
OUT(z) that receives more than +/N/2

packets from inputs in J I N(z) is bounded,
using the Chernoff bound, by @e‘m/ 8,

Thus, the probability that at least
alog N/loglog N packets traverse at least
one of the v/N /8 nodes in stage (log N)/2
is at least

—alogN)@ M N é"' 1

— {1 — Y > —
1—(1—e cem 21-
0O

for a < 1/2.

Corollary 8 There exist a permutation
7 such that
alog N 1

y>1——

Pr(max Mo ro,u) > v

loglog N

for random o.

Proof: For a random permutation =, the
permutation o~ 17¢ is a uniformly random
permutation. 0O

The last Corollary implies that routing
o~ lro t times requires atlog N/loglog N
steps, with probability > 1 —1/N.

3 Routing on a Butter-
fly with Extra Stages

We prove in this section that there exists a
set of almost all permutations (more than
N!(1 — 5%) permutations), such that if an
adversary picks a sequence of { permuta-
tions from this set (possibly with repeti-
tions), our algorithm routes all these per-
mutations, with high probability, in asymp-
totically optimal time. Furthermore, if
processor numbers are randomly permuted
then any polynomially large set of permu-
tations belong to this “good” set with high
probability.
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We use a butterfly with r > loglog N ex-
tra stages. The first n + 1 stages of our
network 1s a regular butterfly, the extra r
stages repeat the first r stages of the net-
work.

Our routing algorithm starts with r ran-
dom transitions followed by n determinis-
tic transitions. A packet at an input node
chooses randomly and independent of the
other packets one of the 2" nodes that it
can reach at stage r + 1. In its first r tran-
sitions the packet proceeds to that node. In
the following n transitions the packet pro-
ceeds to its destination output using the
unique path from the nodes it reached in
stage 7 + 1 to its destination. Queues in
intermediate nodes are ordered according
to priorities given to the packets in the in-
puts. A packet in permutation ¢ in the se-
quence receives priority ([ F;T-I’R) where
R is a random number uniformly chosen in
the range [0, ...,c(log N)27]. The priorities
are ordered in lexicographic order.

3.1 A “Good” Set of Almost
All Permutations

Denote by S,—_,(a) the n — r rightmost bits
of the n vector a. Let B(s, S,-,(a)) denote
the set of 2" nodes in column s of a but-
terfly (with no extra stages) with the n —r
rightmost bits in their addresses equal to

Sn—r(a), i.e.

B(s, Sn—r(a) = {(s,2) | Sn-r(z) = Sn—r(a)}.

Let 7 be an arbitrary N-permutation.
Consider the routing of # on a butter-
fly with no extra stages using the unique
paths. Let M(r,s,S,._.(a)) denote the set
of packets traversing nodes in B(s, Sp—-(a))
in routing the permutation 7.

287

Let
U(r,7) = {r | |M(r,s,Sn-r(a))] < 7 for all

0 <s<nandall S,—.(a)}.

Theorem 4

1
1 52)

1

ecZ’

[T (r,c27)] > NY(1 -

) 2 NY(

forr >loglog N and c > €°.

Proof: Observe that if s < r, a set
B(s, Sy-r(a)) can be reached from no more
than 27 inputs, thus the condition always
holds. If s > r then the set B(s,S,—.(a))
can be reached from 2° inputs, and can
send messages to at most 272"7% out-
puts. Thus no more than 2("+m)/2
Maz , Min[2%,272""%] packets can pass the
set in the routing of any permutation.

There are N/2" possible sets
B(s,Sp—+(a)) in column s. Thus we can
bound the number of permutations that are
not in ¥(r,c2") by

(i) (272]: "’) FI(N — k)l =

> X N = RN o901y, (2°—k41):

S=T k=27 2Tk|
(2727%)(2727° — 1)...(272""° — k + 1).

n—1 2(n+r)/2
N
>y o

S=7  k=c2"

n—12(n+n)/2

Since
(2° = j)(22" 7 —j) < 27(N — )

for j < 2(*+7)/2_the above sum is bounded
by

2k N! N

k= e2” = Ne¢

nN!QET Z

k>c2r



Lemma 5 Let 7 be a fired permutation.
Then, for random o,
3

21— ==

Pr(o7'ro € ¥(r,c27)) NET

Proof: Similar to the proof of theorem
1 we partition 7 into four sub-permutations
1, T2, T3 and 74, such that 7; is the iden-
tity permutation on some of the elements,
and in 7, ¢ = 2,3, 4, each element appears
no more then once, either as an input or
as an output for a packet. Thus o770,
1= 2,3,4, is part of a random permutation
and we can apply theorem 4 with parameter
c/3 — 1. D

3.2 Analysis of the Algorithm

We first treat the case of a sequence of up
to log N permutations.

Theorem 6 Given any sequence of t <
log N permutations from the set ¥(r,c2")
(possibly with repetitions), our algorithm
routes all the permutations on a butterfly
with extra v stages in cBalog N steps with
probability 1 — e P18N for some constant
a>0and any 8> 1.

Proof: Consider an execution of the al-
gorithm on a sequence of ¢ permutations.
Let G be the maximum number of pack-
ets traversing any node in the network in
this execution (the congestion of this rout-
ing problem).

