


Proof: Let 7 : C(O) — C(S%) be the chain map
induced by the simplicial map sending (P;, v;) to the
vertex of S¢ with value v;. (Here p is just the identity
symmetry.) The acyclic carrier theorem guarantees
that there exists a chain map o : C(S%) — C(P)
carried by ¥. Let § be the chain map corresponding
to the decision map of P:

C(SH) S c(P) S Cc(0) 5 C(SH

Let ¢ : C(S*) — C(S*) be the composition of o, 4,
and 7. Let & be the acyclic carrier from S* to itself,
$(S?) = S, and ¢ the identity chain map on S¢. Thus
¢ is carried by ®. Equation 2 implies that ® is an
acyclic carrier also for ¢. Because dim(S?) = i =
dim(®(S%)), Remark 3.3 implies that the two maps
are equal. Therefore 1(S%) = #(S%) = S*.

Assume for contradiction that & < £. In each exe-
cution, however, no more than £ values are chosen,
implying that § reduces the dimension of every ¢-
simplex. The chain map ¢ thus sends every £-simplex
to the 0 chain, so o §0a(S%) = ¢(S¢) =0, a contra-
diction. u

Now we consider each of the acyclic carriers de-
scribed in Section 4.

For asynchronous read/write memory, pick any
S™ € T with distinct inputs, and consider the acyclic
carrier Yy described in the previous section. For
each S € S", in Ewp(S™), only the processes in
ids(S) take steps, so Equation 2 is satisfied.

Corollary 5.2 There is no wait-free (n + 1,n)-
consensus protocol in read/write memory [5, 13, 16].

Consider the acyclic carrier ¥; for ¢-resilient read-
write memory. One can satisfy Equation 2 by adding
a “pre-processing” stage to any (n + 1,t)-consensus
protocol: each process writes it input value to a
shared array, waits for n — ¢t + 1 values to appear,
and replaces its own input with that of the process
P; with smallest index 7 that writes. No input value
from Ppy4,..., P, will ever be chosen.

Corollary 5.3 There is no t-resilient (n + 1,%)-
consensus protocol in read/write memory [5, 13].

The acyclic carrier X, ;, when processes share
read/write memory and (m, j)-consensus objects,
does not directly satisfy Equation 2, because I, ;(.S)
may include processes not in ids(S). But in [12] it is
shown how to modify the decision values of the pro-
cesses in ids(Zn,,;(S)) — ids(S) so as to satisfy Equa-
tion 2 (see [12] for details).

Corollary 5.4 There is no wait-free (n+1, J(n+1)—
1)-consensus protocol if processes share a read/write
memory and (m, j)-consensus objects.

96

The Bermuda Triangle construction [8] satisfies Equa-
tion 2 because it associates a unique value with each
vertex of S¢, and ensures that the algebraic span for
each simplex (&,...,8,;) maps to executions where
all input values are taken from the set {vp,...,Um}.

Corollary 5.5 There is no t-resilient (n + 1,k)-
consensus protocol that takes fewer than [t/k] + 1

rounds in the synchronous fail-stop message-passing
model [8].

Each of these lower bounds is known to be tight.

6 Renaming

In the renaming task of Attiya et al. [1], n + 1 pro-
cesses with unique names taken from a large name
space must choose unique names taken from a small
name space. More precisely, in the (n + 1, K)-
renaming task, the processes are given unique in-
put names in the range 0,...,N, and are required
to choose unique output names in the range 0, ..., K,
where n < K < N.

To rule out trivial solutions (P; chooses output
name i), we are interested in protocols for which a
process’s choice is independent of its process id. Let
a be a permutation of the process ids. If e is an
execution, define a(e) to be the execution in which
each occurrence of id P; is replaced by a(B;) (i.e.,
the same interleaving, but processes are renamed).
Define o' (F;,e;) to be {a(F;),ale;)). A protocol is
anonymous if o is a simplicial map from P to it-
self, and val(6(P;,e;)) = val(6(a(F;,e;))) (i-e, both
processes choose the same output names in both ex-
ecutions). We restrict out attention to anonymous
protocols.

In this section, we use symmetry arguments to give
general lower bounds on renaming. We show that
if an (n, K)-renaming protocol has a span X from a
simplex S* to P with the property that the protocol
behaves “symmetrically” on the boundary of ¥(S¢),
then K > 2¢ + 1.

Let S = (5,...,5) be a simplex where each §; is
labeled with process id P;, and let S¢ (S¢™1) be its
complex of (proper) faces. Define rotation maps

p:St— s¢
by p(57) = Fi+1mode+1, and

PP P
by p'{F;, ei) = {Pit+1mode+1, p(v;)). Thus the induced
chain maps p and p' are symmetry maps.

