
Let n be a sequence of task arrivals and departures,

and let Ia I be the time of the last arrival. Then the cost,

CA(a), of an assignment algorithm A on the sequence

u, is defined as

(?A(~)= o<t?&kfL$(’)”-.
An on-line assignment algorithm must assign an

arriving task j at time ~(j) to a server in ikl (j) knowing

only w(j), Ill(j), the current state of the servers, and

the past – the decision is made without any knowledge

about future arrivals or departures. An optimal off-line

assignment algorithm, denoted OPT, assigns arriving

tasks knowing the entire sequence of task arrivals and

departures and does so in a way that minimizes its cost.

The competitive ratio of an on-line algorithm A is

defined as the supremum over all sequences o of the

ratio CA(0) /COpT(0).

Let CA(T) (resp. CopT(T)) be the expected cost

of algorithm A (resp.OPT) on sequences a generated

by the distribution ‘P. The competitive ratio of an on-

line algorithm A against distribution P is defined as the

ratio CA (P)/CopT (P).

Finally, the greedy algorithm is formally defined as

follows:

Algorithm GREEDY: Upon arrival of a task j assign it

to the server in M(j) with the current minimum load

(ties are broken arbitrarily).

5.1.1 Permanent Tasks. For permanent tasks,

Azar, Naor and Rom [7] showed that the competitive

ratio of the greedy algorithm is @(log n) and that no

algorithm can do better.

This large competitive ratio hinges on the fact that

an adversary can construct a particularly malicious

sequence of task types. In other words, it is a worst

case result. It is interesting to consider the average

case, Hence we consider input sequences generated

from a distribution, and show that the competitive ratio

against such distributions is exponentially smaller than

against a worst-case adversary.

For simplicity in this abstract, we present our results

for the case where for each task -j, M(j) is a random

subset of . iM of cardinality d ~ 2 (chosen with

replacement ), 10I = n, and all weights are equal. Let

pd be the associated probability distribution on request

sequences. It is possible to extend some of these

results to the case where machine z ~ ill is in It4(j) with

probability p,, the sequences are of arbitrary length and

the weights are arbitrary.

We omit the proof of the following bound on the
performance of the optimal offline algorithm.

Lemma 12 With probability 1 – 0(1/n), COpT(Pd) =

0(1),

Lemma 13 With high probability, CGREEDY(Pd) =

O(log log n/ log d)

F’roofi Follows immediately from theorem 4. ❑

Thus, we obtain the following theorem.

Theorem 14 The competitive ratio of the GREEDY al-

gorithm against the distribution pd is O(log log n/ log, d)

and no algorithm can do better.

Proof Follows from lemmas 12, 13 and theorem 7.
❑

5.1.2 Temporary Tasks. For temporary tasks,

the works of Azar, Broder and Karlin,[5] and Azar,

Kalyanasundaram, Plotkin, Pruhs and Waarts [6] showed

that there is an algorithm with competitive ratio @(v?i)

and that no algorithm can do better.

It is difficult to construct a natural distribution of

task arrivals and departures. As a first step, we
consider the following stochastic process S: First, n

tasks arrive, where each may be served by d servers,

chosen uniformly and independently at random (with

replacement). Then forever the following repeats:

a random task among those present departs, and a

random task arrives, which again may be served by one

of d random servers.

Clearly, in such an infinite sequence, there will

eventually be n tasks which can only be served by one

server, and so for silly reasons the competitive ratio will

be 1. Therefore we state our competitiveness result in

the following way:

Theorem 15 Let LA [t] be the maximum load on any

server at time t, for tasks arriving according to the

stochastic process S, and assigned using algorithm A.

i.e. LA[t] = max,~M L?(t). Then for any fixed t > 0,

with high probability y,

LGREEDY[tl = O(log log n).

LOpT[t]

Proofi Follows from lemma 12, and theorem 9. H
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A An alternative derivation of Theorem 4

In this section we show how it is possible to derive a

weaker form of Theorem 4 for d = 2 following the ideas
outlined by Karp, Luby, and Meyer auf der Heide in

[13].
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Let U= {l,..., n}. Let hl and h2 be two random

functions U - U. Let S be an arbitrary subset of U of

size n/8. Consider the following process:

Repeat until S = @

Forj=l,2do

Forig{l,. ... n}do

Remove one z c h~l (i) from S

Theorem 4 of [13] states that with high probability

the repeat loop is executed only O(log log n) times. The

proof is based on the analysis of sparse random graphs

on n vertices: each i E S is associated to the edge

(hl (i), h2(i)).

To use this theorem in our setting, view the two

choices available to ball i as two random functions hl (z)

and h2 (i). Define an algorithm MGREEDY, that acts as

follows:

When ball i arrives:

● Let hi(i) = z and h2(z) = y.

● The index of i in x is the number of balls that went

via hl to box x so far; The index of i in y is the

number of balls that went via h2 to box y so far.
● Put ball i in the box where it gets a lower index.

To get the desired bound notice that:

a.

b.

c.

d.

By Theorem 7, GREEDY dominates any other

algorithm, in particular MGREEDY. So it is enough

to show that the maximum load for MGREEDY is

O(log log n).
It is necessary and sufficient to show that each

of the two hash functions never puts more than

O(log log n) balls in each box.

In the process above the order of removal in the

innermost step is arbitrary. In particular we can set

the order such that the balls removed in iteration

k of the “repeat” loop are precisely the balls with

index k.

The number of outer iterations is exactly the

maximum index.

Thus Theorem 4 of [13] implies that MGREEDY, and

and a fortiori GREEDY, has a maximum load that is

O(log log n) with high probability.

Although a direct analysis of the sparse random

graph model might lead to bounds as accurate, or
even better than the bound in in n/ in 2 + O(1), that

we obtained in Theorem 4, it seems to be difficult to

extend the analysis to the case d > 2 and/or to the

infinite process.
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