
● lrinwm s9wl);

● u has a topological partition (U1, U2, . . . . Uq) where,

foreachi=l,2 ,...,9, IUil s ~lul;

, jor eachi= 1,2 ,..., q, Uj has a (g(z), J)-topological

separator.

We now consider the worst case space a(k) and the

worst case time ~(k) to execute a set U of size IUI = k

when U has a topological separator. The bounds given

by Proposition 2 can be rewritten as

a(lul) < a(qul) +9 9(JIUI)! (1)

and

T(pl) < ~mq) + 49 f(w)) 9(JIUI)! (2)

%=1

where, in bounding p, we have assumed that g(x) is

monotone non-decreasing. Of interest for later devel-

opments are dags with topological separators of size
o(x~i(~+l) t b) o e executed by an O(Z’id)-H-RAM. In

such cases, the following proposition applies, with a =

I/d and 7 = d/(d + 1) (proof omitted):

Proposition 3 Let U have a (cz~, J)-topological sep-

arator, for some constants c > 0, 1/2 s -y < 1, and

0 < 6< 1. Then, time and space to execute U on an

(az”)-H-RAM, with a >0 and O < a ~ (1 --y)/-y ~ 1,

satisfy

~(lul) < ~olw> (3)

T(lul) < Tolulloglul, (4)

where uo ~ qcd7/(1 – N) and TO ~ 4qaa~6’/ log(l/d).

In the following subsections, we shall apply the pre-

ceding techniques by exhibiting appropriate topological

separators for the computation graphs of the linear ar-

ray and of the mesh. This simulation approach can be

extended to arbitrary values of m, although it becomes

increasingly onerous so that, for large values of m, the

naive simulation remains as the only alternative.

The vertex sets of dags corresponding to linear ar-

rays or to square meshes are two- or three-dimensional

lattices, respectively. We shall find it convenient to

specify a convex subset X of the vertex set V by means

of a semi-closed convex geometric domain D in the same

space as the lattice. Specifically, D does not contain

those points of its frontier corresponding to minimum

values of t (for any fixed values of the other coordi-

nates). Set X consists of all lattice points in D. Since

such domain D is a very close approximation to the do-

main D’ obtained as the union of unit cubes centered

at the points of X, for the sake of simplicity we shall

approximate IX I with the measure (area or volume, as

appropriate) of D.

We first describe the instance of a one-dimensional

parallel machine (a linear array), which, while simple,

contains all the essential features of the more complex

t we-dimensional case.

4 Simulation between linear arrays

4.1 Simulation by uniprocessors

We begin by illustrating the simpler case of rn = 1,

which encompasses the cases where the guest system is

either a systolic network or a cellular automaton. The

guest is an Ml (n, n, 1), a Tn-step computation of which

is modeled by dag GT. (Ml (n, n, 1)) (see Definition 3).

By the topological-separator technique, we can estab-

lish the following result.

Theorem 2 For T. ~ n, a T.-step computation of an

Ml (n, n, 1) can be simulated by an Ml (n, 1, 1) with slow-

down T1/T. = O(n logn).

Proof We describe the simulation scheme for T. =

n. For larger values of Tn, it is sufficient to repeat

the n-step simulation [Tn /n] times. Thus, the com-

putation to be simulated is modeled by dag L.-1 ~

G~-1(i141 (n, n, 1)) = (V, A) where V is specified by the

rectangle [0, n – 1] x [0, n – 1]. We shall make use of

a diamond-shaped domain D(r) defined as the inter-

section of the following four half-planes of the (z, y)-

plane: y + z > –r/2 and y + z < r/2. Note that

lD(r)l = r2/2 and that r,n(D(r)) s 2r = 2~m

and that D(r) has an ordered partition into four do-

mains of type D(r/2). We conclude that convex set

D(r) has a (2-, l/4)-topological separator.

Referring to Figure 1, we also recognize that V has

an ordered partition (Ul, U2, U3, U4, U5) into five do-

mains, of which U3 is of type D(n) and the others

are truncated versions of D(n). It is therefore suffi-

cient to consider D(n), which – as noted above – has a

(2@, l/4)-topological separator. We wish to execute

D(n) on an (c)-H-RAM. Therefore, with the terminol-

ogy of Proposition 3, we have 7 = 1/2, c = 2fi, & =

1/4, q = 4, a = 1, whence (with cro = 2W and To =

8@:

a(lD(n)l) = aolD(n)lli2 = O(n),

t-(lD(n)l) = -ro~log~ = 0(n210gn).