Lemma 7 1. G<c2 logN;
2. Prob{G > 6clog N} < 2~41&lN,

Proof: We distinguish between nodes in
the first r stages of the network and nodes
in the remaining n stages.
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A node in the first r stages can receive
packets from no more than 2" inputs, thus
can receive no more than ¢2” packets in
routing ¢ permutations. Since packets fol-
low a random path in the first r stages, the
number of packets that pass a given node
1s distributed B(#27,2"). By the Chernoff
bound [4], the probability that more than
6log N packets traverse a node in the first
r stages is bounded by 2618V,

The first r stages can change only the
r leftmost bits in the location of a packet.
Thus only packets in M(7,s,Sn—,(a)) may
traverse a node (s,a), s > r in our rout-
ing algorithm. Since each of the ¢ per-
mutations is from the set ¥(r,c2"), and
IM(m,s,Sn-r(a)] < 2" for each of these
permutations, a node in stage s > r
can never receive more than tc2" pack-
ets. The probability that a packet in
M(r,s,Sq—r(a)) actually traverses node
(s,a) is bounded by 27", since it followed a
random path in the first r stages of the net-
work. Thus, using the Chernoff bound, the
probability that more than 6clog N pack-
ets traverse a given node is bounded by
2—6c log N .

Since there are N log N nodes in the net-
work, Prob{G > 6clog N} < 2-4lesN 0
Having a deterministic and a probabilistic
bounds on the congestion of the routing
problem, we can now follow the proof of
Theorem 3.26 in [5, page 548] to show that
the probability that the routing algorithm
fails to routes all the packets of the ¢ per-
mutations in ecaf log N steps is bounded by
e PlogN for some a > 0 and any 3> 1. O

We turn now to the analysis of routing
long sequences of permutations.

Theorem 8 Given any set of t permu-
tations from the set W(r,c2") (possibly with



repetitions), our algorithm routes all the
permutations on a butterfly with extra r
stages in O(t +log N) steps with high prob-
ability.

Furthermore, for any f < t, the first f
permutations are routed in O(f + log N)
steps with high probability.

Proof: The priority mechanism parti-
tions the ¢ permutations into [¢/log N]
sets, each with up to log N permutations,
such that the routing of packets in the i-th
set is only affected by packets in the first ¢
sets.

The routing time of the £ set is thus
bounded by the sum of the routing times of
the first £ sets. By Theorem 6 the routing
time of each set is stochastically bounded
by exponential distribution with parameter
1/ca. The sum of £ independent random
variables with exponential distribution has
gamma distribution [3, page 166]. Thus, the
probability that all the packets in the first £
set were not delivered in O(£log N) steps is
bounded by e~%416” for some ¢ > 0. Sum-
ming over £ = 1,..., [Egt—N—] we prove that
the probability that any one of the ¢ per-
mutations was not delivered in O(f +log V)
steps, where f <t was the place of the per-
mutation in the sequence of the ¢ permuta-

tions is bounded by e~?1°8¥ for some 6 > 0.
0

Corollary 9 Given any sequence II of
t = O(N*) permutations (possibly with rep-
etitions) and a random permutation o, our
algorithm routes all the permutations in the
sequence o~ Ilo on a butterfly with eztra
O(loglog N) stages in O(t + log N) steps
with high probability.

4 Simulation Results

Adding extra stages to the butterfly net-
work has twofold effect on message latency.
On one hand, extra stages increase the path
length, thus might increase latency. On
the other hand, randomization in the extra
stages reduces congestion and thus might
reduce latency.

In this section we report simulation re-
sults that explore this trade-off.

Node Model: An intermediatenode in
the network has a buffer of size one for each
incoming link and an unbounded queue for
each outgoing link.

A step is the time required for a packet to
traverse a link or move from a buffer of an
incoming link to the queue of an outgoing
link. Note that each packet needs two cycles
(at least) to cross a single node.

The Experiments: Each run of the
simulation is characterized by three param-
eters:

1. N = 2" - the number of inputs of the
network;

2. r - the number of extra stages;

3. t - the number of permutations fed to
the network.

Each run starts by choosing a random per-
mutation ¢ : N — N. Each input : gen-
erates t packets with destination o(¢). The
first r transitions of each packet are ran-
dom, the last n transitions take the packet
to it destination by the unique path in the
last n stages of the network. The latency of
a packet is the time that spans between the
initiation of the experiment and the delivery
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of the packet to its destination. Each run
was repeated 10 times with different seeds
for the random generator. Each point in
the graphs represents the average of the 10
independent experiments. Pseudo-random
numbers were generated using a modified
version of the algorithm in [10].

The Results: Figures 1 and 2 show the
effect of adding 0 - 12 extra stages to a but-
terfly with 4K inputs. The curves represent
routing of 1,10,20,50,100 and 200 identical
permutations. The graphs clearly show that
extra stages improve the latency in pipelin-
ing a long sequence of permutation, but do
not decrease the latency in routing short se-
quences. Furthermore, even when a large
number of permutations are pipelined to-
gether, extra stages are beneficial only up
to some limit. Above that limit, the de-
crease in congestion is offset by the increase
in network depth.

Similar experiments were run for net-
works of size 1K,2K,8K, and 16K. When
the data from these experiments is fitted
as a function of n,r,¢, %, and £, the ex-
pressions for the average latency Lg.g, and
the maximum latency L., best fit with the
following coeflicients:

Lawg(n,ryt) = —12.90 + 3.18n + 0.75¢

t nt
0.6957 + 0,075; + 3.20r

Loz (n,r,t) = —29.69 + 8.09n + 1.83¢

t nt

b + 0.765—; —1.43r
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