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Figure 4. Two Process Consensus
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Figure 5: Two Process Almost-Consensus

Procedure almost—consensus for P
initially input[P] = nil

input[P] :=
if my input
if input[Q]
return 1 /*

P’s input

is 1 then return 1
!= 1 then return 0
vertex PO* %/

Procedure almost—-consensus for Q
initially input[P] = nil

input [Q]

:= Q’s input

if my input is O then return O
if input[P] != 0 then return 1
return 0 /* vertex Q1% */

Figure 6: Protocols for Two Process Almost-Consensus

247



Figure 7: Simplex Agreement

complex, but after a process of negotiation eventually
converge to the vertexes of a single output simplex.
More formally:

Definition 3.1 The simplex agree-
ment task (Z™,O" A) has arbitrary input complex
I™, output complex O" = o(Z™), a chromatic subdi-
vision of Z", and for all input simplexes S™, A(S™)
is the set of m-simplexes in o(S™).

Simplex agreement task is shown schematically in
Figure 7. Given the necessity of Theorem 2.1, any
algorithm that solves simplex agreement for an arbi-
trary chromatic subdivision of Z” is a universal algo-
rithm. Our construction proceeds as follows.

e We introduce the standard chromatic subdivision
of a complex Z", denoted x(Z™), and the iterated
standard chromatic subdivision x*(Z"). This
subdivision is a color-preserving analogue of the
classical barycentric subdivision.

e Simplex agreement on x(I") is solved by the
“participating-set” algorithm of Borowsky and
Gafni [6]. Simplex agreement on x*(Z") is solved
by iterating that algorithm & times.

e If o(Z™) is an arbitrary chromatic subdivision of
I™, then thers evists an integer K gsuch that if
k > K, there is a carrier-preserving simplicial
map ¢ : x*(Z") — o(Z").

Putting these results together, we have a universal
algorithm. If the subdivision ¢ and simplicial map u
are given, then the value of k& and the simplicial map
¢ may be computed off line. The processes first solve
simplex agreement on x*(Z"). A process that chooses
vertex ¥ then chooses as its output value u(4(?)).
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4 Standard Chromatic Subdi-
vision

Let the simplex S™ = (50,...,5,), where id(5;) =
P;, and face;(S™) the subsimplex of S” including all
vertexes but §;.

Definition 4.1 In the standard chromatic subdivi-
ston of S™, denoted x(S™), each n-simplex has the
form {{Po,So),...,{Pn,Sn)}, where S; is a subsim-
plex of S”, such that (1) P; € ids(S;), (2) for all S;
and Sj, one is a subsimplex of the other, and (3) if
P;e ids(S;), then S; C 5;.

The first and second subdivisions of S? are shown in
Figure 8. Applying the standard chromatic subdivi-
sion repeatedly yields a subdivision x*(S”). Apply-
ing it to every simplex in a complex C" yields. the
complex x*(C").

To show that x(S™) is a subdivision of S™, we
construct an explicit homeomorphism ¢ : |x(S")| —
|S™|. Assume inductively that there exist homeo-
morphisms ¢; : |x(face;(S™))| — |face;(S™)|. Let
S™ = (50,..-,8n), b= St o(3:/(n+ 1) the barycen-
ter of S”, and § any value such that 0 < § < 1/n.
Define

i ({ P S"’)) If $* C face, (57).
B k = L1(< ) - - *
(5, 57)) { (146)6— 465 If S5 = 9.
Because ¢ is a homeomorphism (proof omitted):
Lemma 4.1 x(S") s a subdivision of S™.

The mesh of a complex is the maximum diameter of
any simplex. By analogy with the classical barycen-
tric subdivision:



first subdivision

second subdivision ...

Figure 8: Standard Chromatic Subdivisions

Lemma 4.2 For sufficiently small é
L diam(S™).

mesh(x(S™)) < |

Lemma 4.2 implies that by taking sufficiently large &,
mesh(x*(ZI™)) can be made arbitrarily small.

We refer to the vertexes (P;, S™) as the central ver-
tezes of the subdivision,

’

5 Simplex Agreement

Lemma 5.1 There erists a wait-free solution to stm-
plez agreement with input complexr I" and output
complex x(I™), the standard chromatic subdivision.

Proof: Each process P; must choose a subsimplex
of S; of S such that (1) P; € 1ds(S;), (2) for all
S; and S, one is a subset of the other, and (3) if
P; € ids(S;), then S; C S;. This is exactly the par-
ticipating set problem of Borowsky and Gafni [6], and
their simple wait-free solution appears in Figure 9. &

Lemma 5.2 There exists a wait-free solution to sim-
plex agreement with input complex I" and output
complez x* (I"), the iterated standard chromatic sub-
division for any k > 0.

Proof: Figure 10 shows an iterated version of the
participating set algorithm. ]
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6 Arbitrary Chromatic Subdi-
visions

Our main combinatorial result is to show that if
o(S™) is an arbitrary chromatic subdivision of $”,
then there exists a K such that for all & > K, there
is a color and carrier-preserving simplicial map:

¢ :x"(S") = a(S™).

As a first step, we show that given a subdivision of
a simplex, the result of “perturbing” a vertex within
its carrier by a sufficiently small distance is still a
subdivision.

Definition 6.1 Let ¢(S™) be a subdivision of S”.
An e-perturbation of ¢(S™) is a complex o’ (S™) with
a color and carrier-preserving simplicial map ¢
a(S™) — o’(S™), bijective on vertexes, such that for
all 7, |7 — 1(9)| < e.

Theorem 6.1 If 0(S") is a subdivision of S™, then
there exists € > 0, such that any e-perturbation of
o(S™) is also a subdivision of S™.

Henceforth,

be subdivisions.
mesh(o(S™)) + 2e.

all perturbations are assumed to
Note that mesh(o/(S")) <



Initially: £[i] = n+2; view_f[j] = null for j in {i..n+1}; S = empty;

procedure participating-set(i: process id; f: shared array);
repeat
£{i] := f[i]-1;
for j := 1 to n+l do view_f[j] := f[j] od;
S = {j | view_£[j] <= £[il};
until || >= £[il;
return S;
end participating-set;

Figure 9: The Participating Set Algorithm.

£[1..x][0..n], S[1..k]1[0..n], input[0..n]: shared array;
Initially for all r in {1..k} f[r][i] = n+2;
S[rl[i] = empty;

procedure simplex-agree(i: process_id;
my_vertex: vertex value;
k: refinement);

input[i] := my_vertex;
for r := 1 to k do
S[rl[i] := participating-set(i,f[r]);

ifr=1
then vertex[j,1] := <i,{input[k] | k in S[j,11}>
else vertex[j,r] := <i,{vertex[k,r-11 | k in S[j.r1}>

return(mu(phi(vertex(i,k))));

Figure 10: The Iterated Participating Set Algorithm.
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Definition 6.2 Two chromatic subdivisions p(S™)
and o(S") are independent if, for every 7 in p(S™),
and every sy, ..., 5, in o(S™) such that :d(5,) # 1d(F)

—

for 0 < i <k, 7is affinely independent of gy, ..., 5.

Theorem 6.2 If p(S") and o(S™) are chromatic
subdivisions of S™, then p(S™) has an e-perturbation
independent of o(S™).

Definition 6.3 If ¢ : o(S") — o'(5") is an ¢-
perturbation, and ¢ : A — o(S5") a simplicial map,
the compostion ¢’ = ¢ o ¢ is called an e-perturbation

of ¢.

Lemma 6.3 (Spanier 2.1.25) A set of vertexes
Vg, -, thy, belong to a common m-simplex of and only
of

() st (5.) # 0.

1=0

Definition 6.4 Let B be a colored complex, and C
a subcomplex of B. The partial chromatic subdivi-
sionn ) (B,C) is defined as follows: each simplex in
\(C,B) has the form C - B, where ¢! € \(C) and
carrier(C, x(C)) - B € B. The iterated partial chro-
matic subdivision \*(B,C) is defined inductively.

Lemma 6.4 If¢ : A— B s a color-preserving sum-
plicial map. then there ensts a color-preserving sim-
plictal map ¢ =x(A) — x(B,C).

Proof: Let carrier(¥,y(A)) = X - Y, where X is
the largest face of the carrier such that ¢(.X) € C.
If «d(7) € ids(Y'), define (7)) = ¢(¥), and otherwise,
define v(7) to be the unique central vertex of x(¢(X))
with the same id as 7.

We first check that 4 is simplicial on simplexes

S™ = (8,...,5m) where ¢(carrer(S™, x(A))) € C.
The
simplexes carrer(5y, x(A)). ... carrier(8m, Y (A)) are

ordered by inclusion (in some order), and so are the
simplexes X, = ¢(carrier(s,,x(A))), and any set of
central vertexes labeled with distinct colors spans a
simplex.

It remains to note that if ¥(S™) is a simplex, and
S™ - & € x{A), where ¥(¥) € C, then (™ -vv) =
P(S™) - ¢(T) is also a simplex. [ |

A simple inductive argument yields:
Lemma 6.5 If ¢ : A — B s a color-preserving sim-

plicial map, then there exists a color-preserving sun-

plicial map ¥ - x4 (A) =\ (B,C), for all > 0.
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Theorem 6.6 If o(S") s an arbitrary chromatic
subdivision of S™, then there erists a I such that
for dlk > I, there 1s a carrier-preserving simplicial
map:

¢ 1" (8") = a(5™).

Proof: We first argue inductively by dimension n.
When n = 0, the property is trivial, so assume in-
ductively that we have such a map for all faces of
W (S™).

We next given an inductive construction for ex-
tending this map into the interior of \¥(S"). We
have a three-part induction hypothesis. For each i
between 0 and n,

1. There is a subdivision 7,(S"), independent of
o(S™), with a color and carrier-preserving simpli-
cial map #, : A& (S™) — 7:(S™) for some ¢, > 0.

2. 7;(5") contains a subcomplex A, with a color
and carrier-preserving simplicial map ¢; : .t; —

a(S™).

can be expressed as

3. Every simplex T' € 1,(S™)
> 1, and for every £ € X

XY, X €N, dm(X)
0
and FE Y, 7 €st (6:(F). o(S)).

In the base case, when ¢/ = 0, Xy = 0, {p = k.
The first condition is satisfied because Theorem 6.2
ensures that \¥(S™) has an e-perturbation 7o(S™) in-
dependent of ¢(5"). The remaining conditions are
vacuous.

For the induction step, assume the hypothesis for
i — 1. Let Y;_| be the largest complex containing
only vertexes not in [Y;_;. The open stars of the
vertexes in ¢(S™) form an open cover for [S"|. Be-
cause 1;_1(5™) and ¢(5") are independent, every sim-
plex in Y € Y,_1 has an open cover by sets of the

form st (5,0(5™)) where 1d(5) € wds(Y). Because
|Y'| is compact, this open cover has a Lebesgue num-
ber. Let A,_1 be the minimum of the Lebesgue numn-
bers for for all such Y (which exists because Y;_;
is finite). Choose ¢ large enough to ensure that
mesh(x¥(Yi-1)) < Ai=1/9. Let {, = €,_; +¢q. By
Lemma 6.4, we can extend ;_1 to a simplicial map

U (S™) = U(ri-1(S™), Vi-1)

Pick ¢ < A_-1/9. By Theorem 6.2, there exists
7:(S™), an e-perturbation of x4(7,—1(5"), Vi~1) inde-
pendent of ¢(S%), and ¥, : (" (S") ~+ n(S"), an
e-perturbation of ¥. This perturbation adds at most
2X,_1/9 to the diameter of any simplex in Y,_1:

2 _ Aio
mesh(r,(Vx—1)) < mesh(x?(Vx-1)) + —5—1 <=3 .




For every simplex T" in 7;{(5"), T" = X - Y, where
X € 7(AXi-1) (a perturbation of Y;_;), and ¥ €
7 (Vi-1).

dram ( U st(§,Y)) <3 mesh(r,(V,-1)) < Ai=1.
Jgey

Because A,-; 1s a Lebesgue number, there is some
§ € o(S™) such that the star of every vertex in Y lies

in st (5,0(5™)). In particular, for at least one ¥ € Y,
id(5) = (). Let .¥; be the largest complex con-
taining only these @ together with vertexes of X;_ .
Define ¢; : X; — o(S™) to send £ € Aj_1 to ¢,_1(Z),
and each remaining ¥ to its matching §. This map is
color and carrier-preserving by construction. If X™ is
a simplex in Y;, X™ =17 -V, where U has the prop-
erty given above, and V € X,_;. By the induction
hypothesis,

Uc () st(g:(7),0(S™)).

By construction,

vc () st(#i(d),a(S™),

ael

so ¢, is simplicial by Lemma 6.3.
The desired map ¢ is the composition of ¢, and

Yn. |
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