
level, the work needs to be rebalanced among the processors
but, this can be done in O(log log n) time using standard
techniques. The total time is thus 0( D log log n), where D

is the depth of the merge forest. The total work is linear

in the number of edges that need to be checked, which is

bounded bythenumber ofneutral edges of G’.

5.3.6 Designating out-edges

Finally, designate eclges vwof G’asout-edgesin accordance

with Lemma 4: if the cost of OUI exceeds c,,(w) and cti, (o)

then UUI is designated an out-edge. To maintain the rep-

resentation of out-edges, calculate for each in-edge tree the

cost of the cheapest incident out-edge. This can be done in

O(log log n ) time and linear work using the minimum-finding

algorithm of Shiloach ancl Vishkin [28].

5.3.7 Resource requirements

The most time-consuming step is constructing the least-

common ancestor structure. This takes time 0( D log n / log log n )

and O(n) work, where n is the size of the merge f;rest .~f, -

and D is its depth. ;Ve showed that D = 0(log(3) m), and of

course n is the number of in-edge trees in G’ before the recur-

sive call FIND FORE ST(G’, i+ 1 ) in Step 3. The total time for

FILTER(G, G“) is therefore O(log n log log log m / log log n). The

work is O(n + m), where m is the number of neutral edges.

6 The Phase II Algorithm

The Phase II algorithm, FINISHUP(G), is much simpler. It
invokes a recursive procedure that resembles FIND FOREST;

however, each recursive call finds a minimum spanning for-
est. Edges can therefore be simply deleted instead of being

designated out-edges. Furthermore, the recursion depth is
constant. Here is the procedure FINISHUP( G):

Step O: Let G’ be obtained from G by including each edge

of G independently with probability p = 1/v@, where

k is as specified in the top-level algorithm.

Step 1: Call BASIC(G’, 3) to obtain the MSF of G’.

Step 2: Use the minimum spanning forest of G’ to deter-

mine some edges of G that do not belong to the MSF

of G, and delete these edges from G.

Step 3: Call B.xsIc(G, 3) to find the MSF of G.

The choice of edges to delete in Step 2 is based on a simpler

condition than that used in FILTER. For an edge ZJWof G, if
there is a path in the MSF of G’ that connects v to w, and

every edge on this path is cheaper than UU!, then vw does
not belong to the MSF of G. Dixon, Rauch, and Tarjan [7]

have given a parallel algorithm to implement this check for
all edges of G in logarithmic time and linear work.

As in the main algorithm, we let m denote the number of
edges in the original input graph GO. Then at the beginning

of FINISH UP(G), the graph G certainly has at most m edges,

so the expected number of edges in the graph G’ is mp, which

is m/h. It follows from the main lemma of [19] that the

expected number of edges in G after the deletions in Step 3

is at most n/p, where n is the number of vertices in G. As

we showed in Section 3, n < m/k, so the number of edges

in G after the deletions is at most mjfi.

lNOW we give the recursive procedure B.*sIc(G, i). Jt’e

assume that on entry the expected number of neutral edges

in G is 0( m/ log(’) m). This holcls for the call BASIC(G 3)

in Step 3 of FINISHUP. Jte show in the procedure that

consequently this invariant holds for recursive invocations

u,, .

Step O: Perform @(log(1) m ) Borirvlia steps. The re-

sulting graph has expected 0( rrrj(log( ‘-1 ) m)2)

in-edge trees. If t = 1 then the in-edges selected

comprise the MSF of G; return in this case.

step 1: obtain G’ from G by randomly including

each edge independently with probability p =

I/log(’-l) r72. The sample graph has expected

O(rn/log( ’-’) m) edges.

Step 2: Recursively call BASIC(G”, i – 1 ) to designate

as in-edges all the remaining hISf? edges of G).

Step 3: As in Step 2 of FINISHUP, use the i’vlSF of G’

to determine which edges of G to clelete. This

takes O(log m ) time and expected 0( m / log[’J m )

work. By the main lemma of [19], the ex-

pected number of remaining edges is the nnm-

ber of in-edge trees times I/p. This product is

O(m/log(’-’) m).

Step 4: Recursively call BMIc(G’, i – I) to designate

as in-edges all the remaining MSF edges of G. of

G.

The work done by this procedure is linear in each invocation.

The time required is logarithmic. The number of recursive

invocations resulting from the top-level call BMIC( G, 3) in

Step 3 of FINISHUP-is seven. Thus the total time is loga-

rithmic and the work is linear.
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