Since the simulation is to be repeated ~Tfi /nl times, the

overall simulation time is O(T. n log n). ❑

In the O(n log n) slowdown, the factor n accounts for
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the reduction of parallelism and the factor log n is due

to the loss of locality.

We now consider rn > 1, so that Ml (n, n, m) and

Ml (n, 1, m) are respectively the guest and the host.

As seen in Subsection 3.1, the “naive” simulation

scheme takes time T’l = O (Tn n2 ). Alternative to this

approach is an adaptation of the divide-and-conquer

strategy of Subsection 3.2, where the access to a single

variable is replaced by the access to the entire private

memory of an individual processor (i.e., by the access

to a block of m data items). With this approach, we

obtain I“l = 0(2”. nrn log n), which is smaller than the

time of the naive simulation for m < n/ log n.

The two approaches can be combined by applying

the topological-separator technique to diamonds D(r)

with r > m and executing diamonds with r ~ m by

the naive method. When n > m, the simulation is

recursive and its initial levels are data transfers designed

to bring in proximity of the processors the diamonds to

be directly executed by naive simulation (referred to as

“executable diamonds” ). In other words, the recursive

simulation consists of log(n/m) levels, each of which

exclusively involves data relocation. The bottom of the

recursion is the execution - by naive simulation - of an

executable diamond.

Since an executable diamond is of type D(m), there

are log(n/rn) data transfer levels, where level k involves

the transfer of @(nm2k ) data items at distance 0(n2-k),

taking 0(nrn2k .n2-k. log(n/m))= 0(n2m log(n/m))

time. In the ensuing naive-simulation phase, @((n/m)2)

diamonds of type D(m) are to be executed, each in

time 0(m3), taking in all 0(n2m) time. Thus, T1 =

O(Tmnn? log(n/m)). When n s m, only the naive sim-

ulation applies. In summary, we have:

Theorem 3 For T. ~ n, a T.-step computation of an

Ml (n, n, m) can be simulated by an Ml (n, 1, m) with

slowdown T1/Tn = O(n min(n, m Log(n/m)). *

We see that the locality slowdown is O(m log(n/m)) for

m < n, and O(n) otherwise.

4.2 Simulation by multiprocessors: a modified Brent prin-

ciple

We now consider the simulation of guest ikfl (n, n, m) by

host MI (n, p, m). As above, we focus on a computation

of the guest running for Tn = n steps.

We begin by considering a parallel version of the

naive simulation, whereby processor PEi of Ml (n, p, m)

(located at abscissa in/pj i) performs the actions of pro-

cessors PEi, PEi+l,...,PEi+P _l_l of Ml(n, n, m). It is

simple to see that TP/Tn = 0((n/p)2).

‘Hereafter, we let tog(a) denote log2(c+2). Note that log(a) ~ 1
for any nonnegative z.

For m < n/p, an improvement can be achieved by

a straightforward generalization of the simulation by

Ml (n, 1, m) (Subsection 4.1). A zig-zag band of width

(n/p), as shown in Figure 2, is assigned to each proces-

sor. Different bands are executed in parallel (with spe-

cial handling of the vertical boundaries of -Ln– 1). Each

band is decomposed into N 2p diamond-shaped domains

of type D(n/p), to be executed in sequence. Execu-

tion of any such domain (in time 0( (n/p)2 min (n/p,

m log(n/pm) ) ) must be preceded by the access to the

domain’s preboundary (in time O((nm/p) . (n/p)) =

0((n/p)2m), since (n/p)m data items are to be accessed

at distance n/p, This results in an overall execution

time 0((n2/p) min (n/p, m ./og(n/pm)). In terms of

slowdown,

TP/Tn = O((n/p) min (n/p, m log(n/pm)).

However, the availability of p > 1 processors af-

fords a strategy infeasible with just one processor. In-

deed, imagine to split vertically a diamond-shaped do-

main D(s) along its diagonal and to store the left and

right halves of its preboundary in non-contiguous re-

gions of memory. Referring to two processors PEi and

PEj, we have two alternative strategies for the exe-

cution of D(s): (i) to let one processor, say PEi, ac-

cess the preboundary (of size sm) and alone execute

D(s) , or (ii) to let PEi and PE3 access the left and

right halves of the preboundary, respectively, and exe-

cute the corresponding semidiamonds, while exchanging

the O(s) data items supposed to flow across the diago-

nal. We denote the latter “execution in the cooperating

mode”. Clearly, depending upon the relative positions

of PEi, PEJ, left preboundary, and right preboundary,

one alternative may be preferable over the other.

