
= ~(n).

If Zi are i.i.d. random variables, independent of T,

then

T

=(x Zi) = E(T) var(zI) + (@’1))2 VW(T).

icl

Thus,

var(X) = var(YI ) + -y2n4 Val’(Y3Y4)+

var(Y2)(6n + -pz2 E(Y511Y6,1))2+

E(Yz)72n4 Var(Y5,1Ye,l) = 0(?22).

Let p = ~ E(X). Applying the Pollaczek-Khinchin

mean-value formula [8, page 187] we conclude that the

expected number of packets in the queue is

E(N)=P+P
z 1 + var(X)/E(X)2

2(1 – p)
= o(l),

for any A such that ~ E(X) < 1. Applying Little’s

principle the expected number of steps a packet spends

in the system is given by

•1

7 Deflection Routing on the Ring

Consider an n-node directed ring. Each node has one

incoming link and one outgoing link. There are n con-

tainers moving over the ring from node to next node

such that at each time step each node has one con-

tainer. A node can move a packet from its queue to a

container if the container it currently holds is empty.

Since the expected distance a packet needs to travel on

the ring is n/2, the process cannot be stable for an in-

jection rate higher than 2/n. The following theorem

proves that this bound is tight.

Theorem 7 Routing with no intermediate buffers on
an n node directed ring is stable for any injection rute

:, A<2.

Proof Consider the queue at a given node v. We ana-

lyze the performance of the queue as an M/G/n queuing

process. The arrival rate to the queue is Poisson with an
average of $ arrivals per step. View every container as

a server of the queue at v. Clearly, it services the queue

whenever it delivers a packet to v or arrives empty to

v. The expected time a packet occupies a container is
n/2. Every time a container becomes empty it either

gets a packet that with probability ~ has destination

v, or it continues empty to the next node. Thus, the

expected service time of each container with respect to

the queue of node v is bounded by $. Le-t 5 denote

the average arrival time to queue v, and let t be the av-

erage service time of a server, It was shown in [7] that

p = $<1 is a sufficient condition for stability for any

G/G/m queue. Thus, the queue of v is stable for any

A<2. q

General methods for analyzing M/G/n queues give

only an 0(n2) bound for the expected time a packet

spends in the system, for ~ <2. The following theorem

proves an O(n) bound for A <1, that is, injection rate

up to l/n.

Theorem 8 The expected time a packet spends in the

system in routing with no intermediate queues on an

n node ring is O(n) for any injection mte A/n, with

A<l.

Proof A packet never occupies a container for more

than n – 1 steps, thus when a container reaches node v

it is either empty, or it holds a packet that it received in

the last n – 1 steps. That packet has destination v with

probability y at least l/n, therefore the queue is serviced

in each step with probability y at least l/n. Viewed as

an M/M/1 queue, the expected number of packets in

the queue is ~, the expected service time is n, and

applying Little’s theorem we get that the expected time

a packet spends in the system is ~ + ~. q
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