
Linear-Time Algorithm to Find Spanning Trees 327

coin-flip comes up tails. The number of occurrences of tails is at most the

number of sequences, which in turn is at most the number m‘ of edges in the

root problem and in all right subproblems. The total number of edges in all

these sequences is equal to the total number of heads, which in turn is at most

the total number of coin-tosses. Hence, the probability that this number of

edges exceeds 3m’ is the probability that at most m‘ tails occur in a sequence

of more than 3m’ coin-tosses. Since m‘ > m, this probability is exp( – Q(m)) by

a Chernoff bound.

Combining this with the previous high-probability bound of O(m) on m‘, we

find that the total number of edges in the original problem and in all

subproblems is O(m) with probability 1 – exp( – Q(m)). q

5. Remarks

In work with [Cole et al. 1994], Klein and Tarjan have adapted the randomized

algorithm to run in parallel. The parallel algorithm does linear expected work

and runs in O(log n 210~‘n) expected time on a CRCW PRAM [Karp and

Ramachandran 1990]. This is the first parallel algorithm for minimum spanning

trees that does linear work. In contrast, Karger [1992] gives an algorithm

running on an EREW PRAM that requires O(log n) time and m/log n + nl +‘

processors for any constant ~ >0. Also, Cole and Vishkin [1986] give an

algorithm running on a CRCW PRAM that requires O(log n) time on

O((n + m)log log n\log n) processors.

Among remaining open problems, we note especially the following three:

(1) 1s there a deterministic linear-time minimum spanning tree algorithm in the
restricted random-access model?

(2) Can randomization or some other technique be used to simplify the
linear-time verification algorithm?

(3) Can randomization be used fruitfully to solve other network optimization
problems, such as the shortest-path problem? Randomization has already

proved valuable in solving the maximum-flow [Cheriyan et al. 1990] and

minimum-cut [Karger 1993a] problems.
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