We seek a rearrangement of data that conveniently

bounds the distance at which data communication oc-

curs during the simulation, both for preboundary access

and for interprocessor communication in the execution

of shared diamonds.

For some parameter s (to be later selected), let n =

sq and p\q. We imagine the domain L.– 1 partitioned

into vertical strips of width s indexed O, 1, . . . . q – 1.

Let pj denote the initial memory data pertaining to the

vertical strip with left abscissa at js. We now rearrange

this data, by transferring pj to the original position

of p~(j), where m is the composition n = 7r27r1 of the
following two permutations:

1. The index array 1 = (O,. ... q – 1) is subdivided
into q/p segments So, S1, . . . . Sq/P _ 1, where S’i =

(ip, ip+l,... , (i+l)p-1). Permutation 7rl reverses

the order in the odd-indexed segments S’l, S3, . . . .

producing array ml(1).
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2. Permutation T2 is a (q/p)-way shuffle on array

ml(1), producing array 7r2n1(1) (consisting of p

segments of length q/p).

Notice that, under ml, adjacent indices within the same

segment of Z remain adjacent in ml (1), and that adja-

cent indices in different segments of 1 become homolo-

gous (i.e., equally placed) within adjacent segments of

T1 (1). Moreover, adjacent indices within the same seg-

ment of ml (1) are mapped at distance (q/p) in Z2T1(1),

whereas homologous indices in adjacent segments of

ml(1) become adjacent in 7r27r1(1). This proves that

● initially consecutive indices are either consecutive

or at distance q/p in the rearranged array.

Finally, while ml does not alter the composition of a

segment of Z (of length p), 7r2 distributes any segment

of ml (1) uniformly among the segments of 7r27r1(1) (of

length p). This assures that (if processor PEj is placed

at abscissa j(q/p) in Z)

● for any j, there is an index of every segment of I

at distance q/p from PEj.

The simulation described below is based on the mem-

ory rearrangement defined above. When a different ini-

tial layout is given, the necessary memory rearrange-

ment can be accomplished in a preprocessing phase of

duration 0(n2rn/p). (Indeed, nrn variables are trans-

ferred at distance ~(n), with full parallelism p.) As this

preprocessing is executed only once, its cost gives a con-

tribution to the slowdown that vanishes as the number

of simulated steps increases.

The simulation of a domain of type D(n) consists

of two cascaded regimes, both complying with the do-

main decomposition specified by the topological separa-

tor technique. The difference between the two regimes

is as follows. In the first regime, called Regime 1, D(n)

is decomposed into domains of type D(ps), and reloca-

tion occurs so that the domain preboundary is spread

out in p (vertical) strips of width s, each in proximity

of a processor. At this point the cooperating mode is

activated (Regime 2), i.e., each vertical strip is executed

either by one processor or by two adjacent processors.

Quantitatively, Regime 1 of the simulation involves

data relocations, each stage of which halves the width of

the domain to be executed, for a total of log(n/ps) – 1

stages. Due to the adopted memory rearrangement,

the distances at which transfers occur are reduced by a

factor p with respect to the initial configuration (for a

(data x distance) cost of 0(n2rn/p) per stage), yielding

overall time

( )(;~;~log(71/ps) = oT~=O –—
)

* log(n/ps) ,

the factor (1/p) being due to pfold parallelism,

In Regime 2, considering D(ps) partitioned verti-

cally into p strips of width s, each processor executes

individually the diamond-shaped domains of type D(s)

entirely within one such strip, and cooperates with two

adjacent processors at distance (n/p) when executing a

shared diamond, It follows that a D(ps) is executed in

2p– 1 stages ao, al, . . . , a2P_2, where during (ITI, ~3~ . . . ~

V2P_3) each processor executes a diamond of type D(s),

and during (ao, a2, . . . . ~2P _ ~) each processor executes

two semi-diamonds of type D(s) and exchanges s data

items with each of its two neighbors, wherever appli-

cable (in time O(sn/p) ). The execution of diamonds

or semidiamonds by individual processors is done ac-

cording to the recursive strategy of Subsection 4.1 (in

time 0(s2 min(s, m log(n/m))) –Theorem 3), for a to-

tal time T;

r; = O(p(s2 min(s, m log(s/m)) + sn/p)).

