
Definition 6,2 Two chromatic subdivisions p(Sn )

and c7(S” ) are independent if, for every F in p(Sn ),

and every {o, . . . FL in a(S”) such that ~d(~,) # lc/(F)

for O ~ r’ < k, F is affinely independent of ,70, . . . . ;~.

Theorem 6.2 If p(S7’ ) and a(Sn ) are chromatw

sulrdivzslons of S“, then p(S’l ) hus an c-perturbutlon

independent of a(,$” ),

Definition 6.3 If 1 : a(S”) + o’(S” ) is an c-

perturbation, and @ : A + cT(S”) a simplicial map,

the composition @ = @ o L is called an ~-perturbation

of (,b.

Lemma 6.3 (Spanier 2.1.2!5) ~ set of w?rtezes

UO, . . . . J,,, belong to a cornrnon rn-simplex lf and only

lf

1=0

Definition 6.4 Let 1? be a colored complex, and C

a subcomplex of .8. The part~ul chromat~e subdivi-

sion ~ (B, C) is defined as follows: each simplex in

\ (C, B) has the form C ~ 1?, where C: E \ (C) and

carr~er(C, Y(C)) B c .4?. The iteratecl partial chro-

matic subdivision y~ (f?, C) is defined inductively.

Lemma 6.4 If 4: A + B ls u color-preseru!rzg slrn -

plzclal map, then thrre crests a color-p resrrulng s~m -

pllctal map @ :~(A) + ,y(f?, C).

Proof: Let car-ner-(;, y (A)) = X ~ 1’, where X is

the largest face of the carrier such that 4(.Y ) E C.

If d(ti) < ids(y), define @( ii) = ~(;), and otherwise,

define ~(;) to be the unique central vertex of x (@(.%”))

with the same id as U.

We first check that @ is simplicial on simplexes

,V = (;O,. ... ii’~) where #(carr~er(Sm, ,y(J))) E C.

The

simplexes carrwr(;o, ,Y(A)), . . . carrkr(sm, Y(A)) are

ordered by inclusion (in some orcler), and so are the

simplexes .Y, = #(carrier(Fl, y(d))), and any set of

central vertexes labeled with distinct colors spans a

simplex.

It remains to note that if #(S~ ) is a simplex, and

Sm . Z E x(A), where 4(Z) @ C, then ~(Sm ~ vu) =

@(S~ ) . ~(;) is also a simplex. ■

A simple inductive argument yielcls:

Lemma 6.5 If ~ : A + ~ M a color-preserwng sirrL-

plictcd map, then there exists a color-preserving sLnL-

pllcial map * : #(A) --+ \t(B, C), for all t ~ O.

Theorem 6.6 If a(S” ) LS an arb~t)c~rg chromatle

subdlrrwon of ,?n, then there exists a A_ such that

for all k ~ I<, there M a culr~~t-prese]vi)zg simpl~clul

171azr:

@ : ,~~(s”)+ a(s~).

Proof: We first argue inductively by dimension n.

When 71 = O, the property is trivial, so assume in-

ductively that we have such a map tbr all faces of

y~(sn).
We next given an inductive construction for ex-

tending this map into the interior of ~k (Sn). We

have a three-part induction hypothesis. For each r’

between O ancl n,

1

2

3

There is a subdivision z, (Sn ), independent of

a(Sn ), with a color and carrier-preserving simpli-

cial map @t : ~t’(S’ ) + r~(Sn) for some t, > 0.

Ti (Sn ) contains a subcomplex A?J with a color

ancl carrier-preserving simplicial map ~~ : -l’.. +

a(sn).

Every simplex T c r, (Sn ) can be expressed as

.1-. l;, .1- ~ 1’,, dm (~Y) > i, and for every Z E .Y

and ~C 1’, ~E;t (~i(~), a(S’’ )).

111 the base case, when i = O, 10 = ~, .!70 = k.

The first condition is satisfied because Theorem 6.2

ensures that lk (Sn ) has an c-perturbation ~o(S” ) in-

dependent of u(S” ). The remaining conditions are

vacuous.

For the induction step, assume the hypothesis for

i – 1. Let Y~– 1 be the largest complex containing

only vertexes not in .l’~_ J. The open stars of the

vertexes in u(S” ) form an open cover for IS” 1. Be-

cause ri - 1(Sn ) and a(Sn ) are independent, every sim-

plex in 1“ c Y,- 1 has an open cover by sets of the

form ;t (F’, a(S” )) where zct(t;) 6 ds(l”-). Because

IYI is compact, this open cover has a Lebesgue num-

ber. Let ~,- 1 be the minimum of the Lebesgue num-

bers for for all such Y (which exists because Yi _ 1

is finite). Choose q large enough to ensure that

mesh(,y~(Y, _l)) < Ai_l/9. Let /, = (?,–.l + q. By

Lemma 6.4, we can extencl ~i- 1 to a simplicial map

w : y~’(s~)-+ y~(7’i-l(s~),2J,_l)

Pick E < A,-I/9. By Theorem ~,2, there exists

Ti (,5’”), an e-perturbation of yq(~,_l (Sn ), Yi– J) inde-

pendent of u(S” ), and ~, : yel (Sn) -+ T, (S”), an

e-perturbation of V. This perturbation adcls at most

2~,_l/9 to the diameter of any simplex in Y,–1:

2&-1 Ai_~
mesh(~, (Y~_l)) < rnesh(Xy(Yk_-l)) + —r S ~.
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For every simplex T“ in ~i (S”), Tn = .1- }“, where

.Y E ~, (.l’i-l) (a perturbation of ,Yi-1), and 1“ E

Ti(yt–l).

charn( U st(j,l’”)) ~ 3. mesh(~l(~l-l)) < ~~-1.

jcl’

Because ~,- 1 is a Lebesgue number, there is some

.7 c a(Sn ) such that the star of every vertex in Y lies

in & (F, a(S’z)). In particular, for at, least one ti E Y,

id(7) = d(j). Let .Yi be the largest complex con-

taining only these ii together with vertexes of Xi_ 1.

Define d~ : .%’i -+ cT(S”) to send i 6 .?i-l to ~,-l(i),

ancl each remaining Z7 to its matching F. This map is

color and carrier-preserving by construction. If Xm is

a simplex in .I?i, Xm = [1 ~V, where U has the prop-

erty given above, and V c .I’t – 1. By the induction

hypothesis,

u c n ;t (W; ),U(STZ)).

Jc{’

By construction,

u c n ;t (~i(ti), u(s~)),

d ~ u

so @, is sirnplicial by Lemma 6.3.

The desired map ~ is the composition of 4. and

tin ■
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