


Let U = {1,...,n}. Let hy and hy be two random
functions U — U. Let S be an arbitrary subset of U of
size n/8. Consider the following process:

Repeat until S =0
For j=1,2do
Forie{l,...,n} do
Remove one z € hj_l(i) from S

Theorem 4 of [13] states that with high probability
the repeat loop is executed only O(loglogn) times. The
proof is based on the analysis of sparse random graphs
on n vertices: each i € S is associated to the edge
(h1(2), h2(3)).

To use this theorem in our setting, view the two
choices available to ball i as two random functions h; (%)
and ho(7). Define an algorithm MGREEDY, that acts as
follows:

When ball ¢ arrives:

o Let hi(¢) =z and ho{d) = y.

e The index of 7 in z is the number of balls that went
via h; to box z so far; The index of ¢ in y is the
number of balls that went via hy to box y so far.

o Put ball ¢ in the box where it gets a lower index.

To get the desired bound notice that:

a. By Theorem 7, GREEDY dominates any other
algorithm, in particular MGREEDY. So it is enough
to show that the maximum load for MGREEDY is
O(loglogn).

. It is necessary and sufficient to show that each
of the two hash functions never puts more than
O(loglogn) balls in each box.

c. In the process above the order of removal in the

innermost step is arbitrary. In particular we can set

the order such that the balls removed in iteration

k of the “repeat” loop are precisely the balls with

index k.

The number of outer iterations is exactly the

maximum index.

Thus Theorem 4 of [13] implies that MGREEDY, and
and a fortiori GREEDY, has a maximum load that is
O(loglogn) with high probability.

Although a direct analysis of the sparse random
graph model might lead to bounds as accurate, or
even better than the bound Inlnn/In2 + O(1), that
we obtained in Theorem 4, it seems to be difficult to
extend the analysis to the case d > 2 and/or to the
infinite process.
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