Since there are @((n/ps)2) domains of type D(ps) in

D(n), to be executed sequentially, the overall execution

time 72 of Regime 2 is

The sum rl + 7-2 equals the total simulation time r,

which can be rewritten as

r = O(n(n/p)A(s))

where we have introduced the locality slowdown factor

A(s) = (m/p) log(n/ps) + min(s, m log(s/m)) + n/ps.

An elementary but lengthy analysis will show that

A(s) is minimized by the following choices ofs:

1. s* = (p/(p – l))(n/mp) & n/rep, for 1 < m <

mP, (range 1);

2. S* = ~p, for m < m < @p, (range2);

3. s* = m/p, for @p< m < n, (range 3);

4. s* = rz/p, for n < m, (range 4).

This establishes the case d = 1 of Theorem 1:

Theorem 4 For Tn ~ n, a Tn -step computation of an

Ml (n, n, m) can be simulated by an Ml (n, p, m) with

slowdown

TP/Tn = O((n/p)A(n, m,p))

where the term A is dejined as follows:
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● for m ~ ~n/p,

A(n, m,p) = (m/p) logrn + mlog(2n/pm2),

•for~p<m~~p,

A(n, m,p) = (m/2p) log(n/p) + 2@p,

●for~p<nt <n,

A(n, m, p) = (m/p) log(2n/m) + n/nt,

● for n s m, A(n, m,p) = n/p.

More interesting than the analytical details is the

interpretation of the results, which provides a physical

explanation of the simulation. We shall examine the

process as the parameter m is assumed to grow from the

value m = 1. The four different ranges of m where A

takes different expressions correspond to different mech-

anisms becoming dominant.

Initially (range 1), for m N 1, due to the postulated

memory-rearrangement, the domain to be executed by

an individual processor, i.e., D(s), is of type D(n/p).

This suggests that the memory rearrangement by itself

provides a domain size (of width (n/p)) to be handled

in the cooperating mode (Regime 2). Therefore Regime

1 is vacuous, as vacuous is the naive-simulation at the

bottom of recursion for Regime 2. As m grows, how-

ever, Regime 1 becomes significant, as significant be-

comes the naive-simulation part of Regime 2. Indeed,

for m = &, the recursive part of Regime 2 disap-

pears altogether, since D(s) = D(fip) = D(m): At

this point, (1/2) log(n/p) levels of Regime 1 are followed

by naive-simulation execution. This behavior, where

the optimal size s decreases from (n/p) to @p, re-

sults from a tradeoff between the cost of local accesses

and the cost of interprocessor communication.

As m grows further, Regime 1 recedes and the naive

simulation portion of Regime 2 becomes predominant,

since the relocation of data becomes uneconomical with

respect to the cost of the naive simulation. This reces-

sion of Regime 1 is negligible for m ~ @p (range 2),

but becomes substantial for larger values of m (range 3),

and is complete for m = n . As m grows further, only

the naive simulation is profitable, with constant locality

slowdown n/p. Notice that this slowdown is attainable

by the most unsophisticated simulation strategy: naive

simulation of the original memory assignment in the

guest (i.e., without the initial rearrangement).

5 Simulations between meshes

With the intuition gained in the analysis of simulations

between linear arrays, we shall now obtain analogous

results for simulations between meshes. The develop-

ments are closely patterned after those of the preced-

ing subsections, Therefore, a more succinct style is

adopted. We assume that n is a perfect square.

Theorem 5 For T. ~ ~, a T.-step computation of a

M2(n, n, 1) can be simulated by a MJ(71, 1, 1) with slow-

down T1/Tn = O(n log n).

Proof We simulate @ steps of M2 (n, n, 1) and carry

out ~Tn /@l such simulation cycles. The dag to be ex-

ecuted is Ffi_l ~ G@_l(M2(n, n, 1)) = (V, A), whose

vertex set is a cube V = [0, @ – 1] x [0, W – 1] x

[0, @ – 1]. We shall make use of two types of domains

of the (x, y, z)-space:

(i) an octahedron P(A), defined as the intersection of

the following eight half-spaces: z+ ~ ~ – fi/2, z+

x ~ @/2, z + y ~ –fi/2, z + y s fi/2. Note

that lP(fi)l = r3f2/3 and I’in(P(fi)) = 2r =

2wlP(@)12/3;

(ii) a tetrahedron W(@), defined as the intersection

of the following four half-spaces: z + y z O, z +

z = fi/2. Note that lW(@l = r3/2/12 and

ri. (w(fi)) = ~= (12)J/31w(fi)[z/3.

Referring to Figure 3(a) we recognize that P(W) has

an ordered partition (PI, WI, Wz, W3, W4, Pz, P3, P4, P5,

W5, WG, W7, W8, Pt3), into 14 subdomains, in which the

Pj’s are of type P(fi/2) and the Wi’s are of type

W(fi/2) with lP(fi/2)1 = l/8\ P(fi)l and lW(fi/2)1 =

l/321 P(fi) 1. Analogously (Figure 3(b)), W(V) has an

ordered partition ( W1, W2, Pl, W3, W4) of which PI is of

type P(fi/2) and the Wi’s are of type W(fi/2), with

lP(fi/2)1 = l/21W(~)\ and lW(/F/2)1 = l/81 W(fi)l.

According to Definition 6 we conclude that both P(V)

and W(~) have a (2 ~x2j3, 1/2)-topological separa-

tor.

We now consider domain V (Figure 4), which has an

ordered partition (Pl, Pz, Ps, Pd WI, W2, W3, W,4, P5, Ws,

Wtj, W7, W8, P(j, P7, P8, P9), such that the Wi’s are trun-

cated versions of W (@/2), P5 is a full-fledged octahe-

dron oft ype P (fi/2) and the remaining Pj’s are trun-

cated version of P(@/2). It is therefore sufficient to

consider P(A) and W(W). For P(@), using Propo-

sition 3, we have c = 2@, T = 2/3,15= l/2, a = l,a =

1/2, whence

a(lp(fi)l) = @Ont

T(l P(fi)l) = Ton3/2 logn312,

where U. and r. are appropriate constants. An analo-

gous result holds for W(W). Since the simulation is to

be repeated [Tn /@l times, the overall simulation time

is T1 = O(T. nlogn). ❑

Based on the topological separator introduced in the

proof of the preceding theorem, by an approach analo-

gous to the one exploited for linear arrays, one can es-

tablish the case d = 2 of Theorem 1 (details in [BP95a]).
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6 Conclusions

In this paper, we have assumed a technological scenario

in which the time to send a message is proportional

to the distance between source and destination of the

message itself. In other words, set-up time is negligible

with respect to transmission time. In this scenario, we

have shown that the potential speed up of a machine

with n processors with respect to one with p processors

is O((n/p)A(n, p, m)) when both machines have total

memory rnn. Of course, this potential can be realized

only if n-fold parallelism with full locality is achievable

for the application at hand. This is indeed the case for

a wide class of important applications. The presence

of the locality term A indicates that the advantages

of parallelism under bounded-speed transmission can

be greater than those achievable under instantaneous

transmission, which are limited to n/p.

Therefore, our analysis indicates that an efficient

architect ure ought to exhibit a degree of parallelism

proportional to the total memory size. This can be

achieved by making p = n, in the type of machines

considered in this paper. An intermediate alternative

consists in the deployment of p < n processors whose

memory is enhanced with pipelining capabilities that

would permit issuing a memory request before all the

previous ones have been satisfied. For such a machine, it

is not difficult to devise simulation schemes that incur

no locality slowdown. On the other hand, the hard-

ware necessary to make the memory pipelinable would

be proportional to n, making the cost of such machine

closer to the one with n fully-fledged processors.

An obvious question left open by this paper is whether

the locality slowdown would be present in three dimen-

sional machines. A natural conjecture is that Theo-

rem 1 could be extended to d = 3 by the techniques

developed in this paper, the critical step being the de-

velopment of a suitable topological separator for four-

dimensional domains.

Another direction for further exploration is the sim-

ulation between machines with different values of the

parameter m. In fact, if an algorithm for n processors

actually requires m’ memory cells per processor, with

m’ < m (recall that m is the number of cells per unit

space), more locality will result in implementations with

p processors.
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Figure 1. Partition of domain V into full or truncated in-

stances of diamonds used by the topological-separator tech-

nique for d = 1.
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as~gued to & individual processor for d = 1
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Figure 3. Recursive decomposition of octahedron (a) and Figure 4. Partition of domain V into full or truncated
tetrahedron (b) domains. instances of octahedra/tetrahedra used by the topological-

separator technique for d = 2.
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