The proof is based on the following, purely topo-
logical lemma.



Lemma 6.1 If ¢ : C(S™) — C(S8™) is symmetric,
then ¢$(0S™) =k-0S™, fork=1 (mod n+1).

Proof: Let ¢ : C(S8") — C(S™) be the identity
chain map. The acyclic carrier theorem implies that
there is a symmetric chain homotopy D between ¢
and ¢.

In particular, (¢ — ¢ — D)(S5™') is a cycle of S™.
Since the group of (n—1)-cycles of S™ is infinite cyclic
generated by 85",

(d)—L—Da)(S{,’_l) =£.905", 3)
for some integer £.
Note that
p'(faceo(S™)) = (—1)*face;(S™), (4)
and hence
p(88™) = 9S™. (5)

By definition, ¢(0S") = ¢ o(~1)* - face;(S™).
Thus, by Equation 4,

$(05") = ¢E?=op’:faceo(5")
Tiodp' facey(S™),

ST o faceo(S")

By Equation 3,

ll

by symmetry of ¢.
$(OS™) = B op'(£- 8S™ + (1 + DI)(faceg (S™)))-
By Equation 5,
=4l(n+1)-88™ + X' (L + DI)(facey(S™))).

By Equation 4 and symmetry of ¢,

$(88™) = L(n+1)-dS™+I7_o(1+DI)((—1) face;(S™)).

Since ¢ is the identity,
#(8S™) = £(n +1)-8S™ + 8S™ + DOaS",
and the proof follows from 88 = 0. ]

Informally, this lemma says that any map from S*
to itself that is symmetric on the boundary must
“wrap” the boundary around itself a non-zero number
of times.

Theorem 6.2 Suppose we have a protocol for (n +
1, K)-renaming, and a symmetric w.r.t. p,p' acyclic
carrier ¥ from St to P such that

ids(Z(S)) = ids(S),

for all proper faces S of S¢. Then K > 2+ 1.
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Proof: Assume for contradiction that K < 2£4 1.
Let m : O — 8¢ be the simplicial map 7{P;,v) = &},
where j = (P; + (vmod 2)) mod £ + 1. Let 7 also
denote the induced chain map.

The simplicial map 7 does not send any ¢-simplex
of O(S%) to S¢. This is because 7 sends an ¢-simplex
of O(S%) to S¢ only if the processes have chosen all
even or all odd output names, which is impossible
because the range 0, ..., 2¢ — 1 does not contain £+ 1
distinct even or distinct odd names. It follows that
the chain map (), = 0.

We have the following sequence of maps.

c(8H 3 c(P) D o) S c(sh.

Let ¢ : C(S%) — C(S%) be the composition of o, 6,
and 7. It follows from (7)), = 0 that ¢(S*) = 0, and
hence

$(95%) = 0. (6)

We claim that the chain map ¢ is symmetric. De-
fine the symmetry p” : O — O to be p"(P;,v;) =
(Pit1mode+1,s). We have the following commutative
diagram of symmetric chain maps:

oSy 3 o) S co) 5 csh
pi Pl J pl
cEsH S5 cP S co B csh

We check that each rectangle commutes: o is sym-
metric by the acyclic carrier theorem, J is symmetric
because the protocol is anonymous, and 7 is symmet-
ric by construction.

Lemma 6.1 implies that ¢(85%) = k-8S*, for k # 0,
contradicting Equation 6. |

Now we consider each of the acyclic carriers de-
scribed in Section 4. For asynchronous read/write
memory, consider the acyclic carrier Ly discussed
earlier. The carrier for a single input simplex does
not satisfy the symmetry requirements of Theorem
6.2. We can, however, construct a symmetric span by
“gluing together” the spans from a number of input
simplexes as shown in Figure 6. Notice that this com-
plex is a subdivided simplex, and that input names
are assigned symmetrically around the boundary.

Definition 6.1 Let S® = (8,.-.,5,), where
id(5;) = P;. In the standard chromatic subdivi-
sion of S™, denoted x(S™), each n-simplex has the
form {{Po,S0),.--,{Pn,Sn)}, where S; is a subsim-
plex of §™, such that (1) P; € ids(S;), (2) for all S;
and S;, one is a subsimplex of the other, and (3) if
P e ids(S;), then S; C S;.



Figure 6: Standard Chromatic Subdivision

We now construct a subdivision x'(S%) C Z, iso-
morphic to x(S%), by assigning input values to ver-
texes of x(S%). The input values are defined induc-
tively. The unique vertex of x'(S°) has input value
0. Assume inductively that we have assigned m(m +
1)/2 input values to the vertexes in x'(S™1) =
X'(face,,(S™)). The rotation map that sends P,
t0 Pitimodm+1 induces a bijective simplicial map
p: face,(S™) — face, (8™) by p(5i) = Fitrimodm+1,
and also p : x(face,(S™)) = x(facesy,(S™), by
P(Pi, Si) = (p(Bi), p(S:)). Every vertex 7 € x(S™1)
is equal to p*(%), for some @ € x(S™ ). Assign each
vertex & € x'(S™!) the same input value as . Fi-
nally, the interior vertex @ of x(8™) labeled with P,
is assigned the input value m(m + 1)/2 + .

This construction uses O(n?) input names. Any re-
naming protocol for 2n + 1 input names can be trans-
formed into a protocol for a larger number of input
names simply by using the shared-memory renaming
protocol of Bar-Noy and Dolev [3] to reduce the num-
ber of names to 2n+1, and therefore the impossibility
of (n+1, K)-renaming for O(n?) input names implies
impossibility for 2n + 1 input names.

Corollary 6.3 There is no wait-free (n + 1,2n)-
consensus protocol in read/write memory (11, 13].

A similar argument yields:

Corollary 6.4 There is no t-resilient (n + 1,2t)-
consensus protocol in read/write memory.

If processes share read/write memory and (m, 7)-
consensus objects, then it is not known whether Y.
can be chosen so that ids(Z., ;(S%)) = ids(S%). This
condition is clearly satisfied, however, when m =
n+1,and j > (n+1)/2.
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Corollary 6.5 There is no wait-free (n + 1,25)-
renaming protocol if processes share a read/write
memory and (n + 1, j)-consensus objects.

This result is new.

We do not analyze renaming lower bounds for syn-
chronous message-passing systems, since it is known
that log n rounds are necessary and sufficient for wait-
free (n + 1,n + 1)-renaming [10] using comparison-
based protocols.

Appendix

This appendix gives some simple examples of chain
maps and chain homotopies. Readers unfamiliar with
chain complexes are encouraged to work out these
examples.

A Examples

Let S? = (8,51,52) be an oriented 2-simplex (a
“solid” triangle), and S! the complex of its proper
faces (a “hollow” triangle). S! includes three O-
simplexes (vertexes): 5y, 5, and 5%, and three 1-
simplexes: S} = face;(5%), 0 < i < 2 The reader
should check that

351.1 = (—1)i(~§i+1mod3 ~ 8i42mod3)-

The 0-th chain group of S, Cy(S?), is generated by
the 5;, meaning that all 0-chains have the form

Ao 80+ A -8+ A Ty,

where the A; are integers. The first chain group,
C1(8), is generated by the S!, and all 1-chains have
the form

Ao Sy + A -S4 Ay - ST,

where the S} each have standard orientation. Since
S! contains no simplexes of higher dimension, the
higher chain groups are trivial.

The rotation map p : 1 - S? defined by p(5;) =
8i+1mod3 induces a chain map p : C(S') = C(SY).
For 0 <4 <2, p(8}) = —S},4, and p(S}) = SE. To
verify that p is a chain map, it suffices to check that

p(857) = (—1)'p(Fit1mods — Fitzmoas) = Op(SL).

The identity map ¢ : $1 — 8! also induces a chain
map ¢ : C(S') - C(S'). We now show that ¢ and
p are chain homotopic, by displaying both an acyclic
carrier, and the chain homotopy D. The acyclic car-
rier X is the following: 3(5;) is the complex consisting
of S}_, and its vertexes, and ©(S}) is the subcomplex



of S containing p(S}), p(S},;), and their vertexes.
Both ¢ and p are carried by ¥, and both X(8;) and
X(S}) are acyclic (being contractable). The chain
homotopy D is given by D(3;) = (=1)*71S! ,, and
D(S}) = 0. 1t is easily verified that

(D +0D)(S) = (¢ — p)(5)-

Although every simplicial map induces a chain map,
some chain maps are not induced by any simplicial
map. Consider the chain map ¢(3;) = &, #(S}) =
S} 4+ (—1)!0S2. Notice that ¢(8S?) = 4-8S?, so this
map “wraps” the boundary around itself four times,
something no simplicial map could do. This map is
not chain homotopic to ¢, although (¢ — ¢)(S) is a
cycle for every simplex